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Motivation

We prospose a new method for explicit integration of Hamiltoninan systems and the

construction of action–angle variables by the method of solvable structures.

The Arnold–Liouville theorem

Assume we are given

• (M,ω) symplectic manifold, dimM = 2n,

• XH ∈ X(M) Hamiltonian vector field induced by H ∈ C∞(M).

If the Hamiltonian system (M,ω,H) possesses n independent first integrals

F1, . . . , Fn ∈ C∞(M) in involution, and c ∈ Rn is a regular point of

F = (F1, . . . , Fn) : M → Rn,

then

• Mc = F−1(c) is n–dimensional submanifold invariant under the flow of XH ,

• if Mc is compact and connected, then Mc ≃ Tn and there exists action–angle

variables defined by a symplectic map ϕ(q, p) = (I, θ) such that
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along the flow of XH

İk = 0, θ̇k = ωk(I), ωk(I) =
∂(ϕ∗H)

∂Ik
.

Ik action variables

θk angle variables on the invariant torus Tn



Limitations of the theorem

• The symplectomorphism ϕ : (q, p) 7→ (I, θ) is often difficult to find explicitly.

• The action variables Ik = 1
2π

∮
γk

∑n
i=1 pidqi require identification of n

independent cycles γk on the level sets which is difficult in high dimensions.

Standard explicit integration methods

• Hamilton–Jacobi equation

• Lax pair method

• Algebraic–geometric integration

The solvable-structure approach

A method for integrating involutive distributions which yields

• explicit solutions of Hamilton’s equations,

• canonical variables of action–angle type.

It is based on the integration of a sequence of Pfaffian forms associated with a

solvable structure.
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Solvable Structures

Let M be an n–dimensional smooth manifold, and let D ⊂ TM be a rank–r smooth

distribution on M , r < n:

D = span{X1, . . . , Xr}.

D is integrable if there exists a submanifold N ⊂ M such that TpN = Dp for all

p ∈ N .

By Frobenius theorem, D is integrable if and only if it is involutive, i.e.

[Xi, Xj ] = 0, i, j = 1, . . . r.

• Solvable structures is a method for obtaining integral manifolds of a distribution

D ⊂ TM .

• It is based on the concept of symmetry of a distribution.

• Since solvable structures are constructed locally, we may assume that all vector

fields and differential forms are defined on open subsets U ⊆ Rn.
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Definition (Symmetry of a distribution)

Let D = span{X1, . . . , Xr} be a rank–r smooth distribution on U ⊆ Rn. A

vector field Y ∈ X(U) is called a symmetry of D if

1. X1, . . . , Xr, Y are linearly independent on U ,

2. [Y,Xi] ∈ D for i = 1, . . . , r.

If Y is a symmetry of D, then its flow ϕt preserves the distribution D: ϕ∗
tXi ∈ D.

Definition (Solvable structure)

Let D = span{X1, . . . , Xr} be a rank–r smooth distribution on U ⊆ Rn. A

solvable structure for D is a sequence of vector fields (X1, . . . , Xr, Y1, . . . , Yn−r)

such that

1. X1, . . . , Xr, Y1, . . . , Yn−r are linearly independent on U ,

2. Y1 is a symmetry of D,

3. Yk is a symmetry of Dk−1 = D ⊕ span{Y1, . . . , Yk−1}, k = 2, . . . , n− r.
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The existence of a solvable structure for an involutive distribution D depends on the

properties of the Pfaffian forms that define D.

A rank–r distribution D on U ⊂ Rn can be represented by n− r linearly independent

one–forms ωi ∈ Ω(U) that annihilate D:

D = kerω1 ∩ . . . ∩ kerωn−r.

If D is integrable, then the integral manifolds of D are locally given by the Pfaffian

equations

ω1 = 0, ω2 = 0, . . . ωn−r = 0.

Theorem
Assume that D = kerω1 ∩ . . . ∩ ωn−r is a rank–r involutive distribution on a

convex domain U ⊆ Rn. Then D admits a solvable structure if and only if

dωk =

n−r∑
j=k+1

θkj ∧ ωj , k = 1, . . . , n− r

for some one–forms θkj where dωn−r = 0.
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Integration of involutive distributions by solvable structures

By using the solvable structure

• we can construct the Pfaffian forms that define D,

• and integrate the Pfaffian equations to obtain the integral manifolds of D.

Let (X1, . . . , Xr, Y1, . . . , Yn−r) be a solvable structure for D = span{X1, . . . , Xr}.
The Pfaffian forms that define D can be constructed as follows:

1. Define the smooth function

λ = Yn−r⌟ . . .⌟Y1⌟Xr⌟ . . .⌟X1⌟τ

where τ is the volume form on Rn.

2. Define the one–forms

ωk =
1

λ
Yn−r⌟ . . .⌟Ŷk⌟ . . . Y1⌟Xr⌟ . . .⌟X1⌟τ, k = 1, . . . , n− r,

where Ŷk denotes omission of Yk.
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The one–forms constructed by the above procedure have the following properties:

D = kerω1 ∩ . . . ∩ ωs, s = n− r,

dωs = 0, dωk =
s∑

j=k+1

θkj ∧ ωj , k = 1, . . . , s− 1.

The integral manifold of D is constructed by successive integration of the sequence

(ω1, . . . , ωs) starting with ωs:

dωs = 0 ⇒ ωs = dIs,

dωs−1 = θs−1,s ∧ ωs ⇒ ωs−1 = dIs−1 on {Is = cs}

...

dω1 =
s∑

j=2

θ1,j ∧ ωj ⇒ ω1 = dI1 on {I2 = c2, . . . , Is = cs}

The integral manifold of D is given by level set

N =
{
x ∈ U | I1(x) = c1, . . . , Is(x) = cs

}
, ci ∈ R.
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Solvable Structures for Hamiltonian Systems

Consider a completely integrable Hamiltonian system on a symplectic manifold M ,

q̇i =
∂H

∂pi
, ṗi = −

∂H

∂qi
, (q, p) ∈ M, (1)

with n independent integrals F1, . . . , Fn in involution. Define the vector fields

A = ∂t +XH , XH =
n∑

i=1

∂H

∂pi

∂

∂qi
−

∂H

∂qi

∂

∂pi

on the extended phase space R×M .

In the following, we

1. construct a solvable structure for D = span{A},

2. compute the Pfaffian forms associated with D,

3. integrate the Pfaffian forms to obtain explicit solutions and action–angle variables

of the Hamiltonian system (1).



Solvable Structures for Hamiltonian Systems

Consider a completely integrable Hamiltonian system on a symplectic manifold M ,

q̇i =
∂H

∂pi
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Construction of the solvable structure

The sequence vector fields (A,XF1
, . . . , XFn ) is completed by adding Hamiltonian

vector fields XG1 , . . . , XGn such that

1. XG1
is a symmetry of D0 = span{A,XF1

, . . . , XFn},

2. XGk
is a symmetry of Dk = D0 ⊕ span{XG1

, . . . , XGk−1
}.

One can prove that locally there exist functions G1, . . . , Gn on M such that

[XGi
, XGj

] = 0,

[XGi
, XFj

] =
n∑

k=1

fk
ij XFk

,

[XGi
, A] =

n∑
k=1

hik XFk
.

for some smooth functions fk
ij and hik defined on an open subset of M .
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The Arnold–Liouville theorem yields the canonical solvable structure.

Theorem 1
Let (M,ω) be a 2n–dimensional symplectic manifold and let XH be a completely

integrable Hamiltonian vector field on M with functionally independent first

integrals F1, . . . , Fn ∈ C∞(M) in involution. If the common level set Mc =

F−1(c) is compact and connected, then in a neighbourhood of Mc there exist

locally defined functions G1, . . . , Gn such that

{Gi, Gj} = 0, {Gi, Fj} = δij .

Consequently, on the extended phase space R×M , the sequence of vector fields

A = ∂t +XH , XF1
, . . . , XFn , XG1

, . . . , XGn

forms a local solvable structure for D = span{A} such that

[XGi
, XGj

] = 0, [XGi
, XFj

] = 0, [XGi
, A] ∈ span{XF1

, . . . , XFn}.



A more general class of solvable structure can be constructed as follows.

Theorem 2
Let (M,ω) be a 2n–dimensional symplectic manifold, and letXH be a completely

integrable Hamiltonian vector field with first integrals F1, . . . , Fn in involution.

Let U ⊂ M be an open subset on which F1, . . . , Fn are functionally independent.

Assume that on U there exist functions G1, . . . , Gn satisfying {Gi, Gj} = 0 and

{Gi, Fj} = δij . Define

G̃i =
n∑

j=1

Kij(F )Gj , i = 1, . . . , n,

where K =
[
Kij

]
is a nonsingular matrix of smooth functions F = (F1, . . . , Fn)

such that
n∑

l=1

Kil
∂Kjk

∂Fl
−Kjl

∂Kik

∂Fl
= 0, i, j, k = 1, . . . n. (2)

Then (A,XF1
, . . . , XFn , XG̃1

, . . . , XG̃n
), A = ∂t + XH , is a local solvable

structure for D = span{A} such that

[XG̃i
, XG̃j

] = 0, [XG̃i
, XG̃j

], [XG̃i
, A] ∈ span{XF1 , . . . , XFn}.



Remark

The compatibility conditions (2) is equivalent with [Yi, Yj ] = 0 where

Yi =
n∑

j=1

Kij
∂

∂Fj
. (3)

If det[Kij ] ̸= 0, the vector fields Y1, . . . , Yn are linearly independent, hence there exist

a local coordinate system in which [Yi, Yj ] = 0.

Theorem: Invariance under gauge transformations

Let G̃i, i = 1, . . . , n be the functions satisfying the assumptions of Theorem 2.

Then the Poisson bracket

{G̃i, G̃j} = 0, {G̃i, Fj} = Kij(F ). (4)

is invariant under the gauge transformation

G̃i 7→ G̃i + Yi(Φ)

where Yi is the vector field (3) and Φ = Φ(F ) is a smooth function.
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Pfaffian Forms for the Solvable Structure

The Pfaffian forms associated with the solvable structure in Theorem 2 for a

Hamiltonian vector field XH on a symplectic manifold M provide

• explicit solutions of Hamilton’s equations,

• action–angle variables of the system.

Let (A,XF1
, . . . , XFn , XG1

, . . . , XGn ) be a solvable structure for A = ∂t +XH

constructed in Theorem 2.

Let τ be the volume form on the extended phase space R×M and let

λ = XGn⌟ . . . ⌟XG1⌟XFn⌟ . . . ⌟XF1⌟A⌟τ.

For k = 1, . . . , n, define

ωn+k =
1

λ
XGn⌟ . . . ⌟X̂Gk

⌟ . . . ⌟XG1⌟XFn⌟ . . . ⌟XF1⌟A⌟τ, (XGk
omitted),

ωk =
1

λ
XGn⌟ . . . ⌟XG1

⌟XFn⌟ . . . ⌟X̂Fk
⌟ . . . ⌟XF1

⌟A⌟τ, (XFk
ommited).
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Explicit compuation of the Pfaffian forms in the action–angle variables yields:

ωn+k = (−1)n+k+1dPk,

ωk =
(−1)n

λ

(
fkdt+

n∑
j=1

(−1)jhkj dQj

)
, k = 1, . . . , n,

fk =

∣∣∣∣∣∂(H,F1, . . . , F̂k, . . . , Fn)

∂(P1, P2, . . . , Pn)

∣∣∣∣∣ , hkj =

∣∣∣∣∣∂(F1, . . . , F̂k, . . . , Fn)

∂(P1, . . . , P̂j , . . . , Pn)
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}
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k = 1, . . . , n.
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Connection with the Arnold–Liouville theorem

• Integration of the last n forms yields the action variables Pk.

• Integration of the first n forms yields the angle variables Qk.

• The obtained variables are canonical:

{Qi, Qj} = 0, , {Pi, Pj} = 0, {Qi, Pj} = δij .



Example: Rational Calogero–Moser System

The rational Calogero–Moser system describes N particles on a line with Hamiltonian

H =
1

2

N∑
i=1

p2i + g2
∑
i<j

1

(qi − qj)2

where {qi, qj} = {pi, pj} = 0, {qi, pj} = δij .

• The quantum version of the system was studied by Calogero in 1971.

• The classical version of the system was one of the first systems integrated by the

Lax pair method (Moser 1975).

The system has a Lax representation L̇ = [L,M ] with N ×N matrices

Lij = pi δij +
√
−1 g

1−δij
qi−gj

and

Mij =
√
−1 g

(
−δij

∑
k ̸=i

1
(qi−qk)

2 +
1−δij

(qi−qj)2

)
.

Independent first integrals in invoution are given by Fk = Tr(Lk).
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Case: N = 2 particles

Hamiltonian vector field:

XH = p1
∂

∂q1
+ p2

∂

∂q2
+

2g2

(q1 − q2)3

( ∂

∂p1
−

∂

∂p2

)
.

First integrals Fk = Tr(Lk) in involution:

F1 = p1 + p2, F2 = p21 + p22 +
2g2

(q1 − q2)2
.

A solvable structure for the distribution D = span{A}, A = ∂t +XH , is given by

(A,XF1 , XF2 , XG1 , XG2 ) where

G1 = q1 + q2, G2 = (q1 − q2)(p1 − p2)

and

[XG1
, XG2

] = 0,

[XG1 , XF1 ] = 0, [XG1 , XF2 ] = −2XF1 ,

[XG2
, XF1

] = 0, [XG2
, XF2

] = 4(p1 + p2)XF1
− 4XF2

,

[XG1 , A] = −XF1 , [XG2 , A] = 2(p1 + p2)XF1 − 2XF2 .
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Pfaffian forms associated with the solvable structure

ω4 =
1

λ
XG1

⌟XF2
⌟XF1

⌟A⌟τ =
1

2(−F 2
1 + 2F2)

(
F1dF1 − dF2),

ω3 =
1

λ
XG2

⌟XF2
⌟XF1

⌟A⌟τ =
1

2
dF1,

ω2 =
1

λ
XG2

⌟XG1
⌟XF1

⌟A⌟τ = −
1

2
dt+

1

2(−F 2
1 + 2F2)

dG2,

ω1 =
1

λ
XG2⌟XG1⌟XF2⌟A⌟τ = −

1

2
dG1 +

F1

2(−F 2
1 + 2F2)

dG2.

Integration of the Pfaffian forms

• The forms ω3 and ω4 are exact:

ω4 = dI4, I4 = −
1

4
ln

(
− F 2

1 + 2F2

)
,

ω3 = dI3, I3 =
1

2
F1.
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• The form ω2 is exact on the submanifold M3 =
{
I3 = c3, I4 = c4

}
:

ω2

∣∣
M3

= dI2, I2 = −
1

2
t+

1

2
e4c4G2

• The form ω1 is exact o the submanifold M2 =
{
I2 = c2, I3 = c3, I4 = c4

}
:

ω1

∣∣
M2

= dI1, I1 = −
1

2
G1 + c3t.

Since the Pfaffian forms vanish on the submanifold M1 =
{
Ik = ck, 1 ≤ k ≤ 4

}
, i.e.

ωk

∣∣
M1

= 0, k = 1, . . . , 4.

the functions Fk and Gk satisfy the system of equations

F1 = 2c3, G1 = 2(c3t− c1), (5)

F2 =
1

2
e−4c4 + 2c23, G2 = e−4c4 (t+ 2c2). (6)
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Explicit solutions

By solving the system (5)–(6) explicitly for q and p, we find

q1(t) = c3t− c1 +
1

2

[
e−4c4 (t+ 2c2)

2 + 4g2e4c4
] 1

2
,

q2(t) = c3t− c1 −
1

2

[
e−4c4 (t+ 2c2)

2 + 4g2e4c4
] 1

2
,

p1(t) = c3 +
1

2

e−4c4 (t+ 2c2)[
e−4c4 (t+ 2c2)2 + 4g2e4c4

] 1
2

,

p2(t) = c3 −
1

2

e−4c4 (t+ 2c2)[
e−4c4 (t+ 2c2)2 + 4g2e4c4

] 1
2

,

Consistent with solutions found in Brzezinski et. et. (Phys. Lett. A, 1999).

Action variables

The last two forms ω3 and ω3 in the (Q,P ) variables:

ω4 = −dP2 ⇒ P2 =
1

4
ln

(
(p1 − p2)

2 +
4g2

(q1 − q2)2

)
,

ω3 = dP1 ⇒ P1 =
1

2
(p1 + p2).
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Angle variables

The first forms ω1 and ω2 in the (Q,P ) variables:

ω2 =
1

λ

(∣∣∣ ∂(H,F1)

∂(P1, P2)

∣∣∣dt− ∂F1

∂P2
dQ1 +

∂F1

∂P1
dQ2

)
,

ω1 =
1

λ

(∣∣∣ ∂(H,F2)

∂(P1, P2)

∣∣∣dt− ∂F2

∂P2
dQ1 +

∂F2

∂P1
dQ2

)
.

This implies

Q1 = q1 + q2, Q2 = (q1 − q2)(p1 − p2).

• The transformation

ϕ : (q, p) 7→
(
q1 + q2, (q1 − q2)(p1 − p2),

1

4
ln

(
(p1 − p2)

2 +
4g2

(q1 − q2)2

)
,
1

2
(p1 + p2)

)
.

is symplectic.

• The variables (Q,P ) satisfy the canonical relations

{Qi, Qj} = {Pi, Pj} = 0, {Qi, Pj} = δij .
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Solvable Structure Method: Summary

Hamiltonian system

(M,ω,H)

First integrals

F1, . . . , Fn in involution

Canonical solvable

structure

∂t + XH , XF1
, . . . , XFn , XG1

, . . . , XGn

Pfaffian forms

ω1, . . . , ω2n

Action–angle variables

(I, θ)

1. Explicit local solutions are obtained directly by integrating the Pfaffian forms

associated with the solvable structure.

2. Action–angle variables:

• the last n forms yield the action variables Pi,
• the first n forms yield the angle variables Qi.

3. The transformation (q, p) 7→ (Q,P ) is symplectic by construction.
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Thank you for your attention.


