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ANTECEDENTS

In 1679-1680 Leibniz wrote to Huygens some letters in French on the
Analisis situs or the Characteristica geometrica.

In 1827, Mobius published Der barycentrische Calculus (The
barycentric calculus).

In October 161 1843, Hamilton discovered the Quaternions, which he
defined as quotients of vectors.

In 1844 Grassmann published Die Ausdehnungsiehre (Extension
Theory) and the second edition in 1862.

In 1878 Clifford published the paper Applications of Grassmann’s
Extensive Algebra.

In 1888 Peano publishes Calcolo geometrico secondo
[’Ausdehnungslehre di H. Grassmann preceduto dalle operazione della
logica dedutiva (Geometric Calculus according to H. Grassmann’s
Ausdehnungslehre preceded by the operations of deductive logic).

In 1901 Wilson publishes Gibbs’ lessons in Vector Analysis.



QUATERNIONS AS GEOMETRIC QUOTIENTS OF VECTORS

« Hamilton defined a quaternion as a geometric quotient of two vectors.

e A quaternion 1s defined by four quantities: the ratio of norms of both
vectors, the oriented angle they form, and two angles of orientation of
the plane where the vectors lie.

[W. R. Hamilton, Elements of Quaternions, p. 113]



GEOMETRIC PRODUCT OF TWO VECTORS

* The geometric product of two vectors in the Euclidean space is also a
quaternion.

ab=a(b+b)=ab+ab =|alllb]|(cosy+usiny
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« The geometric and Clifford products are identical. In the Clifford
algebra Cl;, the correspondence between quaternion unities and
Clifford unities i1s i = —e,;,j = —e5, k= —e,.



GEOMETRIC PRODUCT OF THREE VECTORS

The geometric product is assumed to be associative and distributive.

The geometric product is not commutative but it satisfies the

permutative property

— Intheplane abc=cba

or az=z%aqa zeC

— Inthespace anbanc=(abc—cba)l/?2

The figure shows the

geometric product of

three vectors 1n the plane.

In the space, the product
of two vectors by the
perpendicular component
generates a volume and a

perpendicular vector.




THE EULER LINE OF A TRIANGLE

e The vector from the circumcenter O to the ortocenter H 1s obtained
from the sides of a triangle ABC through the formula

OH = —(AB BC CA + BC CA AB + CA AB BC) (2 ABA BC)™!
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THE MORLEY THEOREM

The intersections of the trisectors of the interior angles of a triangle
form an equilateral triangle.

PO =8rsin asin fsin yug-exp(i(a+24))

OR =8 rsin asin fsin yu., exp(l(S+2y))

RP=8rsin asin Bsin yu,, exp(l(y+2a))
The geometric quotient of two sides of the equilateral triangle yields a
rotation of 120°.

PO OR = exp(—i(at2/9) upc uc, exp(i(B+ 27))
= exp(—1(at2f)) exp(i(n-3y)) exp(1(L+ 2y)) = exp(1 21/3)

c‘f




THE EULER LINE OF A TETRAHEDRON

Let ABCD be a tetrahedron. Then the director vector of the Euler line
1s given by
OM = (AB BC CD DA - BC CD DA AB+ CD DA AB BC
— DA AB BC CD) (4 AB*BC"CD)™!

where M 1s Monge’s point, the intersection of the six planes that pass
through the midpoint of each edge and are perpendicular to the
opposite edge.

The centroid G satisfies G=(O+M)/2




THE INCENTER OF A TETRAHEDRON

» The incenter of a triangle ABC 1s given by
I=(||BC||+B||CA||+ClA4B|) (| AB ||+ || BC| + | CA| )

» The incenter of a tetrahedron ABCD is given by
I=(A||BCACD||+B||CDADA|+C| DAANAB|+D | AB A BC]|)
(||BCACD|+||CDADA|+|DAAAB| +||AB ABC||)™!
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PROJECTIVE GEOMETRY: THE CHASLES THEOREM

e The cross ratio of a conic 1s given by
(X, ABCD) = (X4 A XC) (XB A XD) (XA A XD)'(XB A XC)7!
» The constancy of the cross ratio 1s proven as
(X, ABCD) = sin((y—a)/2) sin((0—L)/2) / (sin(o—x)/2) sin(y—LH)/2)
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A BASIS OF POINTS IN THE SPACE

According to Mobius, every point on a line, in a plane or in the space
can be written as a linear combination of two points, three non-
collinear points, or four non-coplanar points respectively.

P=0+x04=(1-x)O+xAona line,
P=0+x04+y0OB=(1-x—-y—-z)0+xA4+yB in the plane,

P=0+x04+y0OB+z0C=(1-x-y—-z)O+xA+yB+zCim
the space.

1l -x—y -2z x,vy,z) are the barycentric coordinates.
y y ry

x<0 0<x<l1 x>1

11



THE DESARGUES THEOREM

e Theorem. Let AABC and AA’B’°C’ be two triangles. Let P be the
intersection of the prolongations of sides 4B and 4A'B’°, O the
intersection of the prolongations of BC and B’C’,and R the intersection
of the prolongations of C4 and C’A4’. Points P, O and R are collinear if
and only if the lines A4’, BB and CC’ meet at the same point O.

* Proof
O=aA+(1-a)A’=bB+(1-b)B’'=cC+(1-¢)C’ a,b,ceR
= aA-bB=-((1-a)d’+(1-b)B’
= P=(@A-bB)/(a-b)=(-(1-a)d’+(1 -b)B")/(a—>b)
In the same way, Q=(bB—-cC)/(b—c)andR=(c C—a A)/ (c — a)

0

Then 5 0
det(POR)<c| 0 b —c|=0

and P, O, and R are collinear.
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FROM BARYCENTRIC TO PROJECTIVE COORDINATES

The Pappus and Pascal hexagram theorems are proven in the same way

as the Desargues theorem.
Let us denote the fourth barycentric coordinate as t = 1— x — y — z. The
equation of a plane is written in homogeneous form

{

[d e f g} =dt+ex+f y+gz=0

X
y
Zz
dl €, fl g1j| XX —0

e The equation of a line 1s written as {
d2 eZ f‘2 g2

We can take homogeneous coordinates. It is not necessary that # + x +
y +z =1. Even, this sum can be zero (points at infinity=vectors).
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QUADRICS

Every quadric can be written with projective coordinates as a

homogeneous equation t
X
(t X y Z) M4><4 - O
y
zZ
where (¢ x y z) are point coordinates
 [ts tangential quadric is
=0

d e f g]M,,

R ~N 0 X

where [d e f g] are dual coordinates defining a plane.
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EXTERIOR ALGEBRA OF POINTS

The product of a point by itself 1s null.
The product of two points is the line passing through both points.

The product of three non-collinear points 1s the plane that contains
them. If they are collinear, the product 1s zero.

The product of four non-coplanar points is the space where they live. If
they are coplanar, the product is zero.

Let us consider three points expressed in the frame (P, P, P; P,)
A=aP+a,P+aP+aP,  B=bPR+bP +bP+bP,
C=c¢P+c,P +cP +c,P

. . b b b
Then the line ABis 4B =" 1101}72+al '\P 3+a1 '|PP,
a, b, a, b, a, b,
a, b a, b a, b
+ 2 2 })2})3 + 2 2 })2})4 + 3 3 })3P
d, 3 a, 4 a, b4
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The plane ABC is given by

a b c a b c
ABC=la, b, c,PPP +la, b, c,PPP,
a, b, «c, a, b, c,
a b c a, b, «c,
+la, b, c¢,|PPP +|a, b, c,|PPP,
a, b, c, a, b, c,

The basis of lines has six elements: the six lines containing the edges
of the fundamental tetrahedron. The basis of planes has four elements:
the planes containing the faces of the fundamental tetrahedron.

In the same way, the exterior product of the dual coordinates of two
planes yields the line that is intersection of both planes, and the

exterior product of the dual coordinates of three planes yields their
intersection point.
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PROJECTIVITIES

A projectivity 1s a homogeneous linear transformation of projective

coordinates (passive definition) in the same frame.

t!

k # 0 1s undefined because projective coordinates are homogeneous.

— }% 21

my, m, m; m,
m My My My,
My MWy, My Wy,
m m m m

41 42 43 44

{

X

y

z

A projectivity 1s a mapping between two projective frames (active
definition) that keeps projective coordinates. A projective frame 1is

given by one point more than an affine frame.

U=00+aA+bB+cC+dD — U'=00+aA+bB+cC+dD’
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PROJECTIVE FRAMES

Let us see an example of projective frame ABCD in the plane. The
projective coordinates are defined by these four points. There are three
projective coordinates, which only the last two are shown in the figure.
For example,

D=—A+B+C=(-1,1,1)=(, 1)
The line at infinity is the union of the points at infinity.

The distances between points are measured with the cross ratio. For
example (ABU,U,)=AU, BU_/ (AU, BU,) =2

(0,0)
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