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.
Back ground 0-1

String theory : candidate of Quantum gravity
↓ non-perturbative
·Matrix model

.

(IKKT matrix mode)
[Ishibashi -Kawai-KitazawaTsuchiya 197)

Solution of E .O .M . is given by"Matrix" .

-> N . C . geometry with some matrix rep.

We have to find some connection

between "Matrix geometry"& commutative geo.
11

"Poisson alg.A method is "Matrix regularization Hoppe ,
Madore (
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1-1 Semisimple Lie alg is solution of Mass-def . IKKT

& Matrix model (M .M . ) of of-solution

S =-gigke to [Xi ,XR][XXe] + gift-XiX;
-> E .O . M . X:: Hermitian Mat .

[X : [Xi , X;]] = - Xi

Solution

9 : Semisimple Lie alg T
basis !

[xi , X;] = fiXn
, trXXj = c Sij

Sij : = -fifim : Killing metric.↓ (Non-degenerate for semisimple (
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S =-gigke to [Xi ,XR][XXe] + gift-XiX;

j
a special case (gr( %)

IKKT matrix model mass-deformed
-

S = SIKKT = tr( [Xm,
X3+ *X*Xu)

↑

Mat repot Lie alg is a solution of IKKT !
"

poisson geometry
-

& How can we find classical physics on smooth efd

from the Lie alg ?
-> Matrix regularization .
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DMatrix regularization (Hoppe 89, Madore 92)(
T

N
,
N2 , Ns, ...: increasing seg of positive integers

h(N) : 1 lim Nh(N) / < v converge.
NE

(M , w) : Symplectic mid.

Sp : (
*
(M) -> ANYNo Hermitian <Matiu(k)

S.t . o
limISu(f)11 < v ~
k+A

· lim(Er(fq) - Golf)Er(g)/l = 0 v
k+

·I(N) [5m(f) , En(g)]
- Eu(Ef,g3)(l =0L·lim2Nh(NTr(Er(f)) =SM

Except for B-T guantization, only afew examples are known.
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Def) Quantization -
A : Poisson alg . (A ,., 3 , 3)

TCM : R-module in R-algM (RisC or ([t])
8. A -T linear

,
with 18) -> K

for Vf
, g-A,

[ &(f)
, 91g)] = it 9(9f, 93) + 0(t

+

3)
L

Def Weak Matrix regularization T

& Gr : A -> MatNulk)) is a series of quantizations
↓ with 5- o as k- (Na+ b)
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1-2
. Fuzzy S2 ,

R3 (Madre , Hoppe
~ As a Hint of such classical physics-

Consider In (2) case

(4,
32

, (3) ER3 with An(2) Poisson str.

Exa , (p3 = i +abcyc - Kirillov-Kostant (a
*
) -> Poisson alg.

Asus = (KE], , 5 . 3) : Poissonite alg.
f Asn(2) : Polynomial on IR3

f = fo + falla + EfabDaDp+...

fai - An : completely sym.

VR: R-dim Vect
.
Sp.

Sp : Asuzs -> gl(Vk) : linear
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VR: R-dim Vect
.
Sp.

Sp : Asuzs -> gl(Vk) : linear

xA = Xa...)amEn((1)= JarJarm (m<+)S
O

JESym(m)
(m>to

where Ji li= 1-3) is An(2) basis

(i , jj] = zijk Jm (Spins, dim = 25+ 1 = t rep . )

En(xi) = GJi

Not S"yet /Quantization of R3)(
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& SU(2) has a guadratic Casimir

Def)
. Casimir Polynomial Kirillor-Kostant&
: d-dim Lie alg . [i ,Xj] = figXRf
Ang := (([x] ,

·

, 5 , 3) &xi
, xj3 = frXR

x= (x , . . ., xd) Lie-Poisson alg.

&x is a Casimir poly
. [x , fx)= 0

i = 1, 2, ..., d
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For Asu12) fgababy is the Casimir

Gr(fix)= gab JaJh : Casimir op .

= (**= 1) Ab

-> If we fix high)=
thenlim Sab Gal=
k=0

fixed
[G(a),Gp] =En(Said))-> o commutative
b

(&+b)t-> 0 limit

gab Paxy = X2 : 92
en (2) rep is quantization of $2
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a Polynomial on $2

i) a formulation : spherical harmonics
↑

I don't know how to generalize this.

ii) function on $2

([x] : functions on
3

I((:= 5 90()(ak((a) - x2)(9xxE D(x]]

I(c) is an ideal. Eg of S2

i.e .) [/c) < KE] ,
module

v f c [(c) , Vgx) -> ((x] = fx9x)[[()
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I((:= 5 90()(ak((a) - x2)(9xxE D(x]]
11
v

((x]/[(c) : functions on $2
↓

[fj = (f +h(f = C(x] , he I(x)

[f] + [9] := [f +g]
[f3 · [g] : = [f .g] & well-defined
5(f3 , <833 := [Ef,93]

Variety
2
is given by ([/1/

-> generalize this picture.



2 M .
R

.
for [x] with of 2= 1

See , ed I basis of 1 [ei, ej] = figer's

pr : af -> glive) : irreducible rep.

empei) ,
[ein, en fine

Th = alg generated by heim, ..;en

Notation
-

enm : eim)=- erms

In = 44: im
, IRHIP = Eu: ir ,a, be b

We can make a basis of Te by EIm := em



D"Weak" M . R.
(4[x]

,
5,3)

2 -2

·. -
Def)

. En : Any ->Te linear Sit
.

for <F=Xi,Kim

Gu(xF) = ei... im)=...m
↓ S (m[Hu)

O (m >nu)

Def . Sp: Poisson alg-> gl(VR) is Quantization

[8't) , Sp19)] = hGr([f,g3) + E ? ([@IEI),Awith 5- 0 when climkers .
We say Er is

&

"Weak M . R .

"

We can prove the above En is "Weak M .
R.



3. M . R .
for Agg/Ilc) 3-1

3-0 . Preparation
DCasimir (2-th degree) Cr

For Semisimple Lie alg
There exists [VM : Ir

. rep . sp. of ) S.
t

.

dimva -> 1 /Crims) ->*
M->y 11 M+

1 IdSVM)
Assume

& has series of Ir. rep .
SVM3 S

.t.

E-th degue Casimir
Cri =N (ve) Ibm ,

lim IX(V))=
dimVa
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Prop. (ix) -> Any is Casimir poly of degt ↑
i .e . Exi ,C] = 0 (i=nd)

L
=> Eu(Ch(x) is Casimir op.

We denote (iP(em) : = GulC(x) - the

We fix hmm) by 1 <" (e)1 = /t*Ml = const.

CR(en) = XR:



& Gribner basis
3- 3

Eact. Fix a mono-order on ([X , ...,Xc]·
1
. Every ideal has a unique reduced
Grobner basis -> Is element is expanded
==291, "; Emb by this basis

2 . fe, .(d]

f = h + r

he I , r-I Y is uniquely determined
Sit. no monomial in r is divisible by 9:
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.

Des Egl(ve)
↑=()= 904

/I
,
M

rep S

KayHage(v)gl(V)
↑

Casimin Ci(>) casimir Su(ibH)

f(x) = h(x) +V()E Da)

[f(x)] = [ra]
- GU/([]) ↳E [AeM

~ (x)
= 2a= xI = [aI[XI] E lIKNu
I
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,
M 3- 5.

KEYHayge(v) ge (v)
casimin (i) casimir Su(ibH)
-

Def)
. 8/

,
M

: Ag/Il -> gelve)
/I

,v
:= Rue Gra = RiProG↓

Ihm. SAM is a weak M .
R.

38x
.

u([+3),9a/m)(q3)] = 792f,1933)+

Ihm,

8*/ ,u([f]
· [8]) = 8A/M(2f3)8A/z,u((93) + GP



4 - 14. Reducible rep. ex) su(3)

↓m. [Kirillor-Kostant - Sourian] (cpt case (

I
[a,b] :Dynkin idx

G : compact connected Lie group X = aw , + bW2

X : dominant integral highest weight !
↑ I

fund. weight
o The Coadjoint orbit 0x** exists. (X ,,12 , X3)

· The irred
. rep Un < grom , quantization

.
Vx : (9 , b) rep.

· M.FXzEXs#N

&
C

.
f

.) On is determined by Ox = Sucsy+-
all casimir op.

Xi = Xc # /3

Traditionally understanding Ox = CD'

Ox- V
.guantize

How can we interprete our results from
this pt of view ?
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.
rep .

4 -2

vemV ,

Pa :- projection

: c -> End (V) : irreducible rep.

Su: · base ta P((i) =: ema

=thhD ... I tim ViEIR

[Pu(li) · Pull; )] = fi Pultr)
[em

,
er] = En eja

not depend on
"a"

& Casimir Op .

(k-+h) ↓

By Cajema) =t() Ida = XP

we fix each tra
-> Everything extends to the case of red rep.



Def) 8Im : An/lc) + g((VM)=gl)VT4-3

G
,
~
=Rio

R ge(m) R

KayMa Ru
P -> gl(va)
A

Vag[m/I(c) gl(V

[Gr(rf) (n=m
,

] zalseii, zasei

↓ (f] = [11]t · 1
J

F
(M,Mm)

↳

15Ne

F
(M,Mm)[Gr(rf)(n=mate() e

Then

[S]), Em((9])] =(M)8FM 1997],[933) + O(h"

G ([f][8]) = GE
,
uKf3) · SY,593) + O(t)



Singular foliation 4-4

LR3
Au(2) case : -

~SUcYuses
- Sh

su (3) case : xznxg IRS

~ s"2nd Casimir

~
sus4+2 3rdCasimirS

& KP2(X ,
=Xc)

I ⑨



Ex .) Fuzzy R3
4 - 5

8pir : Asu(z) -> Matp(K)
CaiDamn mrs & Jaras"Jars

5tSm

where Ja : a generator for E-dimirre . rep ofan (2)

gab JaJb= If= 1) Im I
h/k , r) is determined by

Er
,r)-1) .

= r2

Consider R=
When K+4

. V +0 ,
-0
, Vit-r - 0

I commutative lim -0

# is densely foliated by $2



5. Fuzzy &Y
5- 1

as= An(3)
.

D (P, 8) rep . /fundmental weight rect.
· Highest weight M = pW, + GW2 ,

1P. 8) : Dynkinlabel

dimVip,g) = t (p+ 1) (g+1) (p+g+2)

((p,g) = = (p-g2+P8) + (p + 8) 248
((p, 8)= (p-8)(2p +y +3)(p+28 +3)

Step1 .

Fuzzy IRS
ERS

Let's def
. Sig : Asus -> gl/Vipg) , similarly.

h(p
, 8) :g - ~ : some fixed constant

.
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Lem. Series of rep (Ph
,
En) sit.Sim

limSu(((x)= CPS))I = URI
E

where- RIt) ⑤ · R(O) = - 5
5

↓
· RIA)= 5
· RIt) : monotonic increse .

Lem T

& [xRS= G =R
Let D be a dense subset of[*] D:DOR
Then

,
J = & Y

L
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Step2 . [(C)(X) = ((z-r) 5-4

8
, (Pu,qu) ([f])

= G (rf) (If Vf < Ucp, g) (
↓ remeinder f=h+Es he[(C((X)

Step3 . &(Pn,n) / NsPr+ Su = N213
In = 1 = 0

,
1, ....,N,

a my In is chosen so that
En toC fills D densely
!& Roo

if Ns
, N-> A

!& R2o Ns
, N-D

! Roo

DStep4.G
,
INN) :=NSPE2EA/IIP

5-0
~ sucsy+c

-> 57
- 1

.



6. Summary ,e
R RR

KayHay
ge(m)

U· i -> gl(va)
↑ Vag[m/I(c) gl(V ↑

an Algebraic variety A Irreducible rep -

defined by inv , polynomial of o. each repeCoadjoint
1 ex . S3)-> (Fuzzy&") orbit .

0 In dimV-> A

·-> 0 I commutative alg).
· The increasing family of subvarieties (Joadjoint orbits)
becomes dense in the original variety .

· We can generalize"case to C:< = X: (Casimir)
in a compact semisimple Lie ag .

case
-
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