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Realizations of Lie algebras

Let g be a finite dimensional Lie algebra over a field K of characteristic 0.

Let {X, | 1 < p < n} be a ordered basis of g satisfying the Lie bracket relations

X %] = 3 Cuva Xer
a=1

where Cj,,« are the structure constants of g.
The structure constants obey Cuva = —Cupa and the Jacobi identity:

n

> (CuapCopr + CappCopv + CopupCpar) = 0.
p=1

Let g, be a Lie algebra over a field K defined by

[Xu: X1 = D Cuva(h)Xa, 1< pv<n,
a=1

such that lim Cyua(h) = 0.
h—0

T. Martini¢ (PMF-Split) Dual ~-Minkowski spaces and ~-Poincaré algebras fr June 5, 2026

(1)

)

3)

2/34



Let A, be the n-th Weyl-Heisenberg algebra generated by x;,9;,1 < i < n, satisfying

[X/,XJ]:[aI,BJ]:O, [817)(]]:611 (4)
Let A, denote the semicompleted Weyl-Heisenberg algebra with respect to the degree of
differential operators 0y, p=1,2,...,n.
Definition

A realization of the Lie algebra (3) is a Lie algebra monomorphism ¢: g, — A, defined on the
basis of g

o(Xu) = Z Xapau(0) (5)
a=1

where ¢, (0) is formal power series in 81, . .. 0, depending on h such that limy_,0 Yau(0) = dap-
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We introduce the notation

)?H = Zxagoa,u(a) (6)
a=1

Let X = @(U(gp)). The algebra X is generated by %1, ..., %, which satisfying the commutation

relations:

n
[)?H,)?u] == Z pra)?a- (7)
a=1

Proposition 1
The generators X, = Y7 Xa@au(0), 1 < p < n, satisfy the commutation relations (7) if and
only if the functions (q,, are solutions of the following system of PDEs:

n

83")41 Opry .
Pav — o Pa = CuvaPrar, A, v =1,2,...,n. (8)
2 (oo g, o) = 35 e
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The Weyl symmetric realization of Lie algebras

Let X = K[x1,...,xs]. We introduce the action >: A, @ X — X, a® f — al> f defined by:
@ xuD>f=xuf,
_ of
Q@ Ounf= o
@ (ab)>f=ar(b>f), Va,be AyifeX.
For a given realization ¢: U(gy) — A define the vector space isomorphism Q. : X - x:
Qo(f)=Fp 1. (9)
Realization ¢ that corresponds to the symmetrization map Q;lz XX
1 1 P N
Q" xiyxip - %) = 17 2 FiowFio) Ko (10)
T oESK

is called the Weyl symmetric realization of g.

This property is equivalent with

n n
(D kuXu)" > 1= (D> kuxu)™, Vku €Kandm> 1. (11)
p=1 pn=1
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Let C = [C,.. ] be the n X n matrix of differential operators

n
C,uu = Z Cp.cwacu

(12)
a=1
where Cq. are the structure constants of the Lie algebra (1).
Define the matrix of formal power series of differential operators
(e o)
l
=y — (13)
m!
m—=0
Theorem
Let 1(t) denote the generating function of the Bernoulli numbers By,
t o (DK,
lb(t)*l_ie,t*ZBk a Co (14)
k=0
Then the symmetric realization of X, is given by
£ =3 rab(On =3 5o (=) (19)
a1 —¢ "/ pa
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The star product *: X ® X — X induced by a realization ¢: g — A, is defined with
fxg =Q,(2;1(HQ (8)),

f,g € X.
The star product is deformation of ordinary commutative product in X since

lim f = fg.
ato' FETE

(16)

@ (X,+,x) is a unital associative algebra.

Q@ Q- X = X, is isomorphism of algebras,

The structure of the algebra X is determined by the relations

(18)
n
[Xpu, xu]s = chaxa- (19)
o=l «4O>» «Fr «=)>r < » o™
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commutation relations

Let so(n) be orthogonal algebra with standard basis {M,, | 1 < p < v < n} satisfying the

[Muuv MAP] = 0uaMup = 8 xMup = SupMyx + 0up My,

where M, = —M,,,,. The commutation relations for so(n) can be written as

(20)
n
[Muvs Mrp] = D~ Clunyrp)(ap)Mas: (21)
a,B=1
where structure constants are given by
C(;w)(/\p)(aﬁ) = 6ua59ﬁ6,,>\ — 61,046,,55”)\ + 6Aa6u'66up — 5)‘,15,136#“0.

(22)
«O» «Fr « > < > o>
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Generalized Heisenberg algebra H, is unital, associative algebra generated by

Xuv, Ouv, 1 < p < v < n, satisfying xu» = —Xppu, Ouv = —08,u and commutation relations
[Xuvs%ap] =0, [0, 0ap] =0 and [0, Xap] = duadup — dupdua- (23)
Let
1 n
MaZE Z rgUMul/y a=1,...,N, (24)
pr=1
where the coefficients M4 = —T'5#.

The inverse transformation is given by

N
Myw =Y T2, Ma, (25)
a=1
where the coefficients 4, = —I2,,. and N = 221
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We require that M, generate a Lie algebra defined by commutation relations

[Ma, Mp] =~ Cape M,
c

with structure constants

1 n
Cve=5 > (T =1 7).
a,B,A=1

Let us define a transformation (xuu,0uv) — (Xa, Oa) by

1 < 1 <
Xa=5 Z TEY X0, aazi Z Mo, 1< a< N.
pr=1 pr=1

The inverse transformation is given by

N N
Xpy = Z M8, xa, Ouv = Z M,0s 1<upv<n
a=1 a=1
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We find that
[Xa; Xb] = [0a, Op] = 0, [0a, Xxp] = Jap- (30)

We can use (15) to write symmetric realization of M,,

N
Ma =" x53(C)ap, (31)

b=1

where C,p = ZICV:1 CachOc and C,ep are the structure constants given by (27). It follows from
(27) i (29) that
Z Z Z FT26 Cluv) (o)) Doo- (32)
(9 o=1 pr=1aB=1
If we denote
K(ur)(as) Z Cluv)(00)(ap)O00 s (33)
9 o=1
then

Z Z 2T oK) (o) (34)

ul/ lap=1
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Let K = [K(uu)(aﬂ)] and let 1(t) denote the generating function of the Bernoulli numbers, then

w( Z ( l)m (Km (pv)(ap)

m=0 m!
where powers of K are given recursively by
_ —1
(K™) ) ap) = 921 Ku)0o) (K™ (goyagy s M= 1

and by definition
(KO)( v)(aB) (5ua5u6 5u65w¢)'

We find that powers of K are polynomials in 0y, explicity given by

Khyos) %Z( ) (=075 Ok + 0fad5"), m > 0.
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We proved that

praf=1

1 n
$(Cab = 3 Do T (K) uw)an)-

algebra #, is given by

(39)
Realization of the rotation generators M,,,, by formal power series in the generalized Heisenbeg

n
Muv = D xapt(K)uv)(as)-
af=1

«O» «Fr « > < > o>

(40)




Lorentz algebra so(1, n — 1) is defined by

[Mum M)\p] = MuaMpup — TN Myp —nvp M;u\ + Nup My,
where n = diag(—1,1,...,1) is the Minkowski metric.

The generalized Heisenberg algebra here denoted #,, is defined by commutation relations
[Xuv, xap] =0,

(41)

[BMV,BQB] =0 and

[8/,W7Xa6] = NuaMvg — MupMva-

(42)
«4O>» «Fr «=)>r < » o™
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The elements of the matrix K = [K(,uu)(aﬁ)] are defined by

1
Ku(@p) = 5 (tuadus = updua + Mupdua — Mvadus)
and the powers of K are given recursively by
n n
_ -1
(K™) () (ap) = AZI Z K)o Tan Mo’ (K™ (07 )
P=LN\"p =1

where

1
(KO)(W,)(Q,B) = > (mtany,g — 77”5171,&) .

Then the Lorentz algebra (41) admits the realization

n

Mo = 521 > XaBlaa Mas V(K (e o7
ap= a/ﬁlzl
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Realization of Poincaré algebra

Classical Poincaré algebra P(P,, M) is defined by

[’Dl“ PV] =0,
[Mum PA] = nu)\Pu —nuaPu
[Muv, Mol = nupMuo — nup Moo — Nue Mup + po Mup, 1 < pv < n.

A realization of the algebra (47) — (113) can be constructed as follows.

First we extend the algebra H, by adding to relations (42) pairs of generators
(Pu,Ou), 1 < p < nsuch that

[Py, Pv] = [On, 0] = 0, [0, Pu] = M-

with all cross-commutators being zero.
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Let K be an upper-trangular matrix

with blocks A, C and D defined by

Auv = Ouv
C(uu)oz = Napdv — Nav Oy,

1
Dipvy(s) = 5 (Muatlvg = Mugnva) -

Then the Poincaré algebra P admits the realization

n n
FA)“ = Z Z panaa/¢(k)ya,’

a=lqg/=1

3
Il

nv
aBf=14'p" =1 a=1ly'21
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Let us start with the Yang algebra

s o i€l I
[XI—HXV] = WMIUH [PuaPu] =
[M/.LV7)?>\] = i(nu)\)?u - 771/)\)?;4) )

= (57)
[)?,u: ,311] = inuvl’:'a |:f1, )?u]

[M}Lll?ﬁ)\] = i(’h;)ﬁu - nukﬁu) )
Gt

(58)
i€z
= ﬁxl“
(M, B] =0,
[Muuy Mpo‘] = i(77,u,pMu0' — Nupo Mup - nupMua + Nve Mup) 5
where €2 = €3 = 1 and 7y, = diag(—1,1,1,1).

(59)
(60)

(61)
«4O>» «Fr «=)>r < » o™
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Let us consider the case €3 = e2 = 1 corresponding to the o(1,5) algebra.
Let us define the most general new generators linear in X, py, and M, introducing parameters

k and &,

~ R 1
Xy=u (cos Xy + i sin goﬁu) + —ap, My, (62)
K

. M 1
B,=v (cos VB + o sin Wu) + ZbyM,,,, (63)
K

with the Lorentz generators I\7I,w = M, unchanged. The parameters u, v, ¢, and four-vectors
au, by are dimensionless with uv # 0.

The inverse transformations are

T cos (R — LapMup) — v i sing (P — 2b,Muy)

u
R
2, = ; (64)
g T cos(p + )
. v_lﬁ cos ¢ (ISH — %bpMup> — u_l% sin <)~(M — %apl\/l#p> (65)
Pu = :
Lcos(o+9)
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T. Martini¢ (PMF-Split) Dual ~-Minkowski spaces and ~-Poincaré algebras fr



The generators )N(u, 15;“ My and A generate a new class of Lie algebras isomorphic to the initial
Yang algebra. These algebras are defined by

Y . 1 , M2 1
{x#,xy] —i (W <u +a —) My, + = (aMXV —a,X, )
L 1 R? 1/, &
[Pu, Pu] — (ﬁ (v 2 ) My + = (buPu —b,P, ) (67)
1

L _ I T T 1
[XH, P,,] = (me + ngXV - ;al,Pu + VR (uvsm(g& + )+ abMR ) Mw,) , (68)

(66)

3 , g .1
|:M;UJ7X>\] =1 (77,u>\xu - m,\Xu + ; (3uMAu - auMAu)) ) (69)
; _ N .1
(M, ] = i (nMPV — APyt - (BuMay — bVMM)) : (70)
where
L 1 - 1 . 1
H = huvcos(p + ) + —aP — —bX — —ay,bs Myo (71)
K K RK
and 1 1
[MW,, H] — (E (bVX# - b#XV) - (aVPM - auPy)> , (72)
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. L, oMY 1 . 1\, 1 4
[H, Xu] = (—2 (u +a F) Py — VR (uvsm(cp—f—q/;) + abMRE) X, — ;aHH) , (73)

(AP =i L (s g, -2 sin( + &) + abMR— ) B, + L b, Fi
=—i|—= |V — — —— | uvsi — = .
e R2 72 )" MR v wi) PR
(74)
If we define generators
Mus = MRy, Mys = Rpy, Mss = MR (75)
then the Yang algebra (57)- (61) takes the form of an orthogonal algebra o(1,5) with
[Mag, Mcp] = i (nacMep — napMsc + nepMac — necMap) (76)

where A, B,C,D =0,1,2,3,4,5, nag = diag(—1,1,1,1,1,1).
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If we define
Myua = MX,, Mus = RP,, Mis = MRH

then the algebra (66)-(74) becomes the o(1,5, g) algebra with
[MAB, MCD] =i <gAC/\7’BD — gapMsc + gepMac — gBCMAD> )

where the metric gag is given by a symmetric matrix defined as

M R M? R2
Buv = Nuv, Busd = —3au, 8us = —by, gas = u? + 32727 855 = v2 + b2~—2,
K R K R
gas = gsa = uvsin(p + ) + ab—-.
KR

It follows that

detg = (ga5 — gu48us)” — (8as — £ua8us) (855 — Lusgus) < O,

i.e. using above formulae for gag (79) we get detg = —u?v? cos?(p + ).

T. Martini¢ (PMF-Split) Dual ~-Minkowski spaces and ~-Poincaré algebras fr June 5, 2026

(77)

(78)

(79)

(80)

22/34



We have that gap = (S'r]ST)AB, det S?2 = — det g with

1 0 0 0 0 0
0 1 0 0 0 0

s 0 0 1 0 0 0 7 (81)
0 0 0 1 0 0
f%ao %al %32 %83 o 0
B Eby Eby Bby v o7

where o = u, v = vsin(¢ +¢¥) and 7 = v cos(p + ).

The relations between Mag and Mag can be written as Mag = (SI\/IST)AB with same matrix S
as above.
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If we impose gas =0 and gss = 0, we obtain

2
2 _ 2K
a‘ = —u e <0,
and then it follows
and

=2
b= —vz% <0

[%.%] = ; (3% — 2%,
[PusPu] = 1 (BB~ bPy)

(83)
The relation [)?H,)?,,] defines k-Minkowski space and [15”, 15,,] describes the Born dual

«O>» <Fr «=Z>r «E>» = o>

(82)

R-Minkowski space.

(84)



In particular, in the limit when R — oo and % = 0 we get the k-Minkowski space with the k-

Poincaré algebra, with a> < 0 and

(%0 %] = £ (auks — ar%)

[ﬁu, ﬁy] =0

[XMHBV] =i (77#1/":’_ %av'ﬁﬂ) )

~ ~ ~ 1
[Mumx)\] =i (nuAXu - 771/)\X;L + ; (auM)\u - auMAu)) >

T. Martinié (PMF-Split)

[MW, ISA] =i (muﬁu - ﬁuxﬁ’u) )

[I\/I,w, I:I] = — (ayf’u — aulsu) s
[A.%.] = ~La.h,
[F/, ﬁu] =0
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Weyl realizations for o(1,5, g), o(2,4,g) and o(3,3,g) algebras

The algebras o(1,5,g), 0(2,4,g) and o(3,3,g) generated with the Mg are defined in
[I\;’ABa MCD] = iéAB,CD EF Mgr = i (gACMBD — gapMsc + gepMac — gBCMAD) s (93)

with gag = (SnST)AB corresponding to the o(1,5,g), 0(2,4,g), o(3,3,8).
Starting with the generalized Heisenberg algebra defined with the commutative coordinates X5
and their corresponding momenta KAB

[Xag, Xcp] = [KAB,KCD] —o, [XAB,KCD] = ((SA%BD - 5AD<SBC), (94)

where KO = gCMgDN .
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Using the general Weyl realization of the Lie algebras corresponding to the Weyl symmetric

ordering we express the generators Mag with

i & D
Mag = Xcp (1—e—é> ) (95)
AB
where
Cas’ = —%fAB,EF PrEF (96)
and

Caper P = % [*gBE <5AC5FD - 5AD5FC) +8ar (5EC5BD - 6ED68C) (A B)] - (97)

and we find up to first order

~ 1
Mg = Xap + 5 (XAEKBE — XBEKAE) (98)
and

(W5, KP] = i (8,05° = 5,55 + é (64 Ka® = 05 Ka® + 05 Ka = 8,° K ) . (99)
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The Weyl realization MAB enjoys property

where tag are real numbers transforming as tensors, and action > is defined with

Of (Xer)

Xag > f(XEF) = )(ABIC()<E[:)7 KAB > f(XEF) = —
0Xap

::[KAB,f(xEFﬂ.

In particular
Xag > 1= Xag, Kap>1=0,
KAB > e%tEFXEF _ tABe%tEFXEF
We can write the generators Xag and K”B in the terms of the four dimensional variables
— g KHS — ﬁ K% — w
M’ R’ MR’
Xua = MX,,, Xus = RP,, X4 = MRH,

KH4

so that
Xu, @] =id;, [Pu,Yo]=id,, [H,W]=i
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Weyl realization for dual x Minkowski spaces

The generators Mug can be written in the terms of the four dimensional variables with greek

indices (I\Nﬂuy, )N(u, 15#, H expressed in the terms of Muv, Xu, Pu, H, and K., Qu, Yu, W)
They are

1 1
Mp,u = Xul/ + = ( (K - *&40“ - —gV5Y )

M R
1 1
+ X, (Qu - Egﬂvv) + P, (Y,, + Mg,ﬂ;W) ~wo ), (107)
~ 1 1 1 1 1 1
X, = X = =X | gQaaK¥* + — Y+ —gus YV — X 4 QY — —gus W
n w Tt 2( IVEeR (g 4 + Mg44Q + R84 >+ Vg (g 4Q R & )
, 1 , 1 1 , 1 1
+ Xy (Ku - MEMQ - Rgusy ) + MPM (gu4Y + MEMW) -H (Yu + MgMW) >,
(108)
1 1 1 1 1
B, =P X ((gasKY + — g QY YY) 4+ = LYY 4+ g W
n (Tiay 2( R (g 5 + Mg45Q + RS ) u(g5 + v 85 )
1 1 A1 1 1
+ Py (Ku - EgHSY - ME;MQ ) + RXu (gu5Q Eg%W) +H <Qu - ngW) )7
(109)
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- 1,1 1 1
A=H 7(7x KM 4 = s QM + = gss Y
+ AR (gus + M€45Q + 855 )

1 1 1 1 1
- —Pu(— Pt —gsYH +guaK" | + H( —gusY* + — “) ). 110
G (Mg44Q T ResY e ) + (Rg”5 MgMQ )> (110)

For the dual k-Minkowski spaces gas = 0, gs5 = 0.
The other realizations can be obtain from the Weyl realizations of I\7IX“/3 by using similarity
transformation

Map = SMYLS™, (111)
where S = exp(G), with G = XF(K). The corresponding realizations will be linear in X and can

be written as a series in K.
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Coproduct in Weyl realization

Defining

exp (ésABIVIAB> exp (étCDI\hCD) = exp (é (sAB &) tAB) MAB) = exp (éDAB(s7 t)l\hAB),
(112)

where sA8 and t*8 transform as tensors of corresponding orthogonal algebra. One has at first
order 1
DAB (sCD7 tco) = §AB | 4AB _ 5 (SACtBC o SBCtAC) ) (113)

In the following all formulae are written in the first order. The coproduct AKAB is

AK"E =D (KB © 1,10 K"®) = Aok"® — = (KA @ KB — KEC @ KAc),  (114)

N | =

where AgKAB = KAB 1+ 1 ® KAB,
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In components, it reads
1 1 1
AR = DK™ = 2 (KI @K'y + 8@ © Q" + 23855 V" ® Y
1 1
+—g@s (Q"QYY +Y*®QY)+ —gas (K ® Q¥ + QH @ K¥¥)
MR M
1
+ a5 (KM @YY+ YH @ K") — (u v)), (115)
1 1
AQ“:AOQ“—5(—KW®Qa+Qa®K“a+mg45(Q“®W—W®Q”)
1 1
+ﬁg55(Y“®W—W® Y“)+Ega5(K“°‘®W7W®K“°‘)
1 1
— 80 (@1 8 Q" = Q7 ® Q") — Tgas (Y © Q7 = Q¥ Y¥)), (116)
1 1
Aw:AOW—E(—KW@YQJF»@@KW—mg45(YH®W—W® YH)

1 1
+Wg44(W®Q“*Q“®W)*Mga4(K‘w‘®WfW®K“°‘)

1 1
~ 8 (" Y™ - Y*® Q") — ot (YFY*-Y*® Y“)), (117)

1 1
AW =B0W = 2 (Q7® Yo = Y @ Qo+ as (YO O W = WD Y°)
1
Mgas(Q%@ W — W®Q°‘)). (118)
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