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The Arnold-Liouville theorem

Assume we are given
® (M,w) symplectic manifold, dim M = 2n,
® Xy € X(M) Hamiltonian vector field induced by H € C*°(M).

If the Hamiltonian system (M, w, H) possesses n independent first integrals
Fi,...,Fy, € C®(M) in involution, and ¢ € R™ is a regular point of

F=(F,...,F,): M - R",

then
e M. = F_l(c) is n—dimensional submanifold invariant under the flow of X,

® if M. is compact and connected, then M. ~ T"™ and there exists action—angle
variables defined by a symplectic map ¢(g,p) = (1, 0) such that



along the flow of Xy
(¢ H)
oI,

I =0, 0 =wp(l), wp(l)=

I}, action variables

0, angle variables on the invariant torus T"
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Limitations of the theorem

® The symplectomorphism ¢: (¢,p) — (I,0) is often difficult to find explicitly.

® The action variables I, = i §7k >, pidg; require identification of n

independent cycles 7 on the level sets which is difficult in high dimensions.
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Standard explicit integration methods
® Hamilton—Jacobi equation
® Lax pair method
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independent cycles 7 on the level sets which is difficult in high dimensions.

Standard explicit integration methods
® Hamilton—Jacobi equation
® Lax pair method

® Algebraic—geometric integration

The solvable-structure approach

A method for integrating involutive distributions which yields
® explicit solutions of Hamilton's equations,
® canonical variables of action—angle type.

It is based on the integration of a sequence of Pfaffian forms associated with a

solvable structure.



Solvable Structures

Let M be an n—dimensional smooth manifold, and let D C T'M be a rank—r smooth

distribution on M, r < n:
D =span{X1,...,Xr}.

D is integrable if there exists a submanifold N C M such that T, N = D,, for all
pEN.
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Solvable Structures

Let M be an n—dimensional smooth manifold, and let D C T'M be a rank—r smooth
distribution on M, r < n:
D =span{X1,...,Xr}.

D is integrable if there exists a submanifold N C M such that T, N = D,, for all
pEN.

By Frobenius theorem, D is integrable if and only if it is involutive, i.e.

[X,L',Xj}:(), i,jzl,...T‘.

® Solvable structures is a method for obtaining integral manifolds of a distribution
DCTM.

® |t is based on the concept of symmetry of a distribution.

® Since solvable structures are constructed locally, we may assume that all vector

fields and differential forms are defined on open subsets U C R™.



Definition (Symmetry of a distribution)

Let D = span{Xi,...,X,} be a rank—r smooth distribution on U C R™. A
vector field Y € X(U) is called a symmetry of D if

1. X1,...,X,,Y are linearly independent on U,

2. [Y,X;]€Dfori=1,...,r.
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Definition (Symmetry of a distribution)
Let D = span{Xi,...,X,} be a rank—r smooth distribution on U C R™. A
vector field Y € X(U) is called a symmetry of D if

1. X1,...,X,,Y are linearly independent on U,

2. [Y,X;]€Dfori=1,...,r.

If Y is a symmetry of D, then its flow ¢ preserves the distribution D: ¢} X; € D.

Definition (Solvable structure)
Let D = span{Xj,..., X} be a rank—r smooth distribution on U C R™. A

solvable structure for D is a sequence of vector fields (X1,..., X, Y1,...,Yn_r)

such that
1. X1,..., X, Y1,...,Y,_r are linearly independent on U,
2. Y is a symmetry of D,
3. Yy is a symmetry of D,y =D @span{Y1,...,Yr_1}, k=2,...,n—1.




The existence of a solvable structure for an involutive distribution D depends on the
properties of the Pfaffian forms that define D.



The existence of a solvable structure for an involutive distribution D depends on the
properties of the Pfaffian forms that define D.

A rank—r distribution D on U C R™ can be represented by n — r linearly independent
one—forms w; € Q(U) that annihilate D:
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If D is integrable, then the integral manifolds of D are locally given by the Pfaffian
equations

w1 =0, w2=0, ... wp—r=0.



The existence of a solvable structure for an involutive distribution D depends on the
properties of the Pfaffian forms that define D.

A rank—r distribution D on U C R™ can be represented by n — r linearly independent
one—forms w; € Q(U) that annihilate D:

D =kerwi; N...Nkerwp_r.
If D is integrable, then the integral manifolds of D are locally given by the Pfaffian

equations

w1 =0, wa=0, ... wp_pr=0.

Theorem
Assume that D = kerwi N ... Nwp—, is a rank—r involutive distribution on a
convex domain U C R™. Then D admits a solvable structure if and only if

n—r

dwkz Z ij/\w]-, k:L...,TL—T
Jj=k+1

for some one—forms 0y ; where dw,—, = 0.
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Integration of involutive distributions by solvable structures

By using the solvable structure
® we can construct the Pfaffian forms that define D,

® and integrate the Pfaffian equations to obtain the integral manifolds of D.

Let (X1,...,Xr,Y1,...,Yn_r) be a solvable structure for D = span{Xy,..., X}

The Pfaffian forms that define D can be constructed as follows:

1. Define the smooth function
A=Yn—po... 212X 0 X0T

where 7 is the volume form on R™.

2. Define the one—forms

1
Wi = XY»,L,T-J. Y Y10 X 0 Xqor, k=1,...,n—r,

where f/k denotes omission of Y.



The one—forms constructed by the above procedure have the following properties:
D=kerwiN...Nws, s=n-—r,

S
dws =0, dwg= > OpjAwj, k=1,...,s—1L
j=k+1



The one—forms constructed by the above procedure have the following properties:
D=kerwiN...Nws, s=n-—r,

S
dws =0, dwg= > OpjAwj, k=1,...,s—1L
j=k+1

The integral manifold of D is constructed by successive integration of the sequence

(wi,...,ws) starting with ws:

dws =0 = ws =dls,



The one—forms constructed by the above procedure have the following properties:
D=kerwiN...Nws, s=n-—r,

S
dws =0, dwg= > OpjAwj, k=1,...,s—1L
j=k+1

The integral manifold of D is constructed by successive integration of the sequence

(wi,...,ws) starting with ws:

dws =0 = ws =dls,

dws—1 =0s_1,5s \ws = ws—1=dIls—1 on {[s =cs}



The one—forms constructed by the above procedure have the following properties:
D=kerwiN...Nws, s=n-—r,

S
dws =0, dwg= > OpjAwj, k=1,...,s—1L
j=k+1

The integral manifold of D is constructed by successive integration of the sequence

(wi,...,ws) starting with ws:

dws =0 = ws =dls,

dws—1 =0s_1,5s \ws = ws—1=dIls—1 on {[s =cs}

S
dw1:291,j/\wj = wi=dli on {Ia=ca,...,Is =cs}
Jj=2

The integral manifold of D is given by level set

N={zeU| L) =c,....,Is(z) =cs}, ¢ ER



Solvable Structures for Hamiltonian Systems

Consider a completely integrable Hamiltonian system on a symplectic manifold M,

. oH . o0H
Gi=-— pi=—5—, (¢&,p)€EM, 1)
Op; 0q;
with n independent integrals I, ..., Fy in involution. Define the vector fields

"8Hi_8H6

A=0t+ Xy, Xg=
= Opi 0q;  Oq; Op;

on the extended phase space R x M.



Solvable Structures for Hamiltonian Systems

Consider a completely integrable Hamiltonian system on a symplectic manifold M,

. O0H . o0H
Gi=-— pi=—5—, (¢&,p)€EM, 1)
Op; 0q;
with n independent integrals I, ..., Fy in involution. Define the vector fields

R S VRN
Coam H_izlapiafh‘ dq; Op;

on the extended phase space R x M.

In the following, we
1. construct a solvable structure for D = span{A},
2. compute the Pfaffian forms associated with D,

3. integrate the Pfaffian forms to obtain explicit solutions and action—angle variables
of the Hamiltonian system (1).



Construction of the solvable structure

The sequence vector fields (A, X ,...,XF, ) is completed by adding Hamiltonian
vector fields X¢q,,..., Xqg,, such that

1. X¢@, is a symmetry of Dy = span{A, Xp,...,XF, },
2. Xg, is a symmetry of Dy, = Do @ span{X¢g,,..., Xq, ,}



Construction of the solvable structure

The sequence vector fields (A, X ,...,XF, ) is completed by adding Hamiltonian
vector fields X¢q,,..., Xqg,, such that

1. X¢@, is a symmetry of Dy = span{A, Xp,...,XF, },
2. Xg, is a symmetry of Dy, = Do @ span{X¢g,,..., Xq, ,}

One can prove that locally there exist functions G1,...,G, on M such that
[XG’XG] = 07

(X, XFr,| = Z 5 XFs

(Xa,, Al = thkXFk.

for some smooth functions kaj and h;j, defined on an open subset of M.



The Arnold—Liouville theorem vyields the canonical solvable structure.

Theorem 1

Let (M, w) be a 2n—dimensional symplectic manifold and let Xz be a completely
integrable Hamiltonian vector field on M with functionally independent first
integrals FY,...,F, € C°(M) in involution. If the common level set M. =
Ffl(c) is compact and connected, then in a neighbourhood of M, there exist
locally defined functions G1,...,Gy, such that

{Gi,G;} =0, {Gi, Fj} = d;;.
Consequently, on the extended phase space R x M, the sequence of vector fields
A =0 +XH1XF17"'1XFn7XG17"'7XGn

forms a local solvable structure for D = span{A} such that

[Xa,, Xg,1=0, [Xg, Xr]=0, [Xg, A]€span{Xp,...,Xp,}.




A more general class of solvable structure can be constructed as follows.

Theorem 2

Let (M,w) be a 2n—dimensional symplectic manifold, and let X iy be a completely
integrable Hamiltonian vector field with first integrals Fy, ..., Fy, in involution.
Let U C M be an open subset on which F1, ..., F, are functionally independent.
Assume that on U there exist functions G1, ..., Gy, satisfying {G;,G;} = 0 and
{Gi, F;} = 6;;. Define

n
Gi=)Y Ki(F)Gj, i=1,...,n,
=1

where K = [KZ ] is a nonsingular matrix of smooth functions F' = (F1,..., Fy)
such that
~ 0K OK;
S Ka 2t Kk ToR — 0, igk=1,...n (2)
= O0F; 0F;

Then (A,Xpl,...,Xpn,Xél,...,Xén), A = 9 + Xpg, is a local solvable
structure for D = span{A} such that

[Xéi’Xéj] =0, [Xéi’Xéj]’ [XC:',’A} S Span{XFl,...7XFn}.




Remark
The compatibility conditions (2) is equivalent with [Y;, Y;] = 0 where
n a
Y; = ]; K;j ﬁ (3)

If det[K;;] # 0, the vector fields Y1,...,Y}, are linearly independent, hence there exist

a local coordinate system in which [Y;,Y;] = 0.



Remark
The compatibility conditions (2) is equivalent with [Y;, Y;] = 0 where

n a
Y; = ZKU oF (3)
j=1
If det[K;;] # 0, the vector fields Y1,...,Y}, are linearly independent, hence there exist
a local coordinate system in which [Y;,Y;] = 0.
'd N\

Theorem: Invariance under gauge transformations

Let G;, i = 1,...,n be the functions satisfying the assumptions of Theorem 2.
Then the Poisson bracket

{Gi, G} =0, {Gi Fj} = Kij(F). 4)
is invariant under the gauge transformation

Gi > Gy +Y;(®)

where Y; is the vector field (3) and ® = ®(F') is a smooth function.




Pfaffian Forms for the Solvable Structure

The Pfaffian forms associated with the solvable structure in Theorem 2 for a

Hamiltonian vector field Xz on a symplectic manifold M provide
® explicit solutions of Hamilton's equations,

® action—angle variables of the system.

Let (A, Xpy,...,XF,,Xag,,--., X, ) be a solvable structure for A = 9y + Xy
constructed in Theorem 2.



Pfaffian Forms for the Solvable Structure

The Pfaffian forms associated with the solvable structure in Theorem 2 for a

Hamiltonian vector field Xz on a symplectic manifold M provide
® explicit solutions of Hamilton's equations,

® action—angle variables of the system.

Let (A, Xpy,...,XF,,Xag,,--., X, ) be a solvable structure for A = 9y + Xy
constructed in Theorem 2.

Let 7 be the volume form on the extended phase space R x M and let
A= XGn_l .. ._lXGl_IXFn_I .. ._lXFl_IA_IT.
For k =1,...,n, define
1 5 .
Wntk = XXGnJ . JXGkJ . JXGIJXFW’J . JXFl JALT, (XGk omltted),
1
A

—Xg, J... JXGIJXFW’J e JXFkJ e JXFI QAT (ka ommited).

Wi = n



Explicit compuation of the Pfaffian forms in the action—angle variables yields:

wn ik = (D)"TLAR,
—1)" n )
o= O (et 4 S (-1 ;). k=1,.0m,
j=1
OH,Fr,... . Fy,...,Fy) AFy, ..., Fy, ..., Fp)
fre = ) th: =
8(P17P2)~~,Pn) 8(P1,...7Pj,...7pn)

)

(F) ommited).



Explicit compuation of the Pfaffian forms in the action—angle variables yields:
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—_1)" n .
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Since p(q,p) — (Q, P) is a symplectic transformation,

as wy, which yields Q@ = Q(gq,p) and P = P(q,p).

@*wg have the same structure



Explicit compuation of the Pfaffian forms in the action—angle variables yields:

Wnik = (_1)n+k+1d13k7

—_1)" n .
Wk:( A) (fkdt+2(—1)ﬂhkjdc9j), k=1,...,n,
j=1
fo = O(H, Fy,..., Fy,. .., )’ By = O(FL, oy By oo, )7 (F ommited).
8(P17P2)~~,Pn) 8(P1,...,Pj,...,Pn)

Since p(q,p) — (Q, P) is a symplectic transformation,

as wy, which yields Q@ = Q(gq,p) and P = P(q,p).

Integration algorithm

1.

2.

Mig1 = {Ip41 = g1, -5 Ion = con}.

k=1,...,n.

@*wg have the same structure

The last n forms are exact differentials ¢*w,,+r = dl k-

The first n forms are exact differentials ¢*wy = dI} on the submanifolds

. Explicit solution (g(t), p(t)) is found by solving the system of equations Ij, = ¢y,



Connection with the Arnold-Liouville theorem

® |ntegration of the last n forms yields the action variables Pj.
® [ntegration of the first n forms yields the angle variables Q.

® The obtained variables are canonical:

{Qi,Q;}=0,, {P;,Pj} =0, {Q: P;}=0d;.



Example: Rational Calogero—Moser System
The rational Calogero—Moser system describes N particles on a line with Hamiltonian

N
1

ey
i=1 i<j i qJ

where {qi,q;} = {pi,p;} =0, {ai,p;} = di;.

® The quantum version of the system was studied by Calogero in 1971.

® The classical version of the system was one of the first systems integrated by the
Lax pair method (Moser 1975).



Example: Rational Calogero—Moser System
The rational Calogero—Moser system describes N particles on a line with Hamiltonian

N
1

ey
i=1 i<j i qJ

where {qi,q;} = {pi,p;} =0, {ai,p;} = di;.

® The quantum version of the system was studied by Calogero in 1971.

® The classical version of the system was one of the first systems integrated by the
Lax pair method (Moser 1975).

The system has a Lax representation I, = [L, M] with N x N matrices

1-5;
Lij =pidij +V-1g,—2 7gj7

and

1-5;
Mij == 9( 8is Lnti arma® * i,—qj>2)'

Independent first integrals in invoution are given by Fj, = Tr(L*).



Case: N = 2 particles

Hamiltonian vector field:

242 d S}
’ <5p1 Op2 )

0
Xo=pi——+p2s—t ——
" Lo * g2 (g1 —q2)

First integrals F}, = Tr(LF) in involution:
292

F1 =p1 +p2, I3 :p%+p§+72~
(a1 — q2)



Case: N = 2 particles

Hamiltonian vector field:

242 d S}
8 <5p1 Op2 )

0
Xy =p1o— tpap— + ——
" Lo dq2 (g1 —q2)3

First integrals F}, = Tr(LF) in involution:
292

Fi=pi+ps, Fo=pi+ps+ ———.
(a1 — q2)

A solvable structure for the distribution D = span{A}, A =9; + Xy, is given by
(A, XFl s XF2 y Xcl s XG2) where

Gi=q +q, G2=(q—q)p1—p2)

and
[XG]7XG2] =0,
[Xa,, Xk ] =0, [(XGy, XRry] = —2XF,
[Xa,, Xr] =0, (XGy, Xry] = 4(p1 +p2)XF) — 4X Ry,
[

XGNA} :_XF17 [XGz,A]:Q(pl +p2)XF1 —2XF2.



Pfaffian forms associated with the solvable structure

1

. (RdF — dFy),
2(—F12+2F2)( 1 2)

1
w4 = XXGIJXFZJXFI JALT =

1 1
w3 = XXGQJXF2JXF1JA_IT = 5dF1,

1 1
wo = —XGy1XqG, 1 X, 1AIT = _Edt + 3 dGa,

1
A (—F2 +2Fy)

Py

B —Te
2—F2 +2Fy) °

1 1
w1 = XXGQJXcl_AXFQJAJ’T = *5dG1 +



Pfaffian forms associated with the solvable structure

1

. (RdF — dFy),
2(—F12+2F2)( 1 2)

1
w4 = XXGIJXFZJXFI JALT =

1 1
w3 = XXGQJXF2JXF1JA_IT = 5dF1,

1 1
wo = —XGy1XqG, 1 X, 1AIT = _Edt + 3 dGa,

1
A (—F2 +2Fy)

Py

B —Te
2—F2 +2Fy) °

1 1
w1 = XXGQJXcl_AXFQJAJ’T = *5dG1 +

Integration of the Pfaffian forms

e The forms w3 and w4 are exact:
1
wy=dly, Is= -1 In(— F? +2R),

1
w3 = dIg, 13 = 5F1~



e The form wo is exact on the submanifold M3 = {13 =c3, Iy = 04}:
— — 1 1 4dcy
(1.J2|]\/13—d_[27 IQ——§t+§6 Go
o The form wy is exact o the submanifold My = {Ig =co, I3 =c3, I4 = 04}:

1
W1|1M2 =dl, © :—aGl-‘ngt.



e The form wo is exact on the submanifold M3 = {13 =c3, Iy = 04}:
— — 1 1 4dcy
(1.J2|]\/13—d_[27 IQ——§t+§6 Go
o The form wy is exact o the submanifold My = {Ig =co, I3 =c3, I4 = 04}:

1
W1|1M2 =dl, © :—aGl-‘ngt.

Since the Pfaffian forms vanish on the submanifold M; = {I,y€ =ck, 1 <k< 4}, i.e.

Wi =0, k=1,...,4.

My
the functions Fj and Gy satisfy the system of equations
F1 = 2c¢3, G1 = 2(cat — c1), (5)

1
Fy = 56*464 +2¢2, Ga=e 1t + 2c0). (6)



Explicit solutions
By solving the system (5)—(6) explicitly for ¢ and p, we find

1
2
)

1
a(t)=cst—c1+ 5 [6_464 (t+ 2¢2)% + 4926464]

[NIE

)

1
q@(t) =c3t —c1 — 5 [67464 (t +2c2)? + 4g2e464]

1 e~ 4ea(t 4+ 2¢
pr(t) = ca t & (e
|:e—4c4(t +2c0)2 + 4926404} 2
1 e~ 44 (t + 2¢q
pQ(t) =3 -7 ( ) 10

2

[6_464 (t+ 2¢2)2 + 4925404}

Consistent with solutions found in Brzezinski et. et. (Phys. Lett. A, 1999).



Explicit solutions
By solving the system (5)—(6) explicitly for ¢ and p, we find

1 1
Q) =cst—cy + 5 [6_464(t+ 2¢)? +49264C4] 2

[NIE

)

1
q@(t) =c3t —c1 — 5 [67464 (t +2c2)? + 4g2e464]

1 e~ 4ea(t 4+ 2¢
p1(t) =c3 + - ( 2)

)

N[

[6_464 (t+ 2¢2)2 + 4g264c4}

1 e~4ea(t 4+ 2¢
p2(t) =c3 — — ( 2)

10

[6_464 (t+2c2)2 + 4925404} 2
Consistent with solutions found in Brzezinski et. et. (Phys. Lett. A, 1999).
Action variables

The last two forms w3 and w3 in the (Q, P) variables:

1 442
wi=—dPy = Pa=-In((p—p2)’+—),
4 <( ) (q1*q2)2>

w3 = dP; = P =—(p1 +p2)

N | =



Angle variables
The first forms wi and wy in the (Q, P) variables:

1 (H F1 8F1 8F1
= — t— 7d 7d
w2 = (‘ (P17P2)’ Q1+ Q2)
1 () 8(H, F») 6F2 aFQ
_— dt— 5 b
RERDY (‘ O(P1, P2) @t Q)

This implies
Q1=q +q, Q2=(q1—q2)(p1 —p2).



Angle variables
The first forms wi and wy in the (Q, P) variables:

1 (H F1 8F1 8F1
= t— —d —d
w2 = (‘ (P17P2)’ Q1+ Q2)
1 (| 0(H, F») 6F2 8F2 )
=_ dt — —d —d
o A(\ S @+ 2240,

This implies
Q1=q +q, Q2=(q1—q2)(p1 —p2).
e The transformation

442

¢: (¢,p) = (q1 +q2, (g1 — q2)(p1 — p2), i In ((pl —p2)?+ m>7 %(m +p2)) .

is symplectic.

e The variables (Q, P) satisfy the canonical relations

{Q:,Q;} ={P;, P;} =0, {Qi, Pj} =di;.



Solvable Structure Method: Summary

Canonical solvable

R — structure
O+ Xu, Xpy,- s XFp Xays - Xy,

Hamiltonian system First integrals

(M, w, H) Fi,..., Fy in involution

Pfaffian forms Action—angle variables
W1, Wan (1,0)




Solvable Structure Method: Summary

\ Canonical solvable
tegrals
F € luti E— structure
s in involution
" O+ Xu, Xry, o, XFy Xays - Xap

1. Explicit local solutions are obtained directly by integrating the Pfaffian forms
associated with the solvable structure.

2. Action—angle variables:
® the last n forms yield the action variables P;,
® the first n forms yield the angle variables Q;.

3. The transformation (gq,p) — (Q, P) is symplectic by construction.
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