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1. Introduction
Heisenberg ferromagnet equation (spin of a 1D ferromagnetic)
St =8 xS, S*=1

or in a matrix notation
1 3
iS = 5[5, 5],  SP=1, 5= ;Skak-

Its Lax representation reads

L(N\) = 0, — AS(x,1),
A()\) = 1875 + A()(l‘,?f) + )\Al (x,t) + )\2A2(Z‘,t).

All matrices above belong to su(2).
Purpose of the talk: studying properties of 2-component system

iy Fuge + (vl + vviug + (uul + vvl)u =0,

vy FUze + () +vv))v, + (uul 4+ vvk)v =0,
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to generalize the Heisenberg model. The functions v and v are infinitely
smooth to satisfy

lim wu(zx,t) =0, lim wv(z,t) = 1.

r— 400 xr— +00

Moreover, u and v obey the constraint |u|? + |[v|* = 1.
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2. Preliminaries
e Lax representation
NEE <« [L(A),A\)] =0,

where the Lax pair (polynomial bundle) is given by:

L()\) = 10, + )\L1($,t),
A()\) = 1375 + )\Al (CIZ, t) + )\2A2($, t),
where
0 u w 1/3 0 0
L, = u* 0 0 |, Ay=-— 0 |ul*-2/3 u*v
v* 0 0 0 v*u v]? —2/3
O* a b a =iug +i(uul +vviu
Al = a 0 O , . . f *
>0 0 b =iv, +i(uul + vvl)v
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The specific structure of the matrices is a result of a Zg X Zsy re-
duction on generic Lax operators

LT\ = —L(\),  AT(Z) =—-AW),
CL(-\C = L(\), CA(=NC = AN,

where C = diag (1, —1, —1) and the operation ~is defined as follows
LY (2, t,N) =100 (2, t, \) — Mp(x, t, \) LI (2,8, A).

The matrix C represents Cartan’s involutive automorphism in-
volved in the definition of SU(3)/S(U(1) xU(2)), that is it induces
a Zs-grading in the Lie algebra sl(3, C)

s((3) =s°3)@sl'(3), slI73)={X e€g; CXC=(-1)7X}.
Thus any function X (z,t, \) with values in s[(3) is presented as

Xz, t,\) + Xz, t, ), X%z, t,)) esl®(3).
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e Scattering problem

— Fundamental solutions
Introduce the auxiliary linear system

LN)Y(x,t, N) =10, ¢0(x, t, A) + ALy (x, t)(x, t, A) = 0.
Since L(A) and A(\) commute v also satisfies the equation
AN (2, t, N) = [10;+MA; (2, ) +N A (z, )] (x, 1, N) = Pz, t, N) fF(N)
for some matrix-valued function f(\). We choose

f(A) = lim 9;81 [)‘Al (z,t) + )\2142(37775)]9% — _)\217

r— 100
where
1 1 0 -1
gss=—= | 0 vV2 0 |, I = diag (1/3,-2/3,1/3).
V2 1 0 1
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— Jost solutions and scattering matrix

lim ¢y (z,t, Ne M7t =1,

as
xr— 1+ 00

where J = diag (1,0, —1) is the diagonal form of the asymp-
totic lim, 4o L1(x,t). The transition matrix

T(t7 )‘) — [¢+ (xv 2 A)]_lw— (377 2 )‘)

is called scattering matrix. It can be shown that T' evolves
with time according to

0, T+[f(N), T] =0 = T(t\) =/, \)e VN
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— Construction of fundamental analytic solutions
X, A) = - (2, M) 8% = gy (2, VTT () DF(N),

where

T(A) =TTN)D*(N)(ST(\) ™"
— Riemann-Hilbert problem

X (2, A) = x" (2, N)G(A).

— Reduction conditions on the Jost solutions, the scattering ma-
trix and fundamental analytic solutions

—1

Wl = palen), (TP =T,
C"vb:I: ($, _)‘>C — w:l: (CE, >‘)7 CT(_)‘)C — T()‘)v
XA = (@A™, Cxt(z,-A\)C =x(z,)).
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3. Soliton solutions
3.1. Dressing method

e Concept of the dressing method

Let 1y be a fundamental solution to

LO(A)¢O(:I:7 )‘) — iaa:¢0(x7 )‘) + ALl,O(x)¢0(x7 )‘) =0

with some known potential L; . We construct another function
1 = g1)g and suppose it satisfies the same linear problem

LMY (x, \) =109 (x, A) + ALy (x)y(z, X)) = 0.
with a different potential to be found. This implies

lﬁxg -+ )\(Ll g — ng,O) = 0.
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e Ansatz for the dressing factor
We pick up a dressing factor in the form
B(x) CB(x)C

A=A

that is compatible with the reduction conditions
Cy(z,-N)C = g(z,N),
gl @A = g,
The inverse of g looks like

Bf(x) B CB'(z)C

1 ’)\ :AT +
5 0 = Al + ) CEL)

e Algebraic constraints
From the identity gg—! = 1 it follows
Bt CBTC> 0
po— ot |

B(AH—
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At this point we introduce the factorization B = X F'". Hence we

have
Frpx Fr'cr*
— X +

po— p" P+ s
Solving the equation above: I, A = X. But F, A =7.

AF™ CX.

Analysis of the differential constraint on g
At A =0 it leads to

1 1
0.A= - 0.,(B+CBC)=0 = A= (B+CBC)+ 4,

It suffices to pick up Ag = 1. On the other hand comparing the
residues leads us to the coclusion that

i0, F' —pF'Lig=0 = F'(z) = Flygt(z, A= p).

After substituting A one obtains
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where

M*FTF* M*FTCF*
a = —, b= — —
p(p — p*) g+ p*)
By inverting the linear system above we get X expressed by F':
X3 (a+b)"L1EF}
X=| Xo |=| (a—0)"'F5
X3 (CL — b)_lFék

In order to obtain a relation between L; and L; o one takes the
limit A — oo in .

]
Xxg+Lw—ghp=0

to deduce that
Ly = AL oAT.

This relation allows us to generate another solution starting from
a known one by following the sequence

L1,0—>w0—>F—>X,A—>L1.
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Recovering the time dependence

In order to recover the time dependence one needs to compare the
linear problems

AN = [i0; + MNAL + N2 A0 = o f,
Ao\ = [i0 + AA10 + A2 Asgltbo = o f.

Therefore the dressing factor satisfies
i&tg + [)\Al + )\2142]9 — g[)\Al,O + )\214270] = 0.

A more analysis shows that Fy depends on time exponentially

.2 L2 c 2
s in<t _ 2ip~t inct
Fg —> FOTe if(mt — (e 3 F(),l, € 3 F(),Q, e 3 Fo,g) .
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3.2. Elementary solitons

Let us choose as a seed solution

Ly =

_ O O
o OO
o O

Then for 1y one obtains

cos\x 0 1isin)\zx
¢0 (ZU, ta )\) — 0 1 0
isinAx 0 cos\z

Inserting vy into the expressions for F' leads to
Fo 1 cospx — 1Fg 3 8sin pux

F(ZC,t) — FO,Q
F(),g COS U — iF(),l sin U
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Particular cases (elementary solitons):

1. Consider Fj 2 = 0. In this case the solution is stationary, namely

u(x) = 0,
v cos(2wx + &)
wcosh(2yx + &) |’

v(r) = exp [4iarctan

where w :=Repu >0, y:=Impyu > 0 and
2’F0,1F0’3‘ Cos(arg FO,l — arg Fo,g)

\/(|F0,1‘2 + ’F0,3|2)2 — 4|F0,1F0’3’2 cos2(arg F())l — arg F(),g)
2‘F071F0,3| Sin(arg FO,l — arg Fo’g)

\/(‘F0,1|2 -+ ‘F0,3‘2)2 — 4‘F0,1F0,3‘2 COS2(aI'g F()’l — arg F(),g)

sinh 50 =

Y

sin 0g =
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2. FO,l = Fg,g. Now F'is given by

Fp e he
F(SE, t) — FO’Q.
Fp e

and after recovering the time dependence the soliton solution reads

4lwfy [2we'y(x—2wt—|—19o) 4 (w _ i,y)e—'y(ac—Zwt—i—ﬂo)]
(w _ ify) [2wefy(x—2wt—i—z90) i (w i iv)e‘V(x_QWt‘Fﬁo)} 2

x expliwzr +i(y* — w?)t +igo],

u(x,t) = —

Y

o 2
via,t) = 1- = 1
(w — iy) [2006’7(37_2”75“‘?90) + (w + i/y)e—'y(:c—2wt—|—190)}
where
1 F
o= —In | 0’1|, ¢o = arg Fp 2 —arg Fp 1.
v | Foel
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4. Generalized Fourier Transform

e Wronskian relations and ‘squared solutions’

(xE) ' LixE| :/ dil?fciLLxXjE

r=——00
— 00

Therefore one can write

<(Xi)_1L1Xi,Ea>\i@=/ da (Liged).

— OO

The quantities e (z, \) = xT(z, \) E4[xT (2, \)] ! introduced above
are called ‘squared solutions’ and

(X,Y) = tr (XY)
is the Cartan-Killing form.
e Splitting of e (z,\) due to Zy-grading of the Lie algebra
ea(x,\) = Hao(z, N)+Ka(z,N), Holz,\) €5°(3), Kaolz,\) €sl*(3).
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In addition, H,(x, A) and K, (z, A) split into
Ho(x,A) = Hyo(x,\)+ ho(z, ) Lo(x), (Hy, Lo) = 0,
Kalx,\) = Koz, )+ ko(x, \)L1(x), (Kq, Ly) =0,
where Ly := L? —2/3 € 51°(3).

It can be proven that the ’squared solutions’ form a complete sys-
tem in the space of smooth functions with values in s((3)/ kerad 1,
Hence they play a role quite similar to the exponential functions in
the usual Fourier analysis — by expanding all quantities involved
in NEE one obtains a linearized version of the NEE.

Recursion operators

Consider the equation
i0zeq + AlL1,€eq] = 0.
Due to the grading condition H, and X, are interrelated through

10, Ho + A[L1,Ka] =0,
10, K + A[L1,Ha] = 0.
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After we extract the terms proportional to L; we obtain

<L2, (933Ha> + &Eha =0 = ha = ha,O —
<L1, 8xKa> + 6’58143@ =0 = k’a = ka,O —

On the other hand the orthogonal part reads:

8_1 <L278$H0é>7
(9_1 (Ll,&,;Ka> .

D= N

iﬂ@xHa + ihaLZ,aj — _)\[Lla KOé]a
iw&xKa + ikaLl,x — —)\[Ll, Ha].

After substituting h, and k. in the equations above we get

AlKa — )\Hoz — ka,OA2L27
AQHa — )\Koz — hoz,OAlle

where



Let us apply As to the first relation and A; to the second one. The
result reads:

AFATKE = MK — Mg oAT L1 — kaoAS AT Lo,
ATATHT = XNHT — MeqoA; Ly — haoATAS Lo,

The constants h, o and kq o are determined by the asymptotic of
the relevant ‘squared solution’ for x — oo (or for x — —o0). More
detailed analysis shows that the following equalities holds:

AJATKZ (2,0) = MKz, (z,)), AZATK D, (z,)) = NKi,(z,))
AFATHE (z,A) = XNHz,(z,)), A7TASHE (z,0) = NHi,(2,))

The operator AT introduced as

ATX = ATATX, X esl?3),
ATY = AFATY, Y esl'(3).

is the called recursion operator.
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5. Integrable hierarchy
e Description of the integrable hierarchy in terms of the recursion
operator

Any member of the integrable hierarchy under consideration has a
Lax pair in the form

L(X)

1833 + )\Ll(az, t),

N
AQN) = 10+ Y A Ag(z,t).
k=1

As before the operators L and A are subject to the reductions

Cqu_lC = _A2q—1 = qu_l c 5[1 (3),
CAQqC = qu, = qu ~ 5[0(3)
The original Lax pair corresponds to the simplest nontrivial case
(N = 2) of this general flow pair.

The compatibility condition [L(A), A(A)] = 0 gives rise to the fol-
lowing set of recurrence relations:
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[LlaAN] — 07
1890AN + [LlaAN—l] = 0,

iaxAk—l—[Ll,Ak_l]:O, k=2,...,N—1,

0, A1 — 0L = 0.

It follows from the first relation that the highest order term is a
polynomial of L; and hence we have two possibilities for Ap:

a) Ay = f2pL27 for N = 2p,
b) AN = f2p+1L1, for N = 2p + 1.
It suffices to restrict oursleves with the case when N = 2p.

We shall split each element A into two mutually orthogonal parts:
Aggm1 = Aqu_l + foq—1L1,
qu = AQLq + quLQ.
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Substituting the splitting of Ay _1 we have
if2p,:cL2 + iprLZ,x + [Lla Aé_p—l] = 0.

After taking the Killing form (., Lo) to separate the Li-commuting
part and its orthogonal complement we deduce that

: —1
fn = ¢y = const, AQLp_l = —icgp ad L2

Similarly, after extracting the Li-commuting part from the generic
recurrence relations we determine for the coefficient fo,_1 (resp.

f2q)

1
faqg-1 = cC2q—1 — =0, <(A§_q—1)x >L1> ;

3
Joq = C2q—§3;1<(A2Lq)$,L2>,

where co,—1 (resp. caq) is a constant of integration. On the other
hand from the orthogonal parts of generic recurrence relations one
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can express Az, _; (resp. Ajz,), namely :

1 _ 1 . 1
1 1 . —1

The last recurrence relation yields to
o1, 41
fi =1 = 507 (A ), L),
iad leﬁtLl + AlAf_ — iclad leLl,a: = 0.

Finally for an arbitrary member of the integrable hierarchy we
obtain

p p—1
a) 8tL1 — Z ng(AlAg)q—lAlad leLQ,gj + Z 02q+1(A1A2)qad leLl,xa
qg=1 q=0
p p
b) (9tL1 — Z ng(AlAQ)q_lAlad leLQ,w + Z ng_|_1(A1A2)qad leLl,x-
qg=1 q=0
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The coefficients ¢ are involved in the dispersion law of the corre-
sponding NEE:

N
FO) = lim go "> M A(3, 1) gas.

T — 100
k=1

The dispersion law determines the evolution of scattering matrix
T(t,\) = N0, \)e VL,

It is not hard to check that the equalities below are valid

p—1 p
a) f()\) = Z 62q+1>\2q+1j -+ Z ng)\2ql,
q=0 q=1
p p
b)  fAN) =) coq NI+ ) eag N
q=0 q=1

where J = diag(1,0,—1), I = diag(1/3,—2/3,1/3). The initial
NEE can be derived from the above formulae in the simplest case
N = 2 after inserting co = —1 and ¢; = 0.
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e Integrable hierarchy in terms of the scattering data

The following theorem holds true:

Theorem 1 Let the Lax operator L be such that its potential sat-
1sfies the conditions:

1. Li(x) — limy 400 L1 is complex valued function of Schwartz
type;

2. Li(z) is such that the principal minors of the scattering matrizx
have a finite number of simple zeroes which do not coincide;

3. The principal minors have no zeroes on the real axis of the com-
plex \-plane.

Then the NEE are equivalent to each of the following set of linear
evolution equations:

i0,S% + [f(\),STN)] = 0,  9,DT(\) =0,
. + + + d)‘lzct
latSk + [f()\k ), Sk} = 0, W = 0.
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where ST(\) = expsT(\) and

0 Res sf  Res st

0 st st A=AF T a=af
sT(\) = 0 0 si |, st =10 0 Res s
0 0 0 A=Ay
0 0 0
0 0 0
0 00 Res s, 0 0
s (A = S, 0 0 ], s, = | A=x,
as  Sa, 0 Res s, Res s, 0

— 3 —
A=) A=)

The variables {s*()\), X € R, si:;k, Va € Ay}}_, define a
minimal set of scattering data.
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Conclusions

e A 2-component generalization of HF equation has been studied.
The direct scattering problem for the corresponding L operator
has been developed in terms of Jost solutions, scattering matrix
and fundamental analytic solutions.

e The soliton solutions have been constructed analytically. For that
purpose we have used the dressing technique.

e The basic notions of the generalized Fourier intepretation of the
inverse scattering method has been introduced. These are Wron-
skian relations, ’squared solutions’ and recursion operators. By
using them we have described the integrable hierarchy of NEE, as-
sociated to L in terms of recursion operators and scattering data.
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