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Recall

▶ Lax Pair [
d

ds
+ M(�), L(�)] = 0 leads to the study of a curve

C : 0 = det(�1n + L(�)) := P(�, �)

▶ The flows (via M) are governed by meromorphic differentials

∞ on C.

U =
1

2�{

∮
b


∞

▶ The solution constructed via � (sU + C∣�)

▶ Transcendental constraints.
1. C constrained by requiring periods of a given meromorphic

differential to be specified. 2U ∈ Λ

▶ BPS Monopoles
▶ Sigma Model reductions in AdS/CFT
▶ Harmonic Maps

2. Flows and Theta Divisor. sU + C ∕∈ Θ
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Spectral Curves
C ⊂ S

▶ [
d

ds
+ M(�),A(�)] = 0, C : 0 = det(�1n + A(�)) := P(�, �)

P(�, �) = �n + a1(�)�n−1 + . . .+ an(�)

▶ Where does C lie? C ⊂ S

▶ Cmonopole ⊂ Tℙ1 := S (�, �)→ �
d

d�
∈ Tℙ1

Minitwistor description
▶ C�−model ⊂ ℙ2 := S
▶ S = T ∗Σ Hitchin Systems on a Riemann surface Σ
▶ S = K 3
▶ S a Poisson surface
▶ separation of variables ↔ Hilb[N](S)
▶ X the total space of an appropriate line bundle ℒ over S ↔

noncompact CY

▶ Symmetry: C ⊂ ℙa,b,c [X ,Y ,Z ] ∼ [�aX , �bY , �cZ ], � ∈ ℂ∗
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Spectral Curves
Extrinsic Properties: Real Structure

C ⊂ S ⇒
C often comes with an antiholomorphic involution or real structure

▶ Reverse orientation of lines (�, �)→ (−�̄/�̄2,−1/�̄)

ar (�) = (−1)r�2rar (−1

�̄
) =⇒

ar (�) = �r

[∏r
l=1

(
�l
�l

)1/2
]∏r

k=1(� − �r )(� + 1
�r

)

�r ∈ ℂ, � ∈ ℝ ar (�) given by 2r + 1 (real) parameters

▶ reality constrains the form of the period matrix

▶ there may be between 0 and g + 1 ovals of fixed points of the
antiholomorphic involution.

▶ Imposing reality can be one of the hardest steps.
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Spectral Curves
Extrinsic Properties: Rotations

▶ SO(3) induces an action on Tℙ1 via PSU(2)(
p q
−q̄ p̄

)
∈ PSU(2), ∣p∣2 + ∣q∣2 = 1,

� → p̄ � − q̄

q � + p
, � → �

(q � + p)2

▶ corresponds to a rotation by � around n ∈ S2

n1 sin (�/2) = Im q, n2 sin (�/2) = −Re q,

n3 sin (�/2) = Im p, cos (�/2) = −Re p.

▶ Invariant curves yield symmetric monopoles.
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Spectral Curves
Basic Quantities

▶ Homology basis {
i}2g
i=1 = {ai , bi}gi=1

▶ algorithm for branched covers of ℙ1 (Tretkoff & Tretkoff)
▶ poor if curve has symmetries

▶ Holomorphic differentials dui (i = 1, . . . , g)

▶ Period Matrix � = ℬA−1 where

Π :=

(
A
ℬ

)
=

(∮
ai

duj∮
bi

duj

)

▶ Principle (Kontsevich, Zagier): Whenever you meet a new
number, and have decided (or convinced yourself) that it is
transcendental, try to figure out whether it is a period

▶ KQ KC ≡ 2Δ, deg Δ = g − 1
−KQ = �∗ (Δ− (g − 1)Q) = �Q (Δ)
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Spectral Curves
Use of Symmetry

Symmetry. Why? Can be used to simplify the period matrix and
integrals.

� ∈ Aut(C)

�∗!j = !kLk
j , �∗

(
ai
bi

)
= M

(
ai
bi

)
:=

(
A B
C D

)(
ai
bi

)
, M ∈ Sp(2g ,ℤ)

∮
�∗


! =

∮


�∗! ⇐⇒

(
A B
C D

)(
A
ℬ

)
=

(
A
ℬ

)
L⇐⇒ MΠ = ΠL

Restricts � : �B� + �A− D� − C = 0
Curves with lots of symmetries: evaluate � via character theory

w 2 = z2g+2 − 1 (D2g+2), w 2 = z(z2g+1 − 1) (C2g+1)
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Example: y 2 = x6 + bx3 + 1

▶ D3 symmetry s : (x , y)→ (�x , y) r : (x , y)→ (1/x , y/x3)
� = exp(2i�/3) (� : (x , y)→ (x ,−y))

▶ Six fold cover of the y -plane. Branch points at y = ±1, ∞
and ±

√
1− (b/2)2.

Eg b = 5 Monodromy (2, 4, 3) at ±1; (2, 3, 4)(1, 6, 5) at ∞;
(12)(45)(36) at i

√
21/2; and (13)(25)(46) at −i

√
21/2.

▶ ∃ canonical homology basis {a, ra, b, rb} with < a, b >= 1.

▶ a1 = a + ra, a2 = b− rb, b1 = b, b2 = ra.

u1 = (1− x)
dx

y
, u2 = (1 + x)

dx

y
, r∗u1 = u1, r∗u2 = −u2∫

a1

u1 =

∫
a+ra

u1 =

∫
a

(u1 + r∗u1) = 2

∫
a

u1∫
a2

u1 =

∫
b−rb

u1 =

∫
b

(u1 − r∗u1) = 0

Π =

⎛⎜⎜⎝
2
∫
a u1 0
0 2

∫
b u2∫

b u1

∫
b u2∫

a u1 −
∫
a u2

⎞⎟⎟⎠ =

(
A
ℬ

)
, � =

⎛⎜⎜⎝
∫
b u1

2
∫
a u1

1

2
1

2

−
∫
a u2

2
∫
b u2

⎞⎟⎟⎠
D3: choose b = sa so sb = s2a = −a− b

� =

(
�1 1/2

1/2 �2

)
12�1�2 + 1 = 0
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� = exp(2i�/3) (� : (x , y)→ (x ,−y))

▶ Six fold cover of the y -plane. Branch points at y = ±1, ∞
and ±

√
1− (b/2)2.

Eg b = 5 Monodromy (2, 4, 3) at ±1; (2, 3, 4)(1, 6, 5) at ∞;
(12)(45)(36) at i

√
21/2; and (13)(25)(46) at −i

√
21/2.

▶ ∃ canonical homology basis {a, ra, b, rb} with < a, b >= 1.
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y
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y
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∫
a
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u1∫
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∫
b−rb

u1 =

∫
b
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Π =

⎛⎜⎜⎝
2
∫
a u1 0
0 2

∫
b u2∫

b u1
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b u2∫

a u1 −
∫
a u2

⎞⎟⎟⎠ =
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A
ℬ
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, � =

⎛⎜⎜⎝
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Calculation
Example: Klein’s Curve and Problems

▶ C: X 3Y + Y 3Z + Z 3X = 0
▶ Aut(C) = PSL(2, 7) order 168.

▶ �RL =

⎛⎜⎝−1+3i
√

7
8

−1−i
√

7
4

−3+i
√

7
8

−1−i
√

7
4

1+i
√

7
2

−1−i
√

7
4

−3+i
√

7
8

−1−i
√

7
4

7+3i
√

7
8

⎞⎟⎠
▶ � =

1

2

⎛⎝e 1 1
1 e 1
1 1 e

⎞⎠, e = −1+i
√

7
2

▶ This depends on finding a good adapted basis simplifying the
action of Aut(C) on H1(C,ℤ)

▶ Symplectic Equivalence of Period Matrices � , � ′

M =

(
A B
C D

)
∈ Sp(2g ,ℤ)⇔ MT JM = J(

� ′ −1
)

M

(
1
�

)
= 0
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Calculation
Example: Klein’s Curve and Problems

C: w 7 = (z − 1)(z − �)2(z − �2)4, � = exp(2�i/3)

Sheet 1 Sheet 2 Sheet 3 Sheet 4 Sheet 5 Sheet 6 Sheet 7

Figure: Homology basis in (z ,w) coordinates
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Calculation
Techniques and Problems

▶ How can one specify homology cycles?

▶ How to determine M, �∗(
) = M.
? extcurves

▶ How to determine a good basis {
i}?
Example (Fay): � : Ĉ → Ĉ, �2 = Id, � : Ĉ → C := Ĉ/ < � >
2k fixed points. ĝ = 2g + k − 1

a1, b1, . . . ag , bg , ag+1, bg+1, . . . ag+k+1, bg+k+1, a1′ , b1′ , . . . ag ′ , bg ′

where a1′ , b1′ , . . . , ag ′ , bg ′ a basis of H1(C,ℤ) and

a�′ + �(a�) = 0 = b�′ + �(b�), 1 ≤ � ≤ g

ai + �(ai ) = 0 = bi + �(bi ), g + 1 ≤ i ≤ g + k − 1
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Calculation
Symmetry and KQ

−2KQ = �∗ (2Δ− 2(g − 1)Q) =

∫ 2Δ

∗
! − 2(g − 1)

∫ Q

∗
!

−2KQ .L =

∫ 2Δ

∗
�∗! − 2(g − 1)

∫ Q

∗
�∗!

−2KQ . [L− 1]=

∫ �(2Δ)

2Δ
! − 2(g − 1)

∫ �(Q)

Q
!

Lemma
�N =Id. If L− 1 is invertible and Q a fixed point of � then KQ is
a 2N-torsion point.

−2KQ . [L− 1] = nΠ
Corollary

Lemma+ ∈ Aut(C). Then

∫  (Q)

Q
! is a 2N(g − 1)-torsion point.
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Calculation
Symmetry and KQ

Symmetry+Fixed point ⇒ KQ a torsion point.
Suppose ∃ l , m ∈ ℤ2g such that mΠ = lΠ [L− 1] = l [M − 1]Π.
Then (−2KQ + lΠ) [L− 1] = (n + m)Π in ℂ

Idea: Use Smith Normal Form of M − 1 to choose l , l(M − 1) = m
so as to make n + m as simple as possible.

M − 1 = U Diag(d1, . . . , d2g )V , di ∣di+1, U,V ∈ GL(2g ,ℤ)

(mV−1)i ≡ 0 mod di , di > 1

Klein’s curve, order 7 automorphism: d ′s = 1, . . . , 1, 7. Q = (0, 0)

−2KQ = (k , 0, 0, 0, 0, 0)(M − 1)−1Π, k ∈ {0, 1, . . . , 6}

Order 4 Automorphism ⇒ k = 3. Thus −2KQ fixed. Final

half-period done numerically. K0 =
i√
7

(3,−1, 5)
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Klein’s curve, order 7 automorphism: d ′s = 1, . . . , 1, 7. Q = (0, 0)

−2KQ = (k , 0, 0, 0, 0, 0)(M − 1)−1Π, k ∈ {0, 1, . . . , 6}

Order 4 Automorphism ⇒ k = 3. Thus −2KQ fixed. Final

half-period done numerically. K0 =
i√
7

(3,−1, 5)
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Calculation
Symmetry and ES Vector

▶ Ercolani-Sinha Constraints

1. U = 1
2�{

(∮
b1

∞, . . . ,

∮
bg

∞

)T
= 1

2n + 1
2�m.

2. Ω =
�0�

n−2 + �1(�)�n−3 + . . .+ �n−2(�)
∂P
∂�

d�,
∮
es

Ω = −2�0

es = n ⋅ a + m ⋅ b

▶ (n,m)

(
A
ℬ

)
= −2(0, . . . , 0, 1)

▶
�n−2 d�

∂P
∂�

invariant under � ∈ Aut(C)⇐⇒

(n,m) = (n,m)M = (n,m)

(
A B
C D

)
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Spectral Curves
Intermediate Quotients

▶ H < G = Aut(C)

t−1 ⋅ x t−−−−→ x

H

⏐⏐y H

⏐⏐y
H ⋅ t−1x H ⋅ x

▶ t yields a symmetry of C/H if and only if t ∈ NG (H)

1. Seek subnormal series of G : 1 = A0 ⊲ A1 ⊲ ⋅ ⋅ ⋅ ⊲ An = G .
2. Caution: quotient curve may have symmetries not arising from

the original curve.

▶ Can we explicitly determine the curve C/H?
� : C ↪→ ℙa the vanishing of a hom poly. ℒ = �∗(O(1))
∃ k ℒk ample

R = ⊕n≥0H0(X , (ℒk)⊗n), C ≡ Proj(R).

Provided G commutes with the ℂ∗ action

ℙa0,a1,a2//G = Projℂ[x0, x1, x2]G , deg xi = ai
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Example
0 = Z 3 + XY (X + Y )

▶ ℰ ⊂ ℙ2 : 0 = Z 3 + XY (X + Y )

▶ Weierstrass V 2 = U3 +
1

4
Y 6, U = −ZY , V = XY 2 +

1

2
Y 3

▶ C3 action: X 7→ −(X + Y ), Y 7→ X , Z 7→ Z .

▶ Invariant Z . Semi-invariants
(X − �2Y ) 7→ �(X − �2Y ), (X − �Y ) 7→ �2(X − �2Y ).

deg. 1 2 3

invt. Z (X − �Y )(X − �2Y ), Z 2 �, �, 
, �

� = (X − �2Y )3, � = (X − �Y )3, 
 = i3
√

3 Z 3,
� = i

√
3 (X − �Y )(X − �2Y )Z

▶ � = � + 
, 0 = �3 + �
(� + 
)

Ring of invariants for quotient curve ℛ =
ℂ[�, �, 
]

�3 + �
(� + 
)
▶ Proj(ℛ) = ℰ 3 : 1 unbranched covering.
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Summary

▶ We have seen how symmetry simplifies

1. Calculation of matrix of periods and �
2. Calculation of KQ

3. Calculation of ES vector U

▶ We will see how symmetry simplifies � (sU + C∣�)
▶ Have yet to solve any of the transcendental constraints on C

1. ES constraints: 2U ∈ Λ⇐⇒ U
2. Flows and Theta Divisor: sU + C ∕∈ Θ
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