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Differential geometry of surfaces deals with the smooth surfaces, which in-
cludes a variety of different structures, usually a Riemann metric. Mostly,
surfaces have been investigated from two mainly perspectives. The first
concerns their embedding in externally, Euclidean or non-Euclidean space.
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The features measured along curves on the surface, reflecting their prop-
erties determined by distance within the surface. The most well known
concepts investigated is the Gaussian curvature which is first defined by
Carl Friedrich Gauss (Gauss, 1965).

Melek ERDOGDU, Ayse YAVUZ XXVI th International Conference on Geometry, Integrability and Quantization

G ric Analysis of the Landau-Lifshitz Equation in Minkowski Space




Introduction Preliminaries Pseudo null curves Binormal and normal congruences Landau-Lifshitz Equation References

By studying the intrinsic properties of surfaces, we are familiar with the
concept of curves lying on a surface. In this respect, it is the most
preferred way of examining the local differential geometric structure of
the curve. In many studies dealing with differential geometric properties
of curves, some methods and tools of differential calculus are used.
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Here it uses the more well known Frenet-Serret frame. Analyzing the
geometric structures of the curves with the help of vector analysis reveals
valuable results. Let (T(S, n, b) be a space curve in three-dimensional
Euclidean space. Here s, n and b are the distance along the t -lines, n
-lines and b -lines (Marris and Passman; 1969).
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Minkowski 3-space is the Euclidean space provided with Lorentzian prod-
uct
<7, 7>L = —wmnvi+ v+ u3v;

where 7 = (u1, up, u3), vV = (vi, w2, v3) € R3. By definition, this prod-

uct is not positively defined. Instead, this product classifies the vectors
in IE3 as follows:

i)If <_> W), >0o0r (_> = 0) then 7 is called a spacelike vector;

i) If (0, _>> < 0then 7 u is called a timelike vector;

i) If (07, _)>L =0 then U is called a lightlike (null) vector.

Melek ERDOGDU, Ayse YAVUZ XXVI th International Conference on Geometry, Integrability and Quantization

Geometric Analysis of the Landau-Lifshitz Equation in Minkowski Space



Introduction Preliminaries Pseudo null curves Binormal and normal congruences Landau-Lifshitz Equation References

For each ' € E3, the norm of U vector is defined
el = 1Ko, @), |

If (7', V'), =0then W and V' vectors are said to be orthogonal. For

— —
each v, v € IE% we may write
— —
(0", V), = —mvi+ww +wnv = ul I*v
where
-1 0 0
I* = 0 10
0 01
(Walrave; 1995).
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Let @ : | — IE} be a regular curve. If <1x/ (s),a (s)>L > 0 and
(@ (s),a" (s)), = 0 for Vs € I, then a is called pseudo-null curve.
And if <0c' (s), & (s)>L = 1, then « is called a pseudo null curve given
by pseudo arc length parameter (Walrave; 1995).
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Let « : | — IE3 be a pseudo-null curve given by pseudo arc length
parameter. We know that

T (s)=a (s)
is the tangent vector of & and 7 (s) = &" (s) is a null vector. The

binormal vector field b is the unique null vector field orthogonal to t
such that
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If « is straight line then x (s) = 0 and in other cases « (s) = 1. Further-

o T(s) = <7/ (s), b (s)>L.

The Frenet formulas for pseudo-null curve & : | — E given by pseudo
arc length parameter are as follows

g | £ 0 x(s) 0 ()
|l TG =] 0 1) o0 7 (s)
b (s) —x(s) 0 —1(s) b (s)
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Frenet vector fields of a satisfying following relations:

(7 (), 7 ()= (b (). b (), =0,
<? (s), 7 (s)>L - <? (s), b (s)>L =0,
<? (s), T (s)>L - <7 (s), b (s)>L =1
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In this context, we consider that & = %(s, n, b) is a given pseodu null
curve in Minkowski Space. As known, s denotes the distance along t —
lines where the spacelike tangent vector of t — lines is defined by

EN3

— =
t = t(s,n,b)—g.

Then the distance along n — lines is denoted by n where the null tangent
vector of n — lines is

n=Tn(snb)=—.

Moreover, b denotes the distance along b — lines where null tangent
vector of b — lines is

R — IR
b - b (5 , n, b) — %
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Directional derivatives of {t, n’, b } with respect to parameter s are
given as follows:

—
ot BN
—=xn,
ds
—
on N
—=1Tn,
ds
—
db — -
—— =—Kkt —Th.
ds
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ﬁ
Directional derivatives of the {? ', b} with respect to parameter n
are obtained as follows:

3t
—
—
on =Up N +€nsb,
—
on — . —
W = —gns t — (leb+K) n,
b
— . —
— =—pup t +(divb+x) b.
on
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_>
Moreover, directional derivatives of {_t> ', b} with respect to parame-
ter b are obtained as follows:

—
Ot & F—ub
b é( bs Wn )
—
d'n .
W = Un t +divnn,
—
0 :
W—_gbst—dlvnb,
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Here,
ot _, At —
Cns— ain' n Lv gbs— Wv b

—_—
are the normal deformations of the directions 1" and b, respectively.
Also, we have
. —
div t = Cps + Cbs,

a—>
. —> — n
div n = b y W ,
L
—
div b =—x+( n,—
on
L
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Then, we obtain

curl & = (Eps — Cps) £ +KT,

87 — -
— —
cul m = —divnt +(ps+7) 0 +( =, t b,

3t

— . — - —
curl b = (divn+x) t + a—,b n + (T —Cps) b
n
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H
Abnormalities of ? 7 and b are

Us = <cur| _t> ?>L = Cns — Chs,

SN on —
pn = (curl'n’,’n"), = W't L,
BB = (2EF
po= (e B.5) = (5 B )

L
respectively. Here x = «(s,n, b) is

the curvature function and T
T(s, n, b) is the torsion function of the pseudo null curve & = (s, n, b).
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Since curl t does not include any component in the direction of binormal
?, then there exists a surface which contains both s — /ines and n — lines.
This implies

Hp = 0.

There exists a binormal congruence of surfaces containing the s — lines
and n — lines if and only if the abnormality of b is zero. We will investi-
gate one-parameter family of degenerate surfaces I = I'(s, n) containing
the s — lines and n — lines i.e.

— = t, — = n.
ds on
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Now, we consider the compatibility conditions. These equations reduces
to the nonlinear system, which is called Gauss-Mainardi-Codazzi equations

for this binormal congruence of surfaces.

Theorem 4.1

The Gauss-Mainardi-Codazzi equations are obtained as follows:

ayb . )
g = I’le leb 1,
9Cns .
9s —énsTv
al n ddivb ¢
on os "
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Theorem 4.2

The Gaussian curvature K and mean curvature H of one-parameter
family of surfaces T = T'(s, n) containing the s — lines and n — lines are

divb+1
K = _CnsT, H=— 5 o)
respectively.
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Similarly, there exists a normal congruence of surfaces containing the
s — lines and b — lines if and only if the abnormality of 7" is zero, i.e.

pn =0.

For details of this case, see (Yavuz and Erdogdu, 2022).
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In this section, general geometric properties of Landau-Lifshitz equation
is discussed. The following equation is called Landau—Lifshitz

— —
ot — 0%t

Fr

where t is time, s is pseudo arc length parameter and the spacelike tangent
— . .
vector t of the pseudo null curve S is the unit spin vector.
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Theorem 5.1

Let S be a pseudo null curve lying in three dimensional Minkowski
space. Angular velocity vectors of are given as

DS=71t —x7,
. — — —-—
D" = —(divb+1)t —upn +E&ns b,

Db = —divnt + s —in b,

respectively.
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Derivative formula of time evolution equation Spin vector t is obtained

as
—

a—t ?x—az?—(aj—l—xr)?
ot 9s2  ‘0s '

On the other hand, derivative formula of time evolution equation for null

—
principal normal vector n" and null binormal vector b are obtained as
follows:

a—>
n s — —
— =D°%X; n""=1Tn
ot
Jdb - — -
S

— =D°%X; b =—xt —7Thb

ot
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We may also write

9.9t %k 9k ot -

— (=)= (55 +2=—=T+ =—k+x7°) N

35 ar ) = (g T25, T+ g5 TrT)

9 9t. 9, . 0K -

—(—=—) = —(x =(=— +«KT .

o\ s ) = K7 = (g FrT)m

By the compatibility conditions aa—s(%) = %(@), we get
82—K+28—KT+8—T1{+KT2 = +«KT
ds2 ds ds - ot
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On the other hand, we have

0,00, 9, . 0T
E(W)—E(T”)—(g*'l')”
o 9n J ., T 5 —
&(g)—g(ﬂfn)—(g‘kﬂf)n
By the compatibility conditions %(@) = %(%), we get
oot
ds ot
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Finally, we may write

ﬁ
(T = (—= t+(— = b
5ol 5) = (ma Tr0) £+ (=)0 + (=52 +T°)
and
3 b d d
K _ T N
() = (— — — . b
505 ) = (g, HRD) + (kD)1 + (=5 + 1)
Again by compatibility condition 2 (%2) = 2 (%), we get
oK Ok 2 ep
ds ot T
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Corollary 5.2

The pseudo null curve ¥ is always a straight line or helix, if the tangent
— . e o
vector t satisfies Landau—Lifshitz equation, i.e.

T 2t

ot _ o
ot 0s2
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For examle, consider the surface I' = I'(s, n) containing the s — lines and
n — lines be given as follows

I'(s, n) = (sinh (s 4 n) 4 cosh (s + n) , s, sinh (s + n) 4 cosh (s 4 n))

where
or . .
0 = (sinh (s + n) + cosh (s 4+ n), 1,sinh (s + n) 4 cosh (s + n)),
or
3, = (sinh (s + n) + cosh (s 4+ n), 0, sinh (s + n) 4 cosh (s + n)) .
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And binormal vector of one-parameter family of surfaces I = T'(s, n) is
given by

(s,n) = (— (sinh (s + n) + cosh (s +n))> + 1 .
a 2(sinh (s +n) +cosh (s+n)) "= ™
1 — (sinh (s + n) + cosh (s + n))?

2 (sinh (s 4+ n) + cosh (s + n))

H
b

).

Furthermore, Gaussian and mean curvature of one-parameter family of
the surfaces T =T'(s, n) are
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The Weingarten matrix of the surface T = I'(s, n) is found as follows
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The image of one-parameter family of surface I is illustrated in the fol-
lowing figure
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