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Abstract-In this study, the relationships between the invariants of trajec-
tory ruled surfaces generated by the oriented lines �xed, in a moving body, in
E3 are investigated. Some new results on the pitches and the angle of pitches of
the trajectory surfaces generated by the Steiner and area vectors are obtained
and new comments are given. Also, the area of projections of spherical closed
images of these surfaces are studied.

1.Introduction
The geometry of path trajectory ruled surfaces, generated by the oriented

lines, �xed in a moving rigid body is important in the study of rational design
problem of spatial mechanism. An x-closed trajectory ruled surface (x-c.t.s.)
is characterized by two real integral invariants, the pitch `x and the angle of
pitch �x. Using the integral invariants, the closed trajectory surfaces have been
studied in some papers [1], [2], [3].
In this study, based on [4], introducing a relationship between the dual in-

tegral invariant, �x, and the dual area vector, Vx, of the spherical image of an
x-c.t.s., new results on the feature of the trajectory surfaces are investigated.
And also, since the dual angle of pitch, de�ned in [5], of an x-c.t.s. is a useful
dual apparate in the study of line geometry, we use the dual representations of
the trajectory surfaces with their dual angle of pitches.
Therefore, besides the results on the real angle of pitches, that some of them

given [4] many other results on the pitches of closed trajectory ruled surfaces
are obtained. And some relationships between the other invariants are given.
Also, using the some other methods, the area of projections of spherical closed
images of the trajectory surfaces are studied.
It is hoped that the �ndings will contribute to the geometry of trajectory

surfaces, so the rational design of spatial mechanisms.

2. Basic Concepts

Let a moving orthonormal trihedron {v1, v2, v3} make a spatial motion
along a closed space curve r = r(t), t 2 IR, in E3. In this motion, an oriented
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line �xed in the moving system generates a closed trajectory surface in E3. A
parametric equation of a closed trajectory surface generated by v1-axis of the
moving system is

x(t; �) = r(t)+�v1(t); x(t+2�; �) = x(t; �); t; � 2 IR (1)
and denoted by v1(t)- c.t.s.
Consider the moving orthonormal system fv1; v2 = v01= kv01k ; v3 = v1 ^ v2g ,

then the axes of the trihedron intersect at the striction point of v1-generator of
v1-c.t.s. and v2 and v3 are the normal and tangent to
the surface, at the striction point, respectively.
The structural equations of this motion are

dvi =
3X
j=1

!jivj ; !
j
i (s) = �!ij(s); s 2 IR; i; j = 1; 2; 3

(2)
and

db
ds = cos�v1+sin�v3 (3)

where
b = b(s) is the striction line of v1-c.t.s. and the di¤erential forms !21; !

3
2 and

� are the natural curvature, the natural torsion and the striction of v1-c.t.s.,
respectively. Here, the striction is restricted as ��

2 < � < �
2 for the

orientation on v1-c.t.s., and s is the arc-length of the striction line.
The pole vector and the Steiner vector are given by

p =  
k k ; d =

I
 (4)

re-
spectively, where  = !32v1+!

2
1v3 is instantaneous Pfa¢ an vector of the motion.

The pitch (Ö¤nungsstrecke) of v1-c.t.s. is de�ned by

`v1 :=

I
d� = �

I
hdr; v1i (5)

The angle of pitch (Ö¤nungswinkel) of v1-c.t.s. and is given by one of the
forms

�v1 :=

I
d� = �

I
hdv2; v3i = �hv1; di = 2� � av1 =

I
gv1

(6)
where

av1 and gv1 are the measures of the spherical surface area bounded by the spheri-
cal image of v1-c.t. surface and the geodesic curvature of this image, respectively.
The pitch and the angle of pitch are well-known integral invariants of a closed
trajectory surface, [1], [3], [6].
The real area vector of an x-closed space curve in E3 is given by

vx =

I
x^dx (7)

in
[7]. And in a spatial closed motion, the area of projection of x-closed spherical
image along any y-closed trajectory surface is de�ned by
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2fx;y = hvx; yi (8)
where

x and y are the unit vectors in the moving system, [4].
According to E. Study�s transference principle, a unit dual vector x = x+"x�

corresponds to only one oriented line, in E3, where the real part x shows the
direction of this line and the dual part x� shows the vectorial moment of the
unit vector x with respect to the origin, in E3, [8].
LetK be a moving dual unit sphere generated by a dual orthonormal system�

V1; V2 =
V 0
1

kV 0
1k ; V3 = V1 ^ V2

�
; Vi = vi+"v

�
i ; i = 1; 2; 3: (9)

and
K 0 be a �xed dual unit sphere with the same center. Then, the derivative equa-
tions of the dual spherical closed motion of K with respect to K 0 are given
as

dVi =
X


jiVj ; 

j
i (t) = !ji (t) + "!�ji (t); 


j
i = �
ij ; t 2IR, i =

1; 2; 3: (10)
The dual Steiner vector of the closed motion is de�ned by

D =

I
	; 	 = k	kP; 	 =  +" � (11)

where
	 = 
32V1+


2
1V3 and P are the instantaneous Pfa¢ an vector and the dual pole

vector of the motion, respectively.
As known from the E.Study�s transference principle, the dual equations

(10) correspond to the real equations (2) and (3) of a closed spatial motion, in
E3. In this sense, the di¤erentiable dual closed curve, V1 = V1(t); t 2 IR , is
considered as a closed trajectory ruled surface in E3 and denoted by v1(t)-c.t.s..

A dual integral invariant which is called the dual angle of pitch of a
v1-c.t.s. is given by

^v1 = �
I
hdV2; V3i = �hV1; Di = 2��Av1 =

I
Gv1 = �v1 � "`v1

(12)
in

[5], [6], where D = d+ "d�; Av1 = av1 + "a
�
v1 and Gv1 = gv1 + "g

�
v1 are the dual

Steiner vector of the motion, the dual spherical surface area and the dual geo-
desic curvature of spherical image of v1-c.t.s., respectively.

3. The Relationships and Results
Consider the di¤erentiable unit dual spherical closed curve

X = X(t); X(t+2�) = X(t); kXk = 1; t 2IR. (13)
We know from E.Study�s transference principle that the dual corre-

sponds to an x-closed trajectory surface generated by an x-oriented line �xed
in a moving rigid body, in E3.

The dual area vector of an x-dual closed spherical curve can be de�ned
by

Vx =

I
X^dX (14)

3



as
an analogy to the de�nition, in [7], where dX = 	^X is the di¤erential velocity
of a dual point,X; �xed in the moving sphere K.

From (4) and (14), the dual area vector may be developed as

Vx =

I
X ^ (	 ^X)

=

I
(hX;Xi	� hX;	iX)

=

I
	�

�
X;

I
	

�
X

= D�hX;DiX (15)
or

with the aid of (12)
Vx = D+^xX: (16)

The statement shows that there is a relationship between the dual angle
of pitch of an x-c.t.s. and the dual area vector of x-closed spherical image of
this surface.

From (12) and (16), we may write
hVx; Di = hD;Di+^x hX;Di or

kVxk
D

Vx
kVxk ; D

E
= kDk2�^2x or

^2x�kVxk^vx = kDk
2 (17)

where
^vx is the dual angle of pitch of vx-trajectory surface generated by the area vec-
tor of x-closed spherical image of x-c.t.s..

On the other hand, from (12), the dual angle of pitch of d-c.t.s. gener-
ated by the Steiner vector of the motion is

^d = �
D

D
kDk ; D

E
= �kDk : (18)

SinceD =

I
	, the dual angle of pitch, ^d, gives the total dual spherical

rotation in the interval with one period.
Seperating (18) into real and dual parts, we may give the following

theorem.
Theorem 1: The angle of pitch and the pitch of d-c.t.s. give the total

rotation and the total translation of the closed spatial motion, i.e.;
�d = �kdk ; `d = hd;d�i

kdk (19)

re-
spectively.

Therefore, with the aid of (12) the following results may be given.
Result 1: There is the relationship

ad = 2�+kdk (20)
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be-
tween the spherical surface area bounded by the spherical image of d-c.t.s. and
the total rotation of the motion.
Result 2: The total geodesic curvature of the spherical image of d-c.t.s.

is equal to the total rotation of the motion, i.e.;I
gd = �kdk : (21)

On the other hand, from (19); we may write
�d`d = �hd�; di

= �kd�k
D

d�

kd�k ; d
E

= kd�k�d�
where

�d� is the angle of pitch of d�-moment trajectory surface.
Thus, the following result may be given.

Result 3: There is the relationship
�d`d = kd�k�d� (22)

be-
tween the invariants of d- and d�-c.t.surfaces.

From (12), (16) and (18), it follows that
kVxk =

p
hD + ^xX;D + ^xi

=
p
hD;Di+ 2 ^x hX;Di+ ^2x hX;Xi

=
p
^2d � ^2x: (23)

Thus, with the aid of (17) and (23) the dual angle of pitch of vx-
trajectory surface is obtained as

^vx = �
p
^2d � ^2x (24)

or
there is the relationship

^2vx = ^
2
d�^2x (25)

be-
tween the dual angle of pitches of d-Steiner and an x-closed trajectory surfaces.

From (25), we may give the following theorem.
Theorem 2: Global invariants of the line surfaces generating by x; vx;

and d satisfy the following relations in E3;
�2vx = �2d��2x (26)

and

`vx =
�x`x��d`dp

�2d��2x
. (27)

If `vx = 0 then vx-closed trajectory surface is a cone. In this case, the
relation (27) comes to

�x`x = �d`d . (28)
Thus, the following result may be given.

Result 4: If vx-closed trajectory surface is a cone, then there are the
relationships
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`x
`d
= �d

�x
= 2��ad

2��ax =

I
gdI
gx

(29)

be-
tween the global invariants of d-Steiner and x-closed trajectory surfaces and the
spherical areas and the total geodesic curvatures of d and x-spherical images [6].

From (12) and (25), it follows that
(2� �Avx)

2
= (2� �Ad)2 � (2� �Ax)2

or
A2vx+A

2
x�A2d = 4�(Avx+Ax�Ad��) (30)

where
Avx = avx + "a

�
x; Ax = ax + "a

�
x; Ad = ad + "a

�
d: And from (30)

a2vx+a
2
x�a2d = 4�(avx+ax�ad��) (31)

and
avxa

�
vx+axa

�
x�ada�d = 2�(a�vx+a

�
x�a�d) (32)

are
obtained. Therefore, the following result may be given.
Result 5: There are the relationships (30)-(32) between the measures

of the spherical surface areas bounded by the spherical images of vx-, d-, and
x-closed trajectory surfaces.

In case of the axes of Vx and D are perpendicular to each other, with
the aid of (12), (17) and (18)D

Vx
kVxk ;

D
kDk

E
= 0() 1

kDk�vx = 0

() �vx = 0
() �vx = 0; `vx = 0
() avx = 2�; a

�
vx = 0

() �2x = �2d; �x`x = �d`d
are

obtained. Thus, the following result may be given.
Result 6: In a closed spatial motion,

the axes of Vx-area vector and D-Steiner vector,d 6= 0; are per-
pendicular

, �vx = 0
, vx-closed trajectory surface is a cone, i.e., �vx = 0; `vx = 0
,The spherical image of vx-c.t.s. divides measure of the spherical

surface area into two equal parts.
()The relationships �2x = �2d; �x`x = �d`d are satis�ed by the

invariants of x- and d-c.t. surfaces.
As it�s known the angle of pitch of the closed trajectory surface gener-

ated by the second axis of the moving trihedron is zero, i.e. �v2 = 0 . This
means that the spherical image of the second trajectory surface of the moving
trihedron divides the measure of the spherical surface area into two equal parts.
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In a spatial motion, the dual area vectors of v1; v2 and v3-dual closed
spherical images, drawn by the axes of the moving system are given with the
aid of (16) as

Vv1 = D + �v1V1
Vv2 = D
Vv3 = D+�v3V3

(33)
respectively. From (12), (18), (23) and (33)

hVv1 ; Di = hD + �v1V1; Di , kVv1k
�

Vv1
kVv1k

; D

�
= hD;Di+�v1 hV1; Di

, �kVv1k�vv1 = kDk
2 � �2v1

, �vv1 =
�2v1��

2
dp

�2d��2v1 or
�2vv1 = �

2
d��2v1 (34)

are
obtained. Seperating (34) into real and dual parts�

�vv1 � "`vv1
�2
= (�d � "`d)2 � (�v1 � "`v1)

2

or
�2vv1 � 2"�vv1 `vv1 = �2d � 2"�d`d � �2v1 + 2"�v1`v1

or
�2vv1 = �2d��2v1 ; �vv1 `vv1 = �d`d��v1`v1 (35)

are
gained. These are the relationships between the integral invariants of d-, v1 -,
and vv1 -trajectory surfaces.

Similar statements on the invariants of vv2 - and vv3 - trajectory surfaces
may be given.
From (12) and (18)

�vv2 = �d (36)
or

�vv2 = �d; `vv2 = `d (37)
and

we �nd that
�2vv3 = �

2
d��2v3 . (38)

From (38)�
�vv3 � "`vv3

�2
= (�d � "`d)2 � (�v3 � "`v3)

2

or
�2vv3 = �2d��2v3 ; �vv3 `vv3 = �d`d��v3`v3 (39)

are
obtained. Thus, the following theorem can be stated.
Theorem 3:

There are the relationships (35)-(39) between the real and dual integral
invariants of area vector-closed trajectory surfaces and the corresponding axes-
trajectory surfaces generated by the axes of the moving trihedron.
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In a closed spatial motion, let X and Y be unit dual vectors �xed in the
moving system, then the dual area of projection of x-dual closed spherical image
of x-closed trajectory surface, in direction y-generator of y-closed trajectory
surface is de�ned by

2Fx;y = hVx; Y i (40)
which

is an analogy to the de�nition, given in IR3; [4].
With the aid of (12), (16) and (40) we may write

2Fx;y = hVx; Y i
= hD + �xX;Y i
= hD;Y i+ �x hX;Y i

= ��y+�x cos � (41)
where

� = '+"'�; 0 � ' � �; '� 2IR, is a constant dual angle between X and Y -unit
dual vectors and Fx;y = fx;y + "f

�
x;y: Here, ' and '

� are the real angle and the
real distance between x and y-generators of x and y-c.t. surfaces, respectively.

Considering Fx;y = fx;y + "f
�
x;y, we may give the following theorem.

Theorem 4: The relationships
2fx;y = ��y+�x cos' (42)
2f�x;y = `y��x'� sin'�`x cos' (43)

are
satis�ed between the area of projection of x-closed spherical image and the in-
variants of x and y-closed trajectory surfaces.

Some special cases in (42) and (43) may be given as following;
(i) ' = 0; '� = 0 , x � y , �x = �y; `x = `y ) fx;y = 0; f�x;y = 0

(44)
(ii) ' = 0; '� 6= 0 , x==y , �x = �y; `x = `y ) fx;y = 0; f�x;y = 0

(45)
(iii) ' = �

2 ; '
� = 0, x?y ) 2fx;y = ��y; 2f�x;y = `y (46)

(iv) ' = �
2 ; '

� 6= 0, x?y ) 2fx;y = ��y; 2f�x;y = `y��x'� (47)
(v) ' = �; '� = 0, x � �y , 2fx;y = ��y + ��y(�1) = ��y + �y = 0;

2f�x;y = `y � `�y(�1) = `y � `y = 0
(48)
(vi) ' = �; '� 6= 0, x==y; x = �y , fx;y = 0; f

�
x;y = 0 (49)

Thus, from (44)-(49) we may give the following results;
Result 7: The area of projection of an x-closed spherical image of x-

closed trajectory surface in direction the same x or (�x)-generator is zero, i.e.
fx;x = f�x;x = 0 (50)

and
fx;�x = f�x;�x = 0: (51)

Result 8: If x and y intersect each other perpendicularly, then
2fx;y = ��y; 2f�x;y = `y (52)

or
if x and y are perpendicular but they don�t intersect each other, then

2fx;y = ��y; 2f�x;y = `y��x'� . (53)
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Similarly, the dual area of projection of an x-dual closed spherical curve
in direction of the dual unit Steiner vector of the motion is

2Fx;d =
D
Vx;

D
kDk

E
= 1

kDk hVx; Di
= 1

kDk hD + �xX;Di
= 1

kDk (hD;Di+ �x hX;Di)

= 1
kDk

�
kDk2 � �2x

�
or

from (18)

2Fx;d =
�2x��

2
d

�d
. (54)

Seperating the relation (54) into real and dual parts, the following the-
orem may be given.
Theorem 5: In a closed spatial motion, the relationships,

fx;d =
�2x��

2
d

2�d
; (55)

f�x;d =
1
�d

�
�d`d � �x`x + `d �

2
x��

2
d

2�d

�
(56)

be-
tween the area of projection of an x-closed spherical curve in direction d-
generator of d-Steiner trajectory surface and the invariants of x and d-c.t. sur-
faces are satis�ed.
From (54), the dual area of projections of vi-dual closed spherical images

(indicatrices) in direction d-generator are

2Fvi;d =
�2vi

��2d
�d

; i = 1; 2; 3:: (57)
From (57), the relationships

fvi;d =
�2vi

��2d
2�d

; (58)

f�vi;d =
1
�d

�
�d`d � �vi`vi + `d

�2vi
��2d
2�d

�
; i = 1; 2; 3: (59)

are
gained.

Since �v2 = 0, it follows, from (36) and (57) that
2Fv2 ;d= ��vv2 = ��d . (60)

Thus, the following result may be given.
Result 9: In a closed spatial motion, the angle of pitches and the pitches

of vv2-, and d-trajectory surfaces can be stated in terms of the area of projections
as

�vv2 = �d = �2fv2 ;d (61)
and

`vv2 = `d = 2f
�
v2;d

. (62)
From (12), (33) and (40), the area of projections of vi -dual spherical

closed images in directions Vj-generators are
2Fvi;vj = hVvi ; Vji

= hD + �viVi; Vji
= ��vj + �vi�ij ; i = 1; 2; 3:
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where
�ij is the Kronecker delta. Hence, we may write

2Fvi;vj = f
��vj ; i 6= j
0; i� j (63)

So, the following result may be given.
Result 10: The area of projections of vi-closed spherical images of vi-c.t.

surfaces in direction vj-generators of vj-c.t. surfaces are given by

2fvi;vj = f
��vj ; i 6= j
0; i = j

(64)

and

2f�vi;vj = f
`vj ; i 6= j
0; i = j

. (65)

From (12) and (63), the following dual quantities may be obtained

2Fv2;v1 = 2Fv3;v1 = ��v1 = Av1�2� = �
I
Gv1 (66)

2Fv1;v2 = 2Fv3;v2 = ��v2 = Av2�2� = �
I
Gv2 (67)

2Fv1;v3 = 2Fv2;v3 = ��v3 = Av3�2� = �
I
Gv3 . (68)

Therefore, separating the formulas above the following relations between
the invariants of closed trajectory surfaces can be given. It follows from (66),
that

2fv2;v1 = 2fv3;v1 = ��v1 = av1�2� = �
I
gv1 (69)

and

2f�v2;v1 = 2fv3;v1 = �`v1 = a�v1 = �
I
g�v1 (70)

and
from (68)

2fv1;v3 = 2fv2;v3 = ��v3 = av3�2� = �
I
gv3 (71)

and

2f�v1;v3 = 2f
�
v2;v3 = `v3 = a�v3 = �

I
g�v3 (72)

are
obtained. So, the following result may be given.
Result 11: The relations (69)-(72) are satis�ed by the invariants of cor-

responding closed trajectory surfaces.
On the other hand, since �v2 = 0; from (67) the relations

Fv1;v2 = Fv3;v2 = 0 , �v2 = 0 , Av2 = 2� ,
I
Gv2 = 0

(73)
are

given. With the aid of (73) the following result on the invariants of trajectory
surfaces may be given.
Result 12: fv1;v2 = fv3;v2 = 0; f

�
v1;v2 = f�v3;v2 = 0
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, �v2 = 0; `v2 = 0, av2 = 2�; a
�
v2 = 0

,
I
gv2 = 0;

I
g�v2 = 0

, v2-c.t.s. is a cone and divides the measure of unit spherical
surface area into two equal parts.
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