GRZEGORZ JAKIMOWICZ

QUANTUM COMPLEX MINKOWSKI
SPACE



Creation of scalar massive particle - event in
8-dimensional phase space described by positions and
momenta. We assume that both mass and energy is positive.

We do not assume that mass is constant.

Complex Minkowski space has the interpretation of phase
space of scalar conformal particles and anti-particles (as

shown by A. 0dzijewicz).

We have constructed and described the structure of the
C*-algebra which is the quatum phase space of scalar
massive conformal particle (quantum complex Minkowski

space) .




M; 3 =2 R13— the Minkowski space

Geonf — the conformal group :

- Poincaré transformations
-Dilatation:

(Dz)! = azt where o€ R,

-4-accelerations:

oM 4 z2cH

. ceRl3
142z ¢4 z2c2

(Acz)" = (I 0 Teo I)* =




T = (C*, n)-the twistor space;
M1 3 = G(2,Tp)-the conformally compactified Minkowski space;

Two models of the phase space of the scalar conformal
particles.:

1) T*Ml,'g’

2) M := G(2,T) = G(2,T5)"

— the complex conformally compactified Minkowski space;



SU(2,2)/Z4 = G eony
o1 SU(2,2)/Z4s —> BijM
M=MCPuUMO—uUMCTUM - TuUM ~—uUMTT
M* := {z € M : sign n|, = (k,D)}, k1 =+, —.0
MY° =M 3

——

M =MTtTuUM- TuM —



¢

W =X +iY = wlo, = (2# + iy")oyu;

@oo:MSwz{(WC): C€C2}|—>W6Mat2><2(@)

The Kdhler symplectic form

_ T
o (W, W) = —irdd <|og det(W - W)) |
(/

where A € R\ {0}

(MTT,w))



T he momentum map

Iy M — su(2,2)* =2 su(?2,2)

where My : T — T and I‘IwL:‘I—ﬁTare

T:zw@wJ‘

Jyo (Spoo)_l(W> —

N whw —whH-1  —_oww —whH-1wT
’ 2w — wh-1 —op — 2(W — whH-1wt



(i) 4-momentum

yV

1%

P — >‘_7
y2

(ii) relativistic angular momentum
Mmuy — TuPr — Puly,
(iii) dilatation
d = ztpy,
(iv) 4-acceleration

p
ay = —2(x"pv)xy + aszpu — )\2—5,




wy = dx” N dpy

M™TT it is the phase space of the scalar massive
conformal particle since it contains states (z¥,p,) such
that p2 >0, pg > O.

M™7-is the phase space of the scalar massive conformal antipar-
ticle,
M~—t- is the phase space of the scalar tachyon.



W — wi
T = poo(MTT) = {W € Matsyo(C) : o> o}
1

D:={Z € Matyx>2(C) : og— VAVA > 0}

Cayley transformation
T3> W —s C(W) = (W +iog) (W —iocg) L €D

D> Z+— C Y 2)=i(Z4+00)(Z—0p) L eT



THE COHERENT STATE MAP

We will require that the coherent state map X, : Mt — CP(H)
satisfies the following conditions:

i) is symplectic Kiwpg = wy;

i) there exists a unitary irreducible representation Uy : SU(2,2)/Z.4 —
Aut(H) with respect to which a map X, is equivariant;

Mt+—— % cpg)

og [Ux(9)] Vgesu(2,2)/2Zy

M+ ep)



i) X, is compatible with the choice of Kadhler polarization (%)M—o 1,2,

on M+, i.e. it is holomorphic map.



Let H be the separable Hilbert space with the fixed
7 m
J1i J2

. ., ,
J mpjg m
<j1 j2| 71 J/2> ATy

basis indexed by m, 25,251,252 € NU{0} and —j < j1,72 < 7.

orthonormal

We will define now a map
Ky MTT2D_— K\ {0}

as follows

K\(Z):=1Z; Xy = > AMQ(Z)

] m>
751,791,792 Jl J2




m

where coefficients Agle(Z) are polynomials

G+ —jl)!x
(5 + 32)'(F — 72)!

Jjm . A y—1 m
AT (7) 1= (N}),) " (det 2)

J+J2 J—J2 S _j+i1—S _j+jo—S_S—j1—j2
X Z | ( g ) (S — iy —j2> 11712 <21 “22
S>max{0,j1+j2}

o<S<min{j+j1,7+Jj2}



Ky 1= [Ky] : MTT — CP(H),

Ux(9) |Z; A) := (det(CZ + D)) |og(2); \),

where 04(Z) = (AZ + B)(CZ + D)~ 1;

A B
g—(C D)ESU(Q,Q) and 3 < A e N.



Quantum polarization
f:D—-C
a(f)|2) = f(Z2)|2)

a: 0Tt (D) — LO°@H)

Proposition .1. The Banach algebra Ot 1 (D) coincides with the
Banach algebra H*° (D).

P+ = a(H®(D))

- quantum holomorphic polarization




fru(Z) =z, k,1=1,2

ag; -= a(fx1)

. -
aiq Jom G=—n+DU—jo+1)m |J +5 m-—1
J1 Jo Ci+DC+2)(m+A=2) |j; — 1 5 — %
.1
4 \/(j+j1>(j+j2><m+2_j+1> j—5 m (1)
(m+2j+A-1)2j(2j+1) |4, _% o _% ,
. -
ao|? ™Y = _ [ GGt m | + 3 M 1
Ji J2 (2j+1)(2j+2)(m+A-2) |j; — Lo _|_%

7_% m’>, (2)

J1—5 j2—|-%

4 [GHmG=i2) mF2+1)
(m+25+X1-1)25(2j+1)




wr|? ™ = [ Gt DGt lm J‘|'1 -1
j1 J2 2+ D+ FA-2) ]1+2 jo— 1
_|_\/(J —j1) (I+i2) (m+2j+1) J——
(m+2j+3-12j(25+D) |j; + 1 jo - %
|l T (i+i1+DG+p+Dm ]‘l'l m—1
Jj1 J2 QADEADHA-2) |j; +1 jo+1
1
(1=71)(G—=Jj2)(m+2j+1) J—— m
‘|‘\/(m-|—123—|-)\21)2](2]+1) ]1_|_2 o 4 1 > (4)

— 0 if indices do not
31 J2

satisfy the conditions m,25 € NU {0} and —j < j1,J2 < 7.

In formulae above one should put




T;tj = (I,a11,0a12,a21,a22)

— quantum algebric polarization

+4+ . * * * *
:Ppol = (I,a]1,072,057,057)



Proposition .2.
(i) T;;?_ is isometrically isomorphic with Banach algebra

Pol(D) obtained by closing the algebra Pol(D) in norm

| - llsup in the space C(D), i.e. a(f) € PXF if and only if

f is holomorphic on D and is continuous on closure D.

(ii) The space of maximal ideals (spectrum) of the algebra

9’]‘)"0;" is homeomorphic with D.

(iii) 39;;?' is semisimple Banach algebra, i.e. its radical is
trivial.

(iv) 39;;;" is proper subalgebra of Banach algebra P+, i.e.
one has ﬂ?;'oz" ¢ P+,

(v) Vacuum state |0) is a cyclic vector for Banach algebra

P
Tpol :




Notation

a a
A = (aéi a;i) S T;;El_ ® Matoy>(C).

_1 — (Ux(g7Ha11U,(9) UA(Q_l)CHQU)\(Q))
Unlg=)AUN9) = (UA(Q_l)CQlU)\(g) Ux(g~HaaUx(g) )"

Action of conformal group on Banach algebra SPZ;FO;F.

Proposition .3. For any g = (é g) € SU(2,2)p we have:
(i)
og(A) := (AA+ B)(CA + D)~ ' € PIF ® Matp,2(C)
(ii)

Ux(g~AU(g) = og(A)




Quantum Complex Minkowski Space

Definition .4. C*-algebra with polarization is a pair (A,P)
consisting of unital C*-algebra A and its commutative Banach
subalgebra P such that:

(i) P generates A, i.e. A is the smallest C*-algebra contain-

ing P;

(i) PnNn?P =CI.
Subalgebra P will be called a quantum polarization of algebra
A.

ot 2t ), (lr ety vttt = ot vbF = o @)



Proposition .5.

(i) Autorepresentation of the C*-algebra M;;Z" in L°(H) is ir-
ble | ++ ~Htt _
reducible in J{ and ¥ " NP, = CI.

(ii) M;fjr is weakly (strongly) dense in L°°(H).

(iii) M];';?' contains the ideal LO(H) of compact operators. Thus

all ideals of C*-algebra MZ;';Z" with irreducible autorepresen-
tation in H also contains LO(H).



(iv) M s conformally invariant, i.e.
pol

VgeSU(2,2) UA(9>Mpol Uy(g) C Mpol .

(v) PHFnLo(3) = {0}.

(vi) Commutator ideal (?ommM++ of algebra M;'O?' contains
LO(H) but is not equal LO(J{) G GommMpOl .

(vii) Points (i), (ii), (iii), (v), (vi) are true also for M++ and
P+,



Theorem .6. There is the following exact sequence of ho-
momorphisms of C*-algebras

O—>Gomm3\/[;_0?_ 2, MZ;I;?_ SELCSN C(MOO)—>O

where C(M9Y9) js the C*-algebra of continuous functions on
the conformally compactified Minkowski space MO9.

/GommM_lnl_ ~ (MY

pol pol

spec(C(MY9)) = MO0




Definition .7. The symbol ATt will denote the vector space of
the linear operators on 3 with domain containing L(K,(MTT))
and such that their Berezin symbols are real analytical functions
on D.

We will equip ATT with a natural topology.

Definition .8. We will say that a sequence of operators {A,} C
ATt converges in the weak-coherent topology to an operator
Ae ATt if

lim (Z|An|V) = (Z|A|V)

n—oo

for all coherent states |Z), |V).



T — L 11112221 2122 _J11 L J12 021 LJ22
f(z',z) = Z Ji11,i12,i91,i92,911,712.521,J22 711 219 221 229 211 13 #21 %25 -

The infinite sum

N L N2 121 122 G99 dqp dny o
Qr(f) '_Zf%11,%12,%21,%227911791273217922a11 1o A1 Qoo G717 075057 Ao

= :f(AT,A) : (5)

considered in weak-coherent topology, defines a linear operator
Q\(f) € ATT with Berezin symbol f belonging to A(D).



x-product

(7] F(AT,A) 11 g(AT,A) 1 ]2)
(2|2 |

(f*r9)(Z1,2) =

where f,g € A(D).
Properties:

QA(f *xg) = Qx(f)Qx(g)
Q) = Qx(N*
Q) = f,




det(E — ZTag(z))> A

' . Y
(Ux(gH(Z",Z) = (det(CZ + D)) ( det(E — ZTZ)

—A

det(E_NJQ(A))) . (det(CA+D)) ™,

det(E — ATA)

Ur(9) = Qr((Ux(9))) = :(



(i) 4-momentum

Qx(pu) = iX : (det(W — W)™ Tr(op, (W - WT)):,  (6)

(ii) relativistic angular momentum

Qx () = iA (é Tr(o, W) © (det(W — W)L Tr(oy (W — W) : —

— Tr(o, W) : (det(W — W)~ Tr(o, (W - W) 1),

(7)

(iii) dilatation
Qx(d) = ixTr(o,W) @ (det(W — W)~ Tr(o# (W — WT)) : —24)L
(8)



(iv) 4-acceleration
Qx(av) = ixdet(Wh) : (det(W — W)~ Tr(o, (W —WT)) : —
_ i)% Tr (oW Tr(oPWh) : (det(W — W) =L Tr(og(W — W'
+ A Tr(o, W), (9)

where (W1, W) are matrix quantum coordinates obtained from
(AT, A) by Cayley transform

W =i(A+ E)(A—E) 1,

which is well defined in the weak-coherent topology.



Proposition .9. The quantization of the canonical coordinates
(=¥, pu) gives the operators (Q)(z*),Qx\(pv)) satisfying the fol-
lowing commutation relations

[@x(z"), Q) (z")] = 0,
[QA(pu)a Qx(pv)] = 0,
[QA (=), Q\(pv)] = —id} 1.



The representation the quantum observables in LQO(T,dLA):

_ o,
= — ,
P Owh
_ ( 0 0 )
mlu]/ — () w‘ua y 'lUI/@w,u .
~ 0
d = — 21wt —— — 24,
wH

ay = —iw2(55 — Qw,/wﬁ)i + 2idwy,
Ow’



