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Matrix functions: examples and methods of computation

"...for | cannot believe that anything so ugly
as the multiplication of matrices is an essential part of the scheme
of nature.”

sir Arthur Eddington

Examples of application

@ Quantum mechanics: Hamilton evolution exp H t, here H
operator is represented by finite dimensional matrix

@ Linear system of equations:
y"(x) + Ay(x) = 0; y(0) = yo,y'(0) = y§. Solution:
y(t) = cos(VAt)yo + (VA) ' sin(VAt)yg

@ Markov process: transition probability P(t) and intensity Q are
related as P(t) = exp(Qt).

Subject is well known. Is it possible to find something new?



Matrix functions: examples and methods of computation

Computation methods

o Taylor series:

F(A) = £(0) + F(0)A + =
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o Jordan decomposition: J = (8 20 8), where A = TJT 1.
0005

o Integral formula (follows from residue theorem)

@ Generalised spectral basis: based on matrix polynomials




Taylor expansion

Taylor formula is incorrect!
Cayley-Hamilton theorem claims that matrix A is a solution of it's
own characteristic equation
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C(x) are the coefficients of characteristic polynomial. The correct
expansion formula, therefore is f(A) =
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The standard method

Jordan decomposition

Each matrix A € C(n x n) can be decomposed into a block diagonal form
A =TJT !, where

A1 0 - 0
Jm1(>\1) 0 0 )\j 1
J= rdm =0 o | NS ECtmxm).
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The Jordan decomposition method
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Function f : C — C, (m; — 1)-th times differentiable in the vicinity of
eigenvalue \; of matrix A with spectrum spec(A) = A1,..., Ay and Jordan
decomposition J = T71AT = diag(Jm, (A1), , Im,(\¢)) is computed as:
f(A) = TF(J)TL, where £(J) = diag(f(Jm, (A1), -+ - F(Im,(A¢))), and
mj 1 v v
FUmW) =3 - f< YN) - St S =(5%) F#)();) denotes
v=0

derivatives.




Integral formula

From residue theorem, the resolvent

F(A) = % ?i F(E)(l — A)Ldt

The function is assumed to be analytic in the region which covers the
spectrum of matrix spec(A). Integration is around contour which
encompasses the region in a positive direction. Requires symbolic
matrix inverse. Integration is performed for each matrix element.




The generalised spectral basis: a definition

Matrix A — matrix polynomial p(A) = u(x) —
basis polynomials pj(x), gi(x) — matrix basis p;(A), gi(A)

A very general basis [1]. Can be computed for arbitrary (finite dim) linear
operator. First construct the basis for commutative variable x (not
matrix). To this end we start form some matrix polynomial (characteristic
X(A) or minimal p(A) polynomial, etc.). Then substituting the variable x
by matrix A we obtain a generalised spectral basis.

Generalised spectral basis: —

Start from matrix minimal polynomial p(x). Root count list is {my, ..., m,}.
The polynomial has r different roots named as Ay, ..., A,. Our goal is to
construct a set of polynomials p;(x), g;(x) with properties:

pr+-+p =1, pipj :5Up;, AkPk = Gk,
gt #0, however qp* =
Product of polynomials {p;, i, 1<j<r, h+1<k<r, 1<t<m}is

understood as product modulus polynomial p(x,A). The index h =0
characterises unique root (for non repeating root polynomials g, are absent).




The generalised spectral basis: the algorithm

Traditionally the basis is obtained by expanding ﬁ in partial fractions.
After expansion we find polynomials p;(x). Then polynomials g;(x) are
computed g;(x) = pi(x)(x — \;). Division polynomials in modulo zi(x)!
We propose the basis computation from the polynomial g™ *(x, ),

which is of "largest weight" (the basis definition imply g™ (x, A) = 0).

e
Recursive algorithm

Start computation from opposite end. We need a largest weight function S(©),
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The generalised basis: the function of largest weight

Definition of largest weight function
r—1 sr—k—1
SO, 3) = z(z A E) P

k=0 s=0
1 d*S(x, A
SW(x,\) = H$;

A matrix function f(x) computes as:

X) =3 F(y + q)pylx),  where

FO + @) =F () + £ (N)g(x) +--- +




The generalised basis: the characteristic polynomial x(A)

Matrix A — matrix polynomial p(A) = u(x) —
basis polynomials pj(x), gi(x) — matrix basis p;(A), gi(A)

The characteristic xa(\) = S¢_, Cd—k)(A) A* and the minimal p(A).
Arbitrary polynomial g(A) = 0 is suitable for function computation.

Algorithm for characteristic polynomial ( )

Input is a matrix A. The output is polynomial xa(x) of commutative variable.
A(l) =A — C(l)(A) = %Tr (A(l)),
A =A(Ag) — Cu(A)) = CGa(A) = 3Tr(Ap),
Aw) = A(A@-1) = Ca-p(A)l) = Cay(A) = 3Tr (A@))

First step yields the matrix trace C(1)(A). Last step returns the determinant
— Det(A) = Cgy(A) = 1Tr (A(Ag—1) — Ca—1)(A)l)). Attempt to extend by
one more step (d + 1) gives zero, Ag11) = A(Ag) — Ga)(A)l) = 0.

Cayley-Hamilton theorem: the matrix satisfies it's own characteristic polynomial.)




The generalised basis: the minimal polynomial 1(A)

Physicists compute characteristic polynomial as det(A — Al).

Comparison of minimal (A) and characteristic x(A) polynomials

1(A) can be computed with "null space" algorithm (formula don't exists).
The degree of minimal polynomial deg(u(A)) < deg(x(A)). Minimal
polynomial is more informative.

A0 0 --- 0 A1 0 - 0
o A 0O -~ 0 A1 - 0
Jordan’s block : k : k
0 0 - Ai 0 0 0 .-+ XN 1
0 0 -+ 0 N 0 0 --- 0 XN
[A(x) (x = X\i) (x = A)F
XA(x) (x — M)k (x = Xi)¥

When minimal polynomial has repeating root, a matrix is defective (non
diagonalizible).




Results

@ Simple and effective recursive procedure to compute generalised
spectral basis of matrix/multivector is proposed.

@ The procedure don't require polynomial division or computation of
inverse.

@ The algorithm is implemented and freely available from
https://resources.wolframcloud.com/FunctionRepository
(look for ComputeMatrixFunction).



https://resources.wolframcloud.com/FunctionRepository

Results

Examples of application

is demonstrated in Mathematica :

https://resources.wolframcloud.com/FunctionRepository/
resources/ComputeMatrixFunction/
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