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PMF–Split

June 5, 2026
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Realizations of Lie algebras

Let g be a finite dimensional Lie algebra over a field K of characteristic 0.

Let {Xµ | 1 ≤ µ ≤ n} be a ordered basis of g satisfying the Lie bracket relations

[Xµ,Xν ] =
n∑

α=1

CµναXα, (1)

where Cµνα are the structure constants of g.

The structure constants obey Cµνα = −Cνµα and the Jacobi identity:

n∑
ρ=1

(CµαρCρβν + CαβρCρµν + CβµρCραν) = 0. (2)

Let gh be a Lie algebra over a field K defined by

[Xµ,Xν ] =
n∑

α=1

Cµνα(h)Xα, 1 ≤ µ, ν ≤ n, (3)

such that lim
h→0

Cµνα(h) = 0.
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Let An be the n-th Weyl-Heisenberg algebra generated by xi , ∂i , 1 ≤ i ≤ n, satisfying

[xi , xj ] = [∂i , ∂j ] = 0, [∂i , xj ] = δij . (4)

Let Ân denote the semicompleted Weyl-Heisenberg algebra with respect to the degree of

differential operators ∂µ, µ = 1, 2, . . . , n.

Definition

A realization of the Lie algebra (3) is a Lie algebra monomorphism φ : gh → Ân defined on the

basis of g

φ(Xµ) =
n∑

α=1

xαφαµ(∂) (5)

where φαµ(∂) is formal power series in ∂1, . . . ∂n depending on h such that limh→0 φαµ(∂) = δαµ.
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We introduce the notation

x̂µ =
n∑

α=1

xαφαµ(∂). (6)

Let X̂ = φ̃(U(gh)). The algebra X̂ is generated by x̂1, . . . , x̂n which satisfying the commutation

relations:

[x̂µ, x̂ν ] =
n∑

α=1

Cµναx̂α. (7)

Proposition 1

The generators x̂µ =
∑n

i=α xαφαµ(∂), 1 ≤ µ ≤ n, satisfy the commutation relations (7) if and

only if the functions φαµ are solutions of the following system of PDEs:

n∑
α=1

(∂φλµ

∂∂α
φαν −

∂φλν

∂∂α
φαµ

)
=

n∑
α=1

Cµναφλα, λ, µ, ν = 1, 2, . . . , n. (8)
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The Weyl symmetric realization of Lie algebras

Let X = K [x1, . . . , xn]. We introduce the action ▷ : An ⊗X → X , a⊗ f → a ▷ f defined by:

(i) xµ ▷ f = xµf ,

(ii) ∂µ ▷ f = ∂f
∂xµ

,

(iii) (ab) ▷ f = a ▷ (b ▷ f ), ∀a, b ∈ An i f ∈ X .

For a given realization φ : U(gh) → Ân define the vector space isomorphism Ωφ : X̂ → X :

Ωφ(f̂ ) = f̂ ▷ 1. (9)

Realization φ that corresponds to the symmetrization map Ω−1
φ : X → X̂

Ω−1
φ (xi1xi2 . . . xiµ ) =

1

k!

∑
σ∈Sk

x̂iσ(1)
x̂iσ(2)

. . . x̂iσ(µ)
(10)

is called the Weyl symmetric realization of g.

This property is equivalent with

( n∑
µ=1

kµX̂µ
)m ▷ 1 =

( n∑
µ=1

kµxµ
)m
, ∀kµ ∈ K and m ≥ 1. (11)
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Let C = [Cµν ] be the n × n matrix of differential operators

Cµν =
n∑

α=1

Cµαν∂α, (12)

where Cµαν are the structure constants of the Lie algebra (1).

Define the matrix of formal power series of differential operators

eC =
∞∑
m=0

1

m!
Cm. (13)

Theorem

Let ψ(t) denote the generating function of the Bernoulli numbers Bk ,

ψ(t) =
t

1− e−t
=

∞∑
k=0

Bk
(−1)k

k!
tk . (14)

Then the symmetric realization of Xµ is given by

X̂µ =
n∑

α=1

xαψ(C)µα =
n∑

α=1

xα

(
C

1− e−C

)
µα

. (15)
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Star product

Definition

The star product ∗ : X ⊗ X → X induced by a realization φ : g → Ân is defined with

f ∗ g = Ωφ(Ω
−1
φ (f )Ω−1

φ (g)), f , g ∈ X . (16)

The star product is deformation of ordinary commutative product in X since

lim
h→0

f ∗ g = fg . (17)

Proposition

(i) (X ,+, ∗) is a unital associative algebra.

(ii) Ωφ : X̂ → X∗ is isomorphism of algebras,

Ωφ(f̂ ĝ) = Ωφ(f̂ ) ∗ Ωφ(ĝ), ∀f̂ , ĝ ∈ X . (18)

The structure of the algebra X∗ is determined by the relations

[xµ, xν ]∗ =
n∑

α=1

Cµναxα. (19)
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Realization of the orthogonal algebra so(n)

Let so(n) be orthogonal algebra with standard basis {Mµν | 1 ≤ µ < ν ≤ n} satisfying the

commutation relations[
Mµν ,Mλρ

]
= δνλMµρ − δµλMνρ − δνρMµλ + δµρMνλ, (20)

where Mµν = −Mνµ. The commutation relations for so(n) can be written as

[
Mµν ,Mλρ

]
=

n∑
α,β=1

C(µν)(λρ)(αβ)Mαβ , (21)

where structure constants are given by

C(µν)(λρ)(αβ) = δµαδρβδνλ − δναδρβδµλ + δλαδµβδνρ − δλαδνβδµρ. (22)
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Generalized Heisenberg algebra Hn is unital, associative algebra generated by

xµν , ∂µν , 1 ≤ µ < ν ≤ n, satisfying xµν = −xνµ, ∂µν = −∂νµ and commutation relations[
xµν , xαβ

]
= 0,

[
∂µν , ∂αβ

]
= 0 and

[
∂µν , xαβ

]
= δµαδνβ − δµβδνα. (23)

Let

Ma =
1

2

n∑
µν=1

Γµνa Mµν , a = 1, . . . ,N, (24)

where the coefficients Γµνa = −Γνµa .

The inverse transformation is given by

Mµν =
N∑

a=1

ΓaµνMa, (25)

where the coefficients Γaµν = −Γaνµ. and N = n(n−1)
2

.
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We require that Mα generate a Lie algebra defined by commutation relations

[Ma,Mb] =
∑
c

CabcMc , (26)

with structure constants

Cabc =
1

2

n∑
α,β,λ=1

(
Γαλ
a Γλβb − Γαλ

b Γλβa

)
Γcαβ . (27)

Let us define a transformation (xµν , ∂µν) 7→ (xα, ∂α) by

xa =
1

2

n∑
µν=1

Γµνa xµν , ∂a =
1

2

n∑
µν=1

Γµνa ∂µν , 1 ≤ a ≤ N. (28)

The inverse transformation is given by

xµν =
N∑

a=1

Γaµνxa, ∂µν =
N∑

a=1

Γaµν∂a, 1 ≤ µ, ν ≤ n. (29)
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We find that

[xa, xb] = [∂a, ∂b] = 0, [∂a, xb] = δab. (30)

We can use (15) to write symmetric realization of Ma,

M̂a =
N∑

b=1

xbψ(C)ab, (31)

where Cab =
∑N

c=1 Cacb∂c and Cacb are the structure constants given by (27). It follows from

(27) i (29) that

Cab =
1

4

n∑
θ,σ=1

n∑
µν=1

n∑
αβ=1

Γµνa ΓbαβC(µν)(θσ)(αβ)∂θσ . (32)

If we denote

K(µν)(αβ) =
1

2

n∑
θ,σ=1

C(µν)(θσ)(αβ)∂θσ , (33)

then

Cab =
1

2

n∑
µν=1

n∑
αβ=1

Γµνa ΓbαβK(µν)(αβ). (34)
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Let K =
[
K(µν)(αβ)

]
and let ψ(t) denote the generating function of the Bernoulli numbers, then

ψ(K)(µν)(αβ) =
∞∑
m=0

(−1)m

m!
(Km)(µν)(αβ) , (35)

where powers of K are given recursively by

(Km)(µν)(αβ) =
n∑

θσ=1

K(µν)(θσ)

(
Km−1

)
(θσ)(αβ)

, m ≥ 1 (36)

and by definition (
K0
)
(µν)(αβ)

=
1

2

(
δµαδνβ − δµβδνα

)
. (37)

We find that powers of K are polynomials in ∂µν explicity given by

Km
(µν)(αβ) =

1

2

m∑
k=0

(m
k

)
(−∂m−k

µβ ∂kνα + ∂kµα∂
n−k
νβ ), m ≥ 0. (38)
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We proved that

ψ(C)ab =
1

2

n∑
µναβ=1

Γµνa Γbαβψ(K)(µν)(αβ). (39)

Theorem

Realization of the rotation generators Mµν by formal power series in the generalized Heisenbeg

algebra Hn is given by

M̂µν =
n∑

αβ=1

xαβψ(K)(µν)(αβ). (40)
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Realization of the Lorentz algebra so(1, n − 1)

Lorentz algebra so(1, n − 1) is defined by[
Mµν ,Mλρ

]
= ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ, (41)

where η = diag(−1, 1, . . . , 1) is the Minkowski metric.

The generalized Heisenberg algebra here denoted H̃n, is defined by commutation relations[
xµν , xαβ

]
= 0,

[
∂µν , ∂αβ

]
= 0 and

[
∂µν , xαβ

]
= ηµαηνβ − ηµβηνα. (42)
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The elements of the matrix K =
[
K(µν)(αβ)

]
are defined by

K(µν)(αβ) =
1

2

(
ηµα∂νβ − ηνβ∂να + ηνβ∂να − ηνα∂µβ

)
(43)

and the powers of K are given recursively by

(Km)(µν)(αβ) =
n∑

λρ=1

n∑
λ
′
ρ
′
=1

K(µν)(λρ)ηλλ′ η
ρρ

′
(
Km−1

)
(λ

′
ρ
′
)(αβ)

, (44)

where (
K0
)
(µν)(αβ)

=
1

2

(
ηµαηνβ − ηµβηνα

)
. (45)

Then the Lorentz algebra (41) admits the realization

M̂µν =
n∑

αβ=1

n∑
α
′
β
′
=1

xαβηαα
′ η

ββ
′ψ(K)

(µν)(α
′
β
′
)
. (46)
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Realization of Poincaré algebra

Classical Poincaré algebra P(Pµ,Mµν) is defined by

[Pµ,Pν ] = 0, (47)

[Mµν ,Pλ] = ηνλPµ − ηνλPν (48)

[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ηνσMµρ + ηµσMνρ, 1 ≤ µν ≤ n. (49)

A realization of the algebra (47)− (113) can be constructed as follows.

First we extend the algebra H̃n by adding to relations (42) pairs of generators

(pµ, ∂µ), 1 ≤ µ ≤ n such that

[pµ, pν ] = [∂µ, ∂ν ] = 0, [∂µ, pν ] = ηµν . (50)

with all cross-commutators being zero.
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Let K̃ be an upper-trangular matrix

K̃ =

[
A 0

C D

]
(51)

with blocks A,C and D defined by

Aµν = ∂µν (52)

C(µν)α = ηαµ∂ν − ηαν∂µ, (53)

D(µν)(αβ) =
1

2

(
ηµαηνβ − ηµβηνα

)
. (54)

Then the Poincaré algebra P admits the realization

P̂µ =
n∑

α=1

n∑
α
′
=1

pαηαα
′ψ(K̃)

µα
′ , (55)

M̂µν =
n∑

αβ=1

n∑
α
′
β
′
=1

xαβηαα
′ η

ββ
′ψ(K̃)

(µν)(α
′
β
′
)
+

n∑
α=1

n∑
α
′
=1

pαηαα
′ψ(K̃)

(µν)α
′ . (56)
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Yang algebra

Let us start with the Yang algebra

[x̂µ, x̂ν ] =
iϵ1

M2
Mµν , [p̂µ, p̂ν ] =

iϵ2

R2
Mµν , (57)

[Mµν , x̂λ] = i
(
ηµλx̂ν − ηνλx̂µ

)
, [Mµν , p̂λ] = i

(
ηµλp̂ν − ηνλp̂µ

)
, (58)

[x̂µ, p̂ν ] = iηµν ĥ,
[
ĥ, x̂µ

]
=

iϵ1

M2
p̂µ,

[
ĥ, p̂µ

]
= −

iϵ2

R2
x̂µ, (59)[

Mµν , ĥ
]
= 0, (60)

[Mµν ,Mρσ] = i (ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ) , (61)

where ϵ21 = ϵ22 = 1 and ηµν = diag(−1, 1, 1, 1).
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Let us consider the case ϵ1 = ϵ2 = 1 corresponding to the o(1, 5) algebra.

Let us define the most general new generators linear in x̂µ, p̂µ and Mµν introducing parameters

κ and κ̃,

X̃µ = u

(
cosφx̂µ +

R

M
sinφp̂µ

)
+

1

κ
aρMµρ, (62)

P̃µ = v

(
cosψp̂µ +

M

R
sinψx̂µ

)
+

1

κ̃
bρMµρ, (63)

with the Lorentz generators M̃µν = Mµν unchanged. The parameters u, v , φ, ψ and four-vectors

aµ, bµ are dimensionless with uv ̸= 0.

The inverse transformations are

x̂µ =
u−1 1

R
cosψ

(
X̃µ − 1

κ
aρMµρ

)
− v−1 1

M
sinφ

(
P̃µ − 1

κ̃
bρMµρ

)
1
R
cos (φ+ ψ)

, (64)

p̂µ =
v−1 1

M
cosφ

(
P̃µ − 1

κ̃
bρMµρ

)
− u−1 1

R
sinψ

(
X̃µ − 1

κ
aρMµρ

)
1
M

cos (φ+ ψ)
. (65)
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The generators X̃µ, P̃µ, Mµν and H̃ generate a new class of Lie algebras isomorphic to the initial

Yang algebra. These algebras are defined by[
X̃µ, X̃ν

]
= i

(
1

M2

(
u2 + a2

M2

κ2

)
Mµν +

1

κ

(
aµX̃ν − aν X̃µ

))
, (66)

[
P̃µ, P̃ν

]
= i

(
1

R2

(
v2 + b2

R2

κ̃2

)
Mµν +

1

κ̃

(
bµP̃ν − bν P̃µ

))
, (67)

[
X̃µ, P̃ν

]
= i

(
ηµν H̃ +

1

κ̃
bµX̃ν −

1

κ
aν P̃µ +

1

MR

(
uv sin(φ+ ψ) + abMR

1

κκ̃

)
Mµν

)
, (68)

[
Mµν , X̃λ

]
= i

(
ηµλX̃ν − ηνλX̃µ +

1

κ

(
aµMλν − aνMλµ

))
, (69)

[
Mµν , P̃λ

]
= i

(
ηµλP̃ν − ηνλP̃µ +

1

κ̃

(
bµMλν − bνMλµ

))
, (70)

where

H̃ = ĥuv cos(φ+ ψ) +
1

κ
aP̃ −

1

κ̃
bX̃ −

1

κκ̃
aρbσMρσ (71)

and [
Mµν , H̃

]
= i

(
1

κ̃

(
bν X̃µ − bµX̃ν

)
−

1

κ

(
aν P̃µ − aµP̃ν

))
, (72)
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[
H̃, X̃µ

]
= i

(
1

M2

(
u2 + a2

M2

κ2

)
P̃µ −

1

MR

(
uv sin(φ+ ψ) + abMR

1

κκ̃

)
X̃µ −

1

κ
aµH̃

)
, (73)

[
H̃, P̃µ

]
= −i

(
1

R2

(
v2 + b2

R2

κ̃2

)
X̃µ −

1

MR

(
uv sin(φ+ ψ) + abMR

1

κκ̃

)
P̃µ +

1

κ̃
bµH̃

)
.

(74)

If we define generators

Mµ4 = Mx̂µ, Mµ5 = Rp̂µ, M45 = MRĥ (75)

then the Yang algebra (57)- (61) takes the form of an orthogonal algebra o(1, 5) with

[MAB ,MCD ] = i (ηACMBD − ηADMBC + ηBDMAC − ηBCMAD) , (76)

where A,B,C ,D = 0, 1, 2, 3, 4, 5, ηAB = diag(−1, 1, 1, 1, 1, 1).
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If we define

M̃µ4 = MX̃µ, M̃µ5 = RP̃µ, M̃45 = MRH̃ (77)

then the algebra (66)-(74) becomes the o(1, 5, g) algebra with[
M̃AB , M̃CD

]
= i
(
gAC M̃BD − gADM̃BC + gBDM̃AC − gBC M̃AD

)
, (78)

where the metric gAB is given by a symmetric matrix defined as

gµν = ηµν , gµ4 =
M

κ
aµ, gµ5 =

R

κ̃
bµ, g44 = u2 + a2

M2

κ2
, g55 = v2 + b2

R2

κ̃2
,

g45 = g54 = uv sin(φ+ ψ) + ab
MR

κκ̃
. (79)

It follows that

det g = (g45 − gµ4gµ5)
2 − (g44 − gµ4gµ4) (g55 − gν5gν5) < 0, (80)

i.e. using above formulae for gAB (79) we get det g = −u2v2 cos2(φ+ ψ).
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We have that gAB =
(
SηST

)
AB
, detS2 = − det g with

S =



1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

−M
κ
a0

M
κ
a1

M
κ
a2

M
κ
a3 σ 0

−R
κ̃
b0

R
κ̃
b1

R
κ̃
b2

R
κ̃
b3 υ τ


, (81)

where σ = u, υ = v sin(φ+ ψ) and τ = v cos(φ+ ψ).

The relations between M̃AB and MAB can be written as M̃AB =
(
SMST

)
AB

with same matrix S

as above.
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Dual κ-Minkowski spaces and κ-Poincaré algebras isomorphic to o(1, 5, g)

If we impose g44 = 0 and g55 = 0, we obtain

a2 = −u2
κ2

M2
< 0, b2 = −v2 κ̃

2

R2
< 0 (82)

and then it follows [
X̃µ, X̃ν

]
=

i

κ

(
aµX̃ν − aν X̃µ

)
(83)

and [
P̃µ, P̃ν

]
=

i

κ̃

(
bµP̃ν − bν P̃µ

)
. (84)

The relation
[
X̃µ, X̃ν

]
defines κ-Minkowski space and

[
P̃µ, P̃ν

]
describes the Born dual

κ̃-Minkowski space.
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In particular, in the limit when R → ∞ and
bµ
κ̃

= 0 we get the κ-Minkowski space with the κ-

Poincaré algebra, with a2 ≤ 0 and[
X̃µ, X̃ν

]
=

i

κ

(
aµX̃ν − aν X̃µ

)
, (85)

[
P̃µ, P̃ν

]
= 0 (86)[

X̃µ, P̃ν

]
= i

(
ηµν H̃ −

1

κ
aν P̃µ

)
, (87)

[
Mµν , X̃λ

]
= i

(
ηµλX̃ν − ηνλX̃µ +

1

κ

(
aµMλν − aνMλµ

))
, (88)[

Mµν , P̃λ

]
= i
(
ηµλP̃ν − ηνλP̃µ

)
, (89)[

Mµν , H̃
]
=

−i

κ

(
aν P̃µ − aµP̃ν

)
, (90)[

H̃, X̃µ

]
=

−i

κ
aµH̃, (91)[

H̃, P̃µ

]
= 0. (92)
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Weyl realizations for o(1, 5, g), o(2, 4, g) and o(3, 3, g) algebras

The algebras o(1, 5, g), o(2, 4, g) and o(3, 3, g) generated with the M̃AB are defined in[
M̃AB , M̃CD

]
= i C̃ EF

AB,CD M̃EF = i
(
gAC M̃BD − gADM̃BC + gBDM̃AC − gBC M̃AD

)
, (93)

with gAB =
(
SηST

)
AB

corresponding to the o(1, 5, g), o(2, 4, g), o(3, 3, g).

Starting with the generalized Heisenberg algebra defined with the commutative coordinates XAB

and their corresponding momenta KAB

[XAB ,XCD ] =
[
KAB ,KCD

]
= 0,

[
XAB ,K

CD
]
= i
(
δ C
A δ D

B − δ D
A δ C

B

)
, (94)

where KCD = gCMgDNKMN .
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Using the general Weyl realization of the Lie algebras corresponding to the Weyl symmetric

ordering we express the generators M̃AB with

M̃AB = XCD

(
C̃

1− e−C̃

) CD

AB

, (95)

where

C̃ CD
AB = −

1

2
C̃ CD
AB,EF KEF (96)

and

C̃ CD
AB,EF =

1

2

[
−gBE

(
δ C
A δ D

F − δ D
A δ C

F

)
+ gAF

(
δ C
E δ D

B − δ D
E δ C

B

)
− (A ↔ B)

]
. (97)

and we find up to first order

M̃AB = XAB +
1

2

(
XAEK

E
B − XBEK

E
A

)
(98)

and[
M̃AB ,K

CD
]
= i
(
δ C
A δ D

B − δ D
A δ C

B

)
+

i

2

(
δ C
A K D

B − δ C
B K D

A + δ D
B K C

A − δ D
A K C

B

)
. (99)
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The Weyl realization M̃AB enjoys property

e
1
2
tAB M̃AB

▷ 1 = e
1
2
tABXAB

, (100)

where tAB are real numbers transforming as tensors, and action ▷ is defined with

XAB ▷ f (XEF ) = XAB f (XEF ), KAB ▷ f (XEF ) = −i
∂f (XEF )

∂XAB
=
[
KAB , f (XEF )

]
. (101)

In particular

XAB ▷ 1 = XAB , KAB ▷ 1 = 0, (102)

KAB ▷ e
1
2
tEFXEF

= tABe
1
2
tEFXEF

. (103)

We can write the generators XAB and KAB in the terms of the four dimensional variables

Kµ4 =
Qµ

M
, Kµ5 =

Y µ

R
, K45 =

W

MR
, (104)

Xµ4 = MXµ, Xµ5 = RPµ, X45 = MRH, (105)

so that

[Xµ,Qν ] = iδνµ, [Pµ,Yν ] = iδνµ, [H,W ] = i . (106)
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Weyl realization for dual κ Minkowski spaces

The generators M̃AB can be written in the terms of the four dimensional variables with greek

indices (M̃µν , X̃µ, P̃µ, H̃ expressed in the terms of Mµν , Xµ, Pµ, H, and Kµν , Qµ, Yµ, W ).

They are

M̃µν = Xµν +
1

2

(
Xµα

(
K α
ν −

1

M
gν4Q

α −
1

R
gν5Y

α

)
+ Xµ

(
Qν −

1

R
gν5W

)
+ Pµ

(
Yν +

1

M
gν4W

)
− (u ↔ v)

)
, (107)

X̃µ = Xµ +
1

2

(
−

1

M
Xµν

(
gα4K

να +
1

M
g44Q

ν +
1

R
g45Y

ν

)
+

1

M
Xµ

(
gν4Q

ν −
1

R
g45W

)
+ Xν

(
K ν
µ −

1

M
gµ4Q

ν −
1

R
gµ5Y

ν

)
+

1

M
Pµ

(
gν4Y

ν +
1

M
g44W

)
− H

(
Yµ +

1

M
gµ4W

))
,

(108)

P̃µ = Pµ +
1

2

(
−

1

R
Xµν

(
gα5K

να +
1

M
g45Q

ν +
1

R
g55Y

ν

)
+

1

R
Pµ

(
gν5Y

ν +
1

M
g45W

)
+ Pν

(
K ν
µ −

1

R
gµ5Y

ν −
1

M
gµ4Q

ν

)
+

1

R
Xµ

(
gν5Q

ν −
1

R
g55W

)
+ H

(
Qµ −

1

R
gµ5W

))
,

(109)
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H̃ = H +
1

2

( 1

R
Xµ

(
gν5K

µν +
1

M
g45Q

µ +
1

R
g55Y

µ

)
−

1

M
Pµ

(
1

M
g44Q

µ +
1

R
g45Y

µ + gν4K
µν

)
+ H

(
1

R
gµ5Y

µ +
1

M
gµ4Q

µ

))
. (110)

For the dual κ-Minkowski spaces g44 = 0, g55 = 0.

The other realizations can be obtain from the Weyl realizations of M̃W
AB by using similarity

transformation

M̃AB = SM̃W
ABS

−1, (111)

where S = exp(G), with G = XF (K). The corresponding realizations will be linear in X and can

be written as a series in K .
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Coproduct in Weyl realization

Defining

exp
( i

2
sABM̃AB

)
exp

( i

2
tCDM̃CD

)
= exp

( i

2

(
sAB ⊕ tAB

)
M̃AB

)
= exp

( i

2
DAB(s, t)M̃AB

)
,

(112)

where sAB and tAB transform as tensors of corresponding orthogonal algebra. One has at first

order

DAB
(
sCD , tCD

)
= sAB + tAB −

1

2

(
sAC tBC − sBC tAC

)
. (113)

In the following all formulae are written in the first order. The coproduct ∆KAB is

∆KAB = DAB
(
KAB ⊗ 1, 1⊗ KAB

)
= ∆0K

AB −
1

2

(
KAC ⊗ KB

C − KBC ⊗ KA
C

)
, (114)

where ∆0KAB = KAB ⊗ 1 + 1⊗ KAB .
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In components, it reads

∆Kµν = ∆0K
µν −

1

2

(
Kµα ⊗ Kν

α +
1

M2
g44Q

µ ⊗ Qν +
1

R2
g55Y

µ ⊗ Y ν

+
1

MR
g45 (Q

µ ⊗ Y ν + Y µ ⊗ Qν) +
1

M
gα4 (K

µα ⊗ Qν + Qµ ⊗ Kνα)

+
1

R
gα5 (K

µα ⊗ Y ν + Y µ ⊗ Kνα)− (u ↔ v)
)
, (115)

∆Qµ = ∆0Q
µ −

1

2

(
− Kµα ⊗ Qα + Qα ⊗ Kµα +

1

MR
g45 (Q

µ ⊗W −W ⊗ Qµ)

+
1

R2
g55 (Y

µ ⊗W −W ⊗ Y µ) +
1

R
gα5 (K

µα ⊗W −W ⊗ Kµα)

−
1

M
gα4 (Q

µ ⊗ Qα − Qα ⊗ Qµ)−
1

R
gα5 (Y

µ ⊗ Qα − Qα ⊗ Y µ)
)
, (116)

∆Y µ = ∆0Y
µ −

1

2

(
− Kµα ⊗ Yα + Yα ⊗ Kµα −

1

MR
g45 (Y

µ ⊗W −W ⊗ Y µ)

+
1

M2
g44 (W ⊗ Qµ − Qµ ⊗W )−

1

M
gα4 (K

µα ⊗W −W ⊗ Kµα)

−
1

M
gα4 (Q

µ ⊗ Yα − Yα ⊗ Qµ)−
1

R
gα5 (Y

µ ⊗ Yα − Yα ⊗ Y µ)
)
, (117)

∆W = ∆0W −
1

2

(
Qα ⊗ Yα − Yα ⊗ Qα +

1

R
gα5 (Y

α ⊗W −W ⊗ Yα)

1

M
gα5 (Q

α ⊗W −W ⊗ Qα)
)
. (118)
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T. Martinić (PMF–Split) Dual κ-Minkowski spaces and κ-Poincaré algebras from Yang model and their Weyl realizationsJune 5, 2026 34 / 34


	Realizations of Lie algebras

