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Investigation of motion of a vortex filament provides the crucial problems of
mathematical physics and differential geometry. The work of Hasimoto in 1972
is one of the leading studies that guide us in solving these extremely important
problems. If the position vector of vortex filament is denoted by r = r(s, t), then

the equation
rt = rs X rss (3'1)

is hold, (Hasimoto; 1972).

bility and Quantization

Ayse YAVUZ, Melek ERDOGDU XXVI th i C on Geometry, |
Investigation of Some Surfaces Related to Nonlinear Schrédinger Equation



Introduction Preliminaries Nonlinear Schrédinger Surfaces by Darboux Frame Application References

This equation is called the smoke ring or vortex filament equation. It can be
considered that these vortex motions, which involve no change of form, corre-
spond to travelling wave solutions of the Nonlinear Schrédinger (NLS) equation,
(Rogers and Schief; 2002). These kind of soliton surfaces that are associated
with the NLS equation are called NLS surfaces or Hasimoto surfaces (Hasimoto;
1972).
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Hasimoto stated the complex function
q= Keifrds

of the curvature x and torsion T of a space curve and obtained that if the curve
evolves according to the vortex filament equation, then it gives the solution of
the focussing cubic nonlinear Schrédinger (NLS) equation

ige + qss + vq|g|? = 0
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In this study, we investigate differential geometric properties the soliton surface
accociated with Nonlinear Schrédinger (NLS) equation, which is called NLS sur-
face or Hasimoto surface, are investigated by using the Darboux frame. Firstly, a
brief summary is presented to provide the necessary background. We give a proof
of that the s parameter curves of NLS surface are the geodesics of the soliton
surface and that this surface provides the NLS equation. Then, we discuss the
geometric properties of NLS surface. We find Gaussian and mean curvature of
NLS surface. Also, we obtain new results and the necessary and sufficient condi-
tions for NLS surfaces to be flat or minimal surfaces. Finally, we investigate an
example of NLS surface as application.
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In this section, we give the necessary information about the regular curves on
surfaces to understand the main subject of the study. Let « : | — M be a
regular unit speed curve on the orientiable surface M. We may define Frenet
frame {T, N, B} at each points of the curve a where T is unit tangent vector,
N is principal normal vector and B is binormal vector.
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The Serret-Frenet formulas of the curve « are given by
T'(s) = x(s)N(s).

N'(s) = —x(s)T(s) + t(s)B(s),
= —1(s)N(s),

X
—~
n
~—

|

where the functions k¥ and T are called the curvature and the torsion of the curve
«, respectively. On the other hand, we may also define another orthonormal
frame fields on the curve «, which is called Darboux frame, since the curve « lies
on the orientible surface M.
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Darboux frame of (&, M) curve-surface couple includes unit tangent vector field
T of « and unit normal vector field of the surface n = N oa on the curve «.
To describe an orthonormal frame including these vector fields, there is only one
way to choose last frame field as g = n x T. This implies the following relations
between Frenet and Darboux frames;

T

and

where B is the angle between the vector fields N and n.
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The derivative formulas of Darboux frame can be given as follows:

J0 7 0 ko ke T
df n - - kn O - tr n
° —kg tr 0 g

where

kn(s) = x(s) cos B(s),
kg(s) = —x(s)sin B(s),
tr(s) = —p'(s) — (s).

References

The functions kg is called geodesic curvature, kj, is called normal curvature and

tr is called geodesic torsion of a.
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In this section, NLS surface or Hasimoto surface are investigated by using the
Darboux frame and discuss the geometric properties of NLS surface.

Theorem 3.1

Suppose r = r(s, t) is a NLS surface such that r = r(s, t) is a unit speed
curve with normal vector field for all t. Then the following is satisfied;

T 0 a A T
n = —a 0 —v n
g |, -A vy 0 g

where {T, n, g} is the Darboux frame of the s parameter curves of NLS
surface. Here, a, A and <y are smooth functions given by the following equalities

« = kg, — kntr, (3.2)

A= —kp, — kgtr, (3.3)

v = ; (kgkgs + k”k”s)s - (k"s + kgs tr)2 (3 4)
K2+K2 | — (kg — kntr)® + kgikn — kn kg
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Proof. We need to find smooth functions a, A and 7 in terms of the curvatures
kg, kn, tr of the solution curve r = r(s, t) of smoke ring equation for all t. Using
compatibility conditions T;s = T, we get

&s = kn, + vkg — Aty,
As = kg, — vkn + aty,

and using equality of ngs = ngt, we

as = kp, + vkg — Aty,
Ts = Akn — akg + t,.
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Similarly using equality of gis = gst, we get following equalities

Vs = Akp — akg + tr,,
/\5 - kgt‘ - r)’kn +0€tr

Thus, by the above relations, the following equations are obtained

&s = kn, + vkg — Aty,
Ts = Akp — akg + tr,,
As = kg, — vk + aty.
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Again by compatibility condition of rs = rts, we find the following equalities
& = kg, — knty and A = —k,_ — t kg.

Now, we assume that the velocity of the curve is of the form

1 (kgkgs + knkns)s - (kns + kgstr)2

Y=75 95
kg2 + ki — (kg — kntr)z + kgikn — kn, kg

For a solution of smoke ring equation, the velocity vector is obtained as follows:

rt = rs X rss = kgn — kpg.
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Theorem 3.2

Ifr =r(s,t) is a NLS surface where r = r(s, t) is a unit speed curve with
normal vector field for all t, then the Gaussian curvature K and mean
curvature H of r = r(s, t) are

1

_ (akn + Akg)
k2 + k2

k2 +ka |’

K — (K2 + 1) 7 + kg i — ke —

1

2
H = { K2 + k2 ) o — kg, kn 4 kn kg — ( k2 + k2 }
2 (K2 + k2) /K2 + K2 (1 +40) 7= ke bk — (K5 + 43)

respectively. Here, kj is the normal curvature function and kg is the geodesic
curvature of the curve r = r(s, t) for all t.
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Proof. We have found the coefficients of first fundamental forms of surface
r=r(s;t)as E=1 F=0and G = k2 + kj. Thus we say that EG — F? =

ké% + k,2,. Normal vector field of the NLS surface is given by

rs X rt —kgg — knn

s x| K2+ K2 '

After computations, one can easily obtain Gaussian curvature K and mean curvature /
of the surface r(s, t) are

1 5 9 (akn 4+ Akg)
K = P { (kg +k,,) v+ kg kn — kn kg — ek |

H— 1 {(kg-l-k%)’Y_kgrk""'k”tkg_(k§+k’2’)2}

2 (k2 +k3) /K2 + k3

respectively.
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Theorem 3.3

Suppose r = r(s, t) is a NLS surface in IE3, the s -parameter curves of the
surface r = r(s, t) are geodesics.

Proof. Suppose r = r(s, t) is a NLS surface such that r = r(s, t) is unit speed
curve for all t. We know that

rss = knn+kgg.

Thus, rss is parallel to surface normal which means s -parameter curves of the
surface are geodesics.

Remark. Since the s -parameter curves of NLS surface are geodesics, this implies
that kg = 0.
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Theorem 3.4

Suppose r = r(s, t) is a NLS surface in E3. t -parameter curves of the surface
r = r(s,t) are geodesics if and only if ky, = 0.

Proof. By above remark, we have
re = kgn — kng = —kng.

Thus, we obtain the tangent vector field of t -parameter curve as

re

T=-_t = g
[[rell
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Then, the third vector field of Darboux frame of t -parameter curve is found
g=-nxt=—-nx(—g)=-T.

The geodesic curvature of the t -parameter curve is obtained as
ke = (88) = AT —9n,~T) = A

where
A= —kp, — kgty = —kp,.

Therefore t—parameter curves of the surface r = r(s, t) are geodesics if and only
if kn, = 0.
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Suppose r = r(s, t) is a NLS surface in E3, NLS equation
iqe + gss + valal* = 0

is provide with Hasimoto transformation q = tkne' J—trds,
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Proof. We know that Hasimoto transformation with Frenet Frame is obtained
as follow '
q=rxe'’

such that o = f Tds. Since the following equations are satisfied
K* = kj + k3
tr(s) = —p'(s) —7(s),

and kg = 0, then we obtain that Hasimoto transformation with Darboux frame

as follows o
qg= :tk,,e’f —trds,
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By taking derivative of g according to t parameter, we get
Gr = (kn, + ikntr,) €'/ 7195, (3.8)
We also know that
kn, = as + Aty and t,, = ys — Aky
such that

1
&= —kntr, A= —kn, 7 = 1~ (k,,ss_knt?)

n

by equations 3.5 and 3.6.
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Therefore, we obtain
kn, = —2kn tr — kntp,

k k2
tr, = (;:—thz")
S

and

Application

If we substitude above equations into Equation 3.8, then we obtain

. knss 2 kr21
qr = | —2kn,tr — kntr, + ik —ty + =

kn 2
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Thus, we also get
Gss = (K, +21kn,ty + ikt — kpt? ) e/ =405
According to above findings, it is seen that the following NLS equation is satisfied
iqe + gss + vq |q|* = 0.
The vortex filament equation can be rewriten in terms of Darboux frame as follows

re = kgn — kng = —kng

n = cos (/—t,ds) N + sin (/—t,ds) B,
g = —sin </—trds> N + cos </—trds> B.
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Corollary 3.6

NLS surface r = r(s, t) is developable if and only if
(knkn,)s = Kz, + kat; — tr.

Corollary 3.7

NLS surface r = r(s, t) is minimal surface if and only if

(Knkny)s = 1+ k2_+ k2 t2.
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Consider the NLS surface with the following parametrization
2 2 2 .
r(s,t) = (s— 3 tanh(3s), ~3 sech(3s) cos(9t), ~3 sech(3s)sin(9t)).

Let us examine Darboux frame of the curves r = r(s, t) for all t € R and NLS
surface. We find Darboux vector fields as follows:

T(s, t)=(2tanh? (3s) — 1,2 sech (3s) tanh (3s) cos (9t), 2 sech (3s) tanh (3s) sin (91
n(s, t)=(2tanh (3s) sech (3s), (1-2 sech? (3s)) cos (9t), (1-2sech? (3s)) sin (9t)),

g(s, t)=(0,sin (9t), — cos (9t)).
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Then we obtain Darboux curvatures as

kn(s, t) = —65sech(3s),
kg(s, t) =0,
tr(s, t) =0.

Furthermore, we get Gaussian and Mean curvature of the NLS surface

K(s, t) = —9(tanh?(3s) — sech?(3s))
3

9
H(s, t) = -3 sech(3s) + Zsech(3s)”
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The following figure illustrate NLS surface
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