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Brief History

@ Several studies have investigated the geometric properties of surfaces
and hypersurfaces, as well as related variational problems, in various
space forms.
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Brief History

@ Several studies have investigated the geometric properties of surfaces
and hypersurfaces, as well as related variational problems, in various
space forms.

e For instance, Aulisa et al [3] presented new developments on the
p-Willmore energy of surfaces. Atampalage, Athukorallage, and Toda
[1] studied doubly connected minimal surfaces between two circles in
parallel planes.
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Brief History

@ Several studies have investigated the geometric properties of surfaces
and hypersurfaces, as well as related variational problems, in various
space forms.

e For instance, Aulisa et al [3] presented new developments on the
p-Willmore energy of surfaces. Atampalage, Athukorallage, and Toda
[1] studied doubly connected minimal surfaces between two circles in
parallel planes.

@ Aulisa, Gruber, and Toda [2] discussed generalized Willmore energies
and their applications. The geometry of hypersurfaces in
four-dimensional spaces has also been explored through different
constructions, such as the Laplace—Beltrami operator of helicoidal
hypersurfaces in R* by Giiler, Magid, and Yayl [5].
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Brief History

o Li, Giiler, and Toda [8] analyzed a family of right conoid
hypersurfaces with light-like axis in Minkowski four-space.
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Brief History

o Li, Giiler, and Toda [8] analyzed a family of right conoid
hypersurfaces with light-like axis in Minkowski four-space.

@ Related variational aspects involving Willmore-like energies and elastic
curves with potential were also studied by Pdmpano [11].
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Brief History

o Li, Giiler, and Toda [8] analyzed a family of right conoid
hypersurfaces with light-like axis in Minkowski four-space.

@ Related variational aspects involving Willmore-like energies and elastic
curves with potential were also studied by Pdmpano [11].

@ The geometry of rotational hypersurfaces in pseudo-Euclidean spaces
has also been investigated; for example, Giiler, Yayli, and
Hacisalihoglu [6] studied a particular class of space-like rotational
hypersurfaces in the pseudo-Euclidean space E3.
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Weingarten Surfaces

@ The study of Weingarten surfaces was first initiated by Weingarten,
who investigated special classes of surfaces satisfying relations
between their principal curvatures in the three-dimensional space IR3
[12,13].
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Weingarten Surfaces

@ The study of Weingarten surfaces was first initiated by Weingarten,
who investigated special classes of surfaces satisfying relations
between their principal curvatures in the three-dimensional space IR3
[12,13].

@ This concept naturally extends to four-dimensional space, where
hypersurfaces may satisfy relations among their principal curvatures.
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Introduction

Weingarten Hypersurfaces

Definition

A hypersurface S in the Euclidean space R* is called a Weingarten
hypersurface if its three principal curvatures k1, ko, k3 satisfy a functional
relation. More precisely, there exists a smooth function W of three
variables such that W(x1, x2,x3) = 0.

@ Let K, K5, and K3 denote the mean curvature, the second
curvature, and the Gauss—Kronecker curvature of S, respectively. In
this case, the relation W = 0 can equivalently be expressed as a
relation of the form U(Kj, Ky, K3) = 0.
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Special Weingarten Hypersurfaces

@ In this talk, we restrict our attention to the simplest situation in which
the function U is linear. Hence, we consider hypersurfaces satisfying

aK; + bKy + cK3 = d (1)

where a, b, ¢, and d are real constants.
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Special Weingarten Hypersurfaces

@ In this talk, we restrict our attention to the simplest situation in which
the function U is linear. Hence, we consider hypersurfaces satisfying

aK; + bKy + cK3 = d (1)

where a, b, ¢, and d are real constants.

e Hypersurfaces fulfilling condition (1) will be referred to as special
Weingarten hypersurfaces, or briefly SW-hypersurfaces.
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Introduction

Special Weingarten Hypersurfaces

@ In this talk, we restrict our attention to the simplest situation in which
the function U is linear. Hence, we consider hypersurfaces satisfying

aK; + bKy + cK3 = d (1)

where a, b, ¢, and d are real constants.
e Hypersurfaces fulfilling condition (1) will be referred to as special
Weingarten hypersurfaces, or briefly SW-hypersurfaces.

@ Important examples arise when one of the curvature quantities is
constant, such as hypersurfaces with constant mean curvature
(b= c =0), constant second curvature (a = ¢ = 0), or constant
Gauss—Kronecker curvature (a = b = 0).
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Introduction

Special Weingarten Hypersurfaces

@ In this talk, we restrict our attention to the simplest situation in which
the function U is linear. Hence, we consider hypersurfaces satisfying

aK; + bKy + cK3 = d (1)

where a, b, ¢, and d are real constants.

e Hypersurfaces fulfilling condition (1) will be referred to as special
Weingarten hypersurfaces, or briefly SW-hypersurfaces.

@ Important examples arise when one of the curvature quantities is
constant, such as hypersurfaces with constant mean curvature
(b= c =0), constant second curvature (a = ¢ = 0), or constant
Gauss—Kronecker curvature (a = b = 0).

@ Despite various studies, a complete classification of Weingarten
hypersurfaces in IR* is still an open problem. For further background
on Weingarten surfaces, we refer the reader to [7,9, 10].
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Cyclic Hypersurfaces

@ A natural starting point in the study of hypersurfaces subject to the
Weingarten condition is the family of rotational hypersurfaces.

Definition
A cyclic hypersurface in the Euclidean space IR* is a hypersurface
generated by a smooth one-parameter family of portions of two-spheres.
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Cyclic Hypersurfaces

@ A natural starting point in the study of hypersurfaces subject to the
Weingarten condition is the family of rotational hypersurfaces.

Definition
A cyclic hypersurface in the Euclidean space IR* is a hypersurface
generated by a smooth one-parameter family of portions of two-spheres.

e For cyclic surfaces in IR®, we refer the reader to Lopez [9].
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Introduction

Overview

@ In this talk, we investigate whether cyclic SW-hypersurfaces exist
other than hypersurfaces of revolution. This question is inspired by
known results for hypersurfaces with constant mean curvature or
constant Gauss curvature. In these situations, the hypersurface is
either an open part of a hypersphere or the hyperplanes containing
the spherical foliation are parallel.
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Introduction

Overview

o If the foliation planes are parallel, the hypersurface must either belong
to a hypersurface of revolution or to one of the following cyclic
hypersurfaces that are not rotational:

1. A class of periodic minimal hypersurfaces, which arises in the case
K; =0.

2. A generalized hypercone. In this situation the cyclic hypersurface is
formed by spheres whose centres lie along a straight line, while the radius
varies linearly. This corresponds to the case K3 = 0.
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Introduction

Overview

@ Locally, such a hypersurface admits the parametrization

Huv,w) = (f(u) g(u) h(u), u) (2)
+r(u) (cos v cos w, sin v cos w, sin w, 0)

where f, g, h, and r > 0 are linear functions depending on u.
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Introduction

Overview

@ Locally, such a hypersurface admits the parametrization

Huvow) = (f(u) g(u), h(u), u) ()

+r(u) (cos v cos w, sin v cos w, sin w, 0)

where f, g, h, and r > 0 are linear functions depending on u.

@ Our first main result shows that for a cyclic SW-hypersurface the
hyperplanes that determine the foliation must necessarily be parallel,
unless the hypersurface is a hypersphere.
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Notions of Four-Dimension

@ We introduce the notation used for the local differential geometry of
hypersurfaces in IR*. For further details we refer to [4].
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Notions of Four-Dimension

@ We introduce the notation used for the local differential geometry of
hypersurfaces in IR*. For further details we refer to [4].

o Let S be a hypersurface in R* and consider a local parametrization
t = r(u, v, w) defined on an open domain in the (u, v, w)-parameter
space.
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Preliminaries

Notions of Four-Dimension

@ We introduce the notation used for the local differential geometry of
hypersurfaces in IR*. For further details we refer to [4].

o Let S be a hypersurface in R* and consider a local parametrization

t = r(u, v, w) defined on an open domain in the (u, v, w)-parameter
space.

@ Let N be a unit normal vector field along S, defined by

_ wAn A
lltu Axv Axwl|

where the symbol A represents the triple vector product in R*.
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Notions of Four-Dimension

@ The metric induced by the Euclidean inner product (-, -) gives rise to
the first fundamental form

I = (dydp)
= Edu®+2Fdudv+ Gdv? +2Adudw +2Bdvdw + Cdw?.
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Notions of Four-Dimension

@ The metric induced by the Euclidean inner product (-, -) gives rise to
the first fundamental form

I = (dydp)
= Edu®+2Fdudv+ Gdv? +2Adudw +2Bdvdw + Cdw?.

@ The coefficients of this form are arranged as (E, F, G) and (A, B, C)
and are defined by

(E.F.G) = ({twru), (utv), (2v.1v))
(Aer C) = ((Fu:?w>v <?v:?w>v <?W1?w>)-
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Notions of Four-Dimension

@ The shape operator associated with the immersion can be described
through the second fundamental form

Il = —(dN,dy)
Lduv® +2Mdudv + Ndv? +2Pdudw + 2T dvdw + V dw?.
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Notions of Four-Dimension

@ The shape operator associated with the immersion can be described
through the second fundamental form

Il = —(dN,dy)
Lduv® +2Mdudv + Ndv? +2Pdudw + 2T dvdw + V dw?.

@ The coefficients are grouped as (L, M, N) and (P, T, V) and are
given by

(LM N) = ((N,ru), (N, zw), (N, zw))
(P.T,V) = ((Nxuw), (N.zww), (N, zww))-
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Notions of Four-Dimension

@ With respect to the parametrization g, the mean curvature Ky, can
be written as

(EN + GL—2FM) C + (EG — F?) V
—B2L+2ABM — A’N
+2(A(FT — GP)+ B(FP —ET))
3((EG — F?) C — EB? 4+ 2FAB — GA?) 3

K; =
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Notions of Four-Dimension

@ the second curvature K

(EN+ GL—2FM) V + (LN — M?) C
—ET2 +2FPT — GP?
+2 (A(MT — NP) + B(MP — LT))
3((EG — F2) C — EB2 + 2FAB — GA?) )

K; =
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Notions of Four-Dimension

@ and the Gauss—Kronecker curvature K3

(LN — M?) V — LT? + 2MPT — NP?
(EG — F2) C — EB? + 2FAB — GA?

Kz =
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Notions of Four-Dimension

e Let [+, -, -, -] denote the determinant in R* and define

A:=detl = (EG — F?) C — EB® + 2FAB — GA®.
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Notions of Four-Dimension

@ Using this notation, the curvature functions can also be expressed in
terms of determinants as

(EN + GL—2FM)C+ (EG—-F*)V
—B2L +2ABM — AN
+2(A(FT — GP)+ B(FP —ET))
Ky = 3A3/2 (6)
Ki

$ 30372
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Notions of Four-Dimension

—ET? +2FPT — GP?
+2(A(MT = NP)+ B(MP —LT))
3A2

( (EN+G£2FM)V+(£NM2)C)

.
$3A?
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Notions of Four-Dimension

(LN = M?)V — LT? + 2MPT — N'P? g
(EG — F2) C — EB? + 2FAB — GA? ®)

. K3

. W

K3
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Notions of Four-Dimension

@ Here the quantities £, M, N, P, T,V are defined through
determinants as

L = [?u:?v:FWvqu]v P = [?u:?v:FWrxuw]v
M = [Iu:Fv:vaIuv]v T = [FUv?:v'FW:?vw]v
N = [FUv?vaWv?:vv]v V= [;u:xVVFWI;WW]'
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Cyclic Parametrization

@ For the cyclic hypersurface given in (2), it is convenient to separate
the dependence on the spherical parameters from the variable u.
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Cyclic Parametrization

@ We introduce the notation
n(v,w) := (cosvcosw, sinvcosw, sinw) € 3?2 CcR3

which represents the outward unit normal direction on the unit
2-sphere expressed in spherical coordinates.
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Preliminaries

Cyclic Parametrization

@ We introduce the notation

n(v,w) := (cosvcosw, sinvcosw, sinw) € 3?2 CcR3

which represents the outward unit normal direction on the unit
2-sphere expressed in spherical coordinates.

@ Throughout this section we use the notation f, = f'(u) and
fuy = f"(u) (and similarly for g, h, r). Accordingly, define

p(u) := (F(u),&'(u), H'(u)),  q(u):= (F"(u), 8" (u), h"(u)).
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Cyclic Parametrization

@ Next, consider the scalar functions

Blu,v,w) == (p(u), n(v, w)) +r'(u)
= f'(u) cosvcosw + g’(u) sin v cos w
+ ' (u)sinw + r'(u)

a(u, v,w) :={q(u), n(v,w)) + r"(u)
= f"(u) cosvcosw + g”(u) sinv cosw
+ h"(u)sinw + r"(u)

and set
o(u) := [[p(u)|? = f* +g" + h">.
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Cyclic Parametrization

@ Next, consider the scalar functions

Blu,v,w) == (p(u), n(v, w)) +r'(u)
= f'(u) cosvcosw + g’(u) sin v cos w
+ ' (u)sinw + r'(u)

a(u, v,w) :={q(u), n(v,w)) + r"(u)
= f"(u) cosvcosw + g”(u) sinv cosw
+ h"(u)sinw + r"(u)

and set
o(u) = |[p(u)||* = £ + g + K.

@ Then, define
W(u,v,w) =14 B(u,v, W)2.
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Cyclic Parametrization

@ Next, consider the scalar functions

Blu,v,w) == (p(u), n(v, w)) +r'(u)
= f'(u) cosvcosw + g’(u) sin v cos w
+ ' (u)sinw + r'(u)
a(u, v,w) :={q(u), n(v,w)) + r"(u)
= f"(u) cosvcosw + g”(u) sinv cosw
+ h"(u)sinw + r"(u)
and set
o(u) = |lp(u)||* = £ + g + 0™
@ Then, define
W(u,v,w) =14 B(u,v, W)2.
@ Finally, the determinant of the first fundamental form is

detl = r*W cos® w.
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Preliminaries

Curvatures

@ Next, we determine the curvature functions of the hypersurface given
by (2).
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Curvatures

@ Next, we determine the curvature functions of the hypersurface given
by (2).

@ For convenience, and in order to clarify the terms that are implicit in
the compressed notation, the curvature functions can be rewritten in
terms of the quantities &, B, o, and W as follows

1 2 2
K; = W(m—ﬁ —0—=2rp+r;—2)
K, = #(—2r0¢—|—0—r2—|—2r,8+1)
3r2 W2 ¢ !
1
Ks = 252t
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Curvatures

@ where

fuuCvCw + uuSvCw + huuSw + ruu
= fycvcw + guSvCw + hysw + 1y

fi + g5 +

= 1+p%

S 9 - =
Il
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Weingarten Condition

@ Here we use the notation KK; = H for the mean curvature and
K3 = K for the Gauss—Kronecker curvature. In addition, we set
¢, = Cosv, ¢, =cosw, s, =sinv, and s, = sin w.
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Weingarten Condition

@ Here we use the notation KK; = H for the mean curvature and
K3 = K for the Gauss—Kronecker curvature. In addition, we set
¢, = Cosv, ¢, =cosw, s, =sinv, and s, = sin w.

e By using (6), (7), and (8), the Weingarten condition for a
SW-hypersurface can be written as

Ki K> K3

3a372 Than T T4
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Weingarten Condition

@ Here we use the notation K; = H for the mean curvature and
K3 = K for the Gauss—Kronecker curvature. In addition, we set
¢, = Cosv, ¢, =cosw, s, =sinv, and s, = sin w.

e By using (6), (7), and (8), the Weingarten condition for a
SW-hypersurface can be written as

Ki K> K3

3a372 Than T T4

@ Rearranging the above relation gives

aAKy + 3cK3 = AY? (3dA? — bK) .
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Weingarten Condition

@ Squaring both sides leads to

2 A2K? + 6acAK K3 + 92KZ — A (3dA2 — bK,)* = 0. (9)
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Weingarten Condition

@ Squaring both sides leads to
2 A2K? + 6acAK K3 + 92KZ — A (3dA2 — bK,)* = 0. (9)

@ From a trigonometric viewpoint, substituting the expressions of the
curvatures into (9), it can be written as

10
Ao.o + Z [Aj «(u) cos(jv + kw) + Bj (u) sin(jv + kw)] =0
k=1

where u € | and v, w € [0, 27).
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Weingarten Condition

@ Assuming a = 1, we obtain A; x(u) = 0 and B; «(u) = 0 whenever
J, k > 8. In particular, the highest-order coefficients Ag g and Bg g are

given by
1
Agg = 2T5r2 (F* +4f3g —6f%g"” —4f'g” +g'*)
% (f/4 - 4f/3g/ o 6f/2g/2 _|_ 4f/g/3 +g/4)
B _ 1 2f/ / f/2 12
88 — zﬁ" g ( — 8 )

% (f/2 _2f/g/ _g/2) (f'/2 +2f/g/ _g/2) )
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Weingarten Condition

@ Assuming a = 1, we obtain A; x(u) = 0 and B; «(u) = 0 whenever
J, k > 8. In particular, the highest-order coefficients Ag g and Bg g are

given by
1
Agg = 2T5r2 (F* +4f3g —6f%g"” —4f'g” +g'*)
% (f/4 - 4f/3g/ o 6f/2g/2 _|_ 4f/g/3 +g/4)
B _ 1 2f/ / f/2 12
88 — zﬁ" g ( — 8 )

% (f/2 _2f/g/ _g/2) (f'/2 +2f/g/ _g/2) )

o We generalize the Weingarten relation known for surfaces [12,13] to
the hypersurface given by (2).
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Weingarten Condition

Consider the hypersurface

t(u,v,w) = (f(u) g(u), h(u), v)
+r(u) (cos v cosw,sin v cosw,sinw, 0) .

Theorem. Let K;, K5, and K3 denote its mean, second, and
Gauss—Kronecker curvatures, respectively. Then these curvature functions
satisfy the Weingarten condition
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Weingarten Condition

Theorem (continue) if and only if the following partial differential
equation is satisfied

0 = —2(fucvcw + guSvcw + husw + ru)cw (10)
X(F(—14cc) +gi(—1+soch) + h (—1+s5)
— (2fugusvcvCw + 2fuhyCySu + 28uhySySu) cw — 217)
X (hy(fuuSvCw — BuuCvCw)
48y (= FuuSw + huucvcw) + fu(guuSw — huusvcw))
X (fufuu + &uBuu + huhuu
+ (fucvcw + gusvew + husw + 2ry) ruy)

where r # 0, ¢, = cosv, ¢, = cosw, s, =sinv, and s, = sinw.
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Explicit Examples

@ In this section we provide several explicit examples of cyclic
hypersurfaces of the form

t(u,v,w) = (f(u), g(u), h(u),u)
+r(u) (cos v cos w, sin v cos w, sin w, 0)

which illustrate the geometric configurations discussed in the previous
sections.
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Example 1 (A nontrivial cyclic hypersurface)

@ Consider the functions

1 1
f(u) =cosu, g(u)=sinu, h(u)= S r(u) =1+ Zsin u.
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Example 1 (A nontrivial cyclic hypersurface)

@ Consider the functions
. 1 1.
f(u) =cosu, g(u)=sinu, h(u)= S r(u)y=1+ g sinu.
@ Then the parametrization becomes
, 1
(u,v,w) = (cos u,sin u, Eu, u>

1
+ <1 +2 sin u) (cos v cos w, sin vcosw,sinw,0) .
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Example 1 (A nontrivial cyclic hypersurface)

@ Consider the functions
1 1
f(u) =cosu, g(u)=sinu, h(u)= S r(u) =1+ Zsin u.

@ Then the parametrization becomes

. 1
(u,v,w) = (cos u,sin u, iu, u>
1 . . .
+ <1+ 2 sin u) (cos v cos w, sin vcosw,sinw,0) .

@ In this case, the centers of the spheres follow a spatial curve, while
the radius varies with the parameter u. As a result, the generated
hypersurface constitutes a nontrivial cyclic example. Its projection
onto the X1 X, X3-space is illustrated in Figure 1 (left), where the
geometric configuration can be observed in three dimensions.
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Example 2 (A hypersurface of revolution)

@ Assume that
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Example 2 (A hypersurface of revolution)

@ Assume that

@ Then the parametrization reduces to

t(u,v,w) = (0,0,0,u)

+r(u) (cos v cosw,sinvcosw,sinw,0) .
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Example 2 (A hypersurface of revolution)

@ Assume that

@ Then the parametrization reduces to

r(u,v,w) = (0,0,0,u)

+r(u) (cos v cosw,sinvcosw,sinw,0) .

@ In this situation the centers of the spheres lie on the Xj-axis, and the
resulting hypersurface possesses rotational symmetry. The projection
onto the X X3Xy-space is depicted in Figure 1 (right), illustrating the
geometry with respect to the Xj-axis.
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Figure

Figure 1. Projection of the surface from Example 1 onto X1 X» X3-space (left),
from Example 2 onto X1 X3Xs-space (right).
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Thank You

Thank You Very Much!
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