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e Completely integrable Hamiltonian systems (Liouville 1855)
are dynamical systems admitting a Hamiltonian description
and possessing sufficiently many constants of motion, so that
they can be integrated by quadratures.
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U + ULy + Ugpy = 0, L =1[B,1]

1
L =0, + éu(x,t)
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e For oo-d phase manifold M, Laz Representation (Lax, 68)
has played an important role in formulating the Inverse
Scattering Method (ISM ) and of the AKNS scheme.
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e Most of the evolution equations admitting a Lax
Representation are generally Hamiltonian dynamics on
infinite dimensional (weakly) symplectic manifolds.
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e Most of the evolution equations admitting a Lax
Representation are generally Hamiltonian dynamics on
infinite dimensional (weakly) symplectic manifolds.

e So the natural arena, for the analysis of their integrability, is
represented by the phase space with its natural symplectic
structure.
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Most of the evolution equations admitting a Lax
Representation are generally Hamiltonian dynamics on
infinite dimensional (weakly) symplectic manifolds.

So the natural arena, for the analysis of their integrability, is
represented by the phase space with its natural symplectic
structure.

In terms of this structure, the scattering data associated with
the Lax operator have a natural interpretation as
action-angle type variables (Faddeev Zakharov 71).
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e Many of these systems are Hamiltonian dynamics with
respect to two compatible symplectic structures (Magri 78,
Gelfand, I. Ya. Dorfman, G. V. 80), this leading to a
geometrical interpretation of the recursion operator (Lenard,
67).
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e Many of these systems are Hamiltonian dynamics with
respect to two compatible symplectic structures (Magri 78,
Gelfand, I. Ya. Dorfman, G. V. 80), this leading to a
geometrical interpretation of the recursion operator (Lenard,
67).

e Then integrability of non linear field theories could be
naturally explained in terms of mixed tensor fields, whose
relation with Lax operators is still unclear (De Filippo,
Marmo, Salerno, G. V. 82) .
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e Many of these systems are Hamiltonian dynamics with
respect to two compatible symplectic structures (Magri 78,
Gelfand, I. Ya. Dorfman, G. V. 80), this leading to a
geometrical interpretation of the recursion operator (Lenard,
67).

e Then integrability of non linear field theories could be
naturally explained in terms of mixed tensor fields, whose
relation with Lax operators is still unclear (De Filippo,
Marmo, Salerno, G. V. 82) .

e Indeed, integrability criteria can be given in terms of invariant
mixed tensor field, having 2-d eigenspaces and vanishing
Nijenhuis torsion. (De Filippo, Marmo, Salerno, G. V. 82, 84
and 85, Florko, Yanovski 83, Landi, Marmo, G. V. 94)
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The analysis of the integrability realized with the help of a
such tensor field leads to the formulation of an integrability
criterion (DMSV 82,84, DSV85, LMV94) which, for finite
dimensional systems, is essentially equivalent to the classic
Liouville theorem.
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The analysis of the integrability realized with the help of a
such tensor field leads to the formulation of an integrability
criterion (DMSV 82,84, DSV85, LMV94) which, for finite
dimensional systems, is essentially equivalent to the classic
Liouville theorem.

The mentioned essential equivalence means that the
equivalence holds for non resonant Hamiltonian systems.
This is the case when the number of first integrals, defined on
the entire phase space, is larger than one half of the phase
space dimension. The prototype is Kepler dynamics which,
however, is bihamiltonian and has a recursion operator with
the right properties (Marmo and G.V. 92).
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The analysis of symmetries shows that generally one is faced
with a non Abelian algebra corresponding, for Hamiltonian
systems, to a non Abelian algebra of first integrals
(Krasil’shchik, Lichagin and Vinogradov 86). The
integrability of such systems, with finitely many degrees of
freedom, has been analyzed in several papers (Mishenko and
Fomenko 78).
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The analysis of symmetries shows that generally one is faced
with a non Abelian algebra corresponding, for Hamiltonian
systems, to a non Abelian algebra of first integrals
(Krasil’shchik, Lichagin and Vinogradov 86). The
integrability of such systems, with finitely many degrees of
freedom, has been analyzed in several papers (Mishenko and
Fomenko 78).

However, there exist field dynamics, related to vector and
matrix nonlinear Schroedinger equation (Kulish 85, Gerdjikov
94), possessing a noncommutative set of first integrals, and
for them it is useful to have a noncommutative integrability
criterion formulated in terms of a recursion operator.
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The best known criterion of integrability goes back to Liouville

LIOUVILLE

If on a 2n-d symplectic manifold M are defined a Hamiltonian
dynamics and n functionally independent first integrals fi,..., fn
in involution {f;, f;} = 0 Vi,j = 1,...,n , whose associated
Hamiltonian fields X; are complete, then the level manifolds

Mimy={peM: filp)=m, i=1,...,n},

are invariant with respect to the dynamics and each of their con-
nected components is diffeomorphic either to 7™ x R*~™ or, if
compact, to a torus T™. Moreover, for every point p € M near
which m is constant, there exists a neighborhood i/ invariant under
the composed flow of the vector fields X;, and canonical coordinates
(Pr,--+,Pp, QY-+ ,Q"), where Q',--- ,Q™ are angles, such that
the equation of the motion take the form:

P=0, Q'=/(P), 1< i<n.
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Invariance

Because of the bi-Hamiltonian structure of (some) evolution equations, the first
relevant property is the existence of an invariant the tensor field T'

LAT =0

This characterization of the dynamics is very suggestive because of the similitude

Dynamics Invariant structure
Symplectic
Geodesical
Killing a symmetric, not degenerate (2) tensor field

w a not degenerate, skewsymmetric, closed (g) tensor field
Iy
g

Hamiltonian 3 a skewsymmetric (g) tensor field, fulfilling Jacobi Identity
T

a connection 2-form

Liouville a volume form
Lax

a (}) tensor field with vanishing torsion
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Invariance

Because of the bi-Hamiltonian structure of (some) evolution equations, the first
relevant property is the existence of an invariant the tensor field T'

LAT =0

This characterization of the dynamics is very suggestive because of the similitude

Dynamics Invariant structure

Symplectic a not degenerate, skewsymmetric, closed (g) tensor field
Geodesical a connection 2-form

Killing a symmetric, not degenerate (2) tensor field

Liouville a volume form

w
Iy
g

Hamiltonian 3 a skewsymmetric (g) tensor field, fulfilling Jacobi Identity
T a (}) tensor field with vanishing torsion

Lax

Vanishing of Nijenhuis torsion

The second relevant property, coming by the Lenard sequence, is 5(T"a) =0 if «
is d-closed and dp-closed, i.e., if da = 0 and §(T'«) = 0.
Such a property is ensured by

Nr(a, X,Y) =0

where
Nr(a, X,Y) = (o, Hr(X, Y))
and
Hr(X,Y) = [(LTXT)A - T(LXT)A] %
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Bidimensionality of eigenspaces of T’

Since T is a (1, 1)-tensor field, we can put a corresponding eigenvalue problem for
the associated endomorphism T on A(M) :

TGx = AG.

It is not difficult to see that for each X there exist two (generalized) eigenvectors,
namely G}\ ,Gi such that

TG} = AGL, TGS = A\G3 + G,

this corresponding to Jordan’s normal form for a finite matrix.
Explicitly, we have:

) ) .0 )
Gl = €9 [faliky, @), G} = €9 o = [fa(ikj, )
Ok;
where f(k,z) are the Jost solutions of the Lax operator L

L%f = —K%f, k2= —A.
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A more general setting for the commutative integrability is

LMV

Let M be a a smooth 2n-d manifold M, where n vector fields
Xi,...,Xp € X(M) and n functions f1, ..., f, € F(M) exist:

[Xi, X5]=0,
Lx,f"=0. d,je{l,...,n}.
Then, a dynamical system A on M which is of the form
A=Y" VX, vi=Ui(fh o M),
is completely integrable in any open dense submanifold where

XiAN--ANX, #0,
df* A---Adf"#£0 .
If the fields X; are complete, by using the n-functions f=!,..., f* ,

a family of symplectic structures can defined with respect to which
the dynamics is Hamiltonian.r
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An alternative integrability criterium, suggested by the analysis of
integrable models in field theory, can be formulated (DMSV82,
DMSV84, DSV85) using invariant tensor fields and it reads:

DMSV

Let A be a dynamical vector field on a differential manifold M
which admits a mixed tensor field 7" which

e s invariant
LAT =0,

e has a vanishing Nijenhuis torsion

e is diagonalizable with doubly degenerate eigenvalues \; whose
differentials d\; are independent at each point

Then, the vector field A is separable, completely integrable and
Hamiltonian.
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® The Hamiltonian character of the dynamics A is not assumed a priori but it
follows from the properties of the tensor field 7', so that all dynamics,
satisfying the given hypotheses, result to be Liouville integrable.
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The Hamiltonian character of the dynamics A is not assumed a priori but it
follows from the properties of the tensor field 7', so that all dynamics,
satisfying the given hypotheses, result to be Liouville integrable.

Integrability of dissipative dynamics can be put in the same setting by
assuming different spectral hypothesis for the tensor field 7.
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Non
commutative
integrability
criteria.

® The Hamiltonian character of the dynamics A is not assumed a priori but it
follows from the properties of the tensor field 7', so that all dynamics,
satisfying the given hypotheses, result to be Liouville integrable.

® Integrability of dissipative dynamics can be put in the same setting by
assuming different spectral hypothesis for the tensor field 7.

® The last formulation has the advantage of being more appropriate to deal
with dynamics with infinitely many degrees of freedom (completely
integrable field theories). We also observe that the Lax Representation, the
powerful integration tool for such systems, may not be useful in more than
one space dimension since the inverse problem in Quantum Mechanics has
been solved only for 1-dimensional systems.
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The Burger Hierarchy

An instance of a dynamics which admits an invariant mixed
tensor field 7" which satisfies Nijenhuis condition, but which is not
diagonalizable without complexification and whose eigenvalues are
trivially constant, is given by Burger’s equation. It can be
linearized through the Hopf-Cole transformation « = v, /v, where
v satisfies the heat equation v; = v,,. Burger’s equation is a
member of a whole hierarchy of nonlinear evolution equations
which linearize to equations of the type vy = D"v n=1,2,....,
D denoting z-derivative. The even elements of sequence obv1ously
define dissipative dynamics, while the odd ones are integrable
Hamiltonian evolution equations with respect to the following
symplectic form:

400 400
v / s10(2)(D~100) (@), (D7 f)() = / F(y)dy,
with Hamiltonian functionals given by

00 ‘
H, = 7/ (DPv)%da.

J —00
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In order that previous equations make sense, some assumptions on
the functional space M must be made, for example that M
consists of fast-decreasing infinitely differentiable functions. Then
clearly

Tlv]=D

is a Nijenhuis A-invariant tensor operator for heat equation
hierarchy. In the present geometrical approach, Hopf-Cole
transformation plays the role of a coordinate transformation and
thus a Nijenhuis A invariant tensor operator for Burgers’s
hierarchy is readily obtained from 7'[v] by,

sv\ ! ov
= (52) 1ol (50)
which easily yields

Tlu) =D+ DuD™",
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Burgers hierarchy is then obtained by repeated applications, on

the translation group generator Ay = u,, of the tensor operator
Tlu]
Ap =TFA,

The first fields of the hierarchy are

Ag = ug
A1 = 2uuy + Ugy

Ao = (3u3 + 3uty + Upy)s

This hierarchy is just the transcription in the new coordinate
frame of the linear one and, apart some technical points on the
phase manifold M, one can translate what has been said for heat
hierarchy to the Burgers hierarchy.
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Liouville integrability vs invariant mixed tensor fields

How to construct invariant mixed tensor fields, with the appro-
priate properties (also called a recursion tensor field), for a given
Liouville’s integrable Hamiltonian dynamics A?

If H is the Hamiltonian function and {-,-} denotes the Poisson
bracket, we have

Af ={H, [} .

Let us introduce in some neighborhood of a Liouville’s torus 7™
action-angle coordinates (Ji, ..., Jn, ', ..., ™), in which we have:

_9H 0

h
= g A=—— .
w dJy N dp", 7 5

h
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Let us distinguish two cases:

e The Hamiltonian H is separable

H =73, Hi(Jk)

In this case a class of recursion tensor fields can be easily
defined

T =3 M(Jn)(dJn ® 55 +do" @ 5%)

with the \’s arbitrary and functionally independent. Indeed,
the tensor field T is invariant and has vanishing Nijenhuis
torsion and doubly degenerate eigenvalues.
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The Hamiltonian has a non vanishing Hessian:

82
det (&]h&]k) #0

In this case, in the chosen neighborhood, setting

new coordinates (v/¢) can be introduced, so that the
dynamics can be described, with respect to the new
symplectic structure

2
wy =Y, dh Adph =Y, 5T ATy A de,
by a separable Hamiltonian function:
1
H, = ) (v m)?

As before, a class of recursion tensor fields is then given by

0 0
T = Z )\h th@W“v‘d(P ®a h)
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If the number of independent first integrals is larger than half the
dimension of the symplectic manifold, they cannot be in involution
anymore and one will have to deal with non commuting sets of
first integrals. For a finite number of degrees of freedom a non
commutative generalization of Liouville theorem is the following:



Liouville
Integrability
in Field
Theory

Gaetano
Vilasi
Universita
degli Studi
di Salerno,
Italy
Istituto
Nazionale
di Fisica
Nucleare,
Italy

Non
commutative
integrability
criteria.

MISHENKO E FOMENKO I

A Hamiltonian vector field on a symplectic manifold (M, w)
having a noncommutative Lie algebra A of first integrals
satisfying the condition

dim A + rank A = dim M,

is completely integrable, i.e. the joint level surfaces of the first
integrals are invariant, and in a neighborhood of each invariant
surface one can define canonical coordinates (\/x/p/q), the x’s
being the coordinates on the invariant surfaces, such that
Hamilton’s equations take the form

AM=0,X"=vi, pa=0,¢°=0, 1< i<r, r+l1<a<n,

with » = rank.A. If these invariant surfaces are compact and
connected one can prove, as in the commutative case, that they
are tori, and the x’s can be chosen to be angle variables. The
canonical coordinates are called, in this case, ”generalized action-
angle variables”.
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MISHENKO E FOMENKO II

If M is compact, then, under the hypotheses of the previous
theorem, one can find n = % dim M first integrals which are in
involution.

Even in this case, however, the noncommutative theorem, showing the full
symmetry of the system, remains of interest.

In the commutative case the level surfaces of the first integrals f; define an
invariant Lagrangian foliation F; of M. The Hamiltonian vector fields X;
associated to the functions f; are then a basis of commuting tangent vector fields
for the leaves and can be used to define local coordinates x* on the leaves. These
fields also commute with the Hamiltonian vector field A which, consequently, can
be expressed as A = v* (f) X;. In a neighborhood of a point p € M, the set (x/f)
define canonical coordinates and Hamilton’s equations of motion take the simple
following form:

In the noncommutative case the first integrals f,, 1 < a < 2n — r, still define an
invariant foliation, but the leaves now have dimension r < n and the Hamiltonian
vector fields X, associated with the first integrals f,, are not all tangent to the
leaves. However, the condition dim A + rankA = dim M ensures, for each leaf [,

the existence of a subalgebra .A4; which commutes with A on [.
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Vilasi To obtain a set of canonical coordinate, in a neighborhood of a point of [ and
Universita eventually of the whole of [, one needs to exploit further properties of this isotropic
degli Studi foliation. At each point p of I consider the subspace T}l C T, M and the resulting
di Salerno, distribution of symplectically orthogonal subspaces (Tpl)L. Since

Italy w (Z, Xa> |l = 0, this distribution is generated, for all leaves, by the vector fields

Istituto

X, and, furthermore, since X, satisfy the hypotheses of the Frobenius theorem,

l\éiazlé‘(.)r%ale we obtain a second coisotropic foliation F»> whose leaves are themselves foliated by
1 visica those of the first foliation F;. The regularity of this foliation follows from the
Nucleare, ind d £ the f R o h . " ical
Ttaly independence of the functions f,. One can now prove the existence of canonical
coordinates ()\i, X" Pos qa), such that the symplectic structure and the dynamical
vector field take the following form
w=d\ Adx' +dpa Adg®, A=v'(N)X;
Niom so that the equations of motion become
commutative
integrability : i i
criteria. Ai =0, X" =v" pa=0,4"=0
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The functions A; describe locally F2, and their associated Hamiltonian vector
fields X; define coordinates x* on Fi. The fields X; are independent and, since
w (X, Xq) =dX; (X4) =0, they are tangent to the leaves of Fq, and thus
commute among themselves and with A. To understand better this canonical
coordinates, one can actually observe that the momentum map J : M — A*
defined by J : z — &, € A" where £,(f) = f(z), f € A, defines a fibration of a
neighborhood U of a leaf of F5 with fiber I, = J 1t (€), namely a leaf of 1. The
neighborhood U can then be represented as [, X S X O, where O is the coadjoint
orbit through &, of the Lie group corresponding to A and S is a linear manifold
transverse to O. The symplectic structure w restricted to O coincides with the
Lie-Kirillov-Kostant-Souriau symplectic form; (pa,¢®) are canonical coordinates
on O and \; coordinates on S. It has been actually proved (Fasso and Ratiu, 98)
that all what is needed for the existence of such local canonical coordinates is the
double foliation, namely that M has an isotropic foliation such that the
distribution of subspaces, symplectically orthogonal to the tangent spaces to its

leaves, is integrable.
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Noncommutative integrability and invariant tensor field

SV

Let A be a dynamical vector field on a 2n-differential manifold M
which admits a (1, 1) mixed tensor field 7" which

e s invariant
LAT =0,

e is diagonalizable with only simple and doubly degenerate
eigenvalues whose differentials are independent at each point

pE M.
e has the property
Nr (e, X,Y) =0,

VX : X (p) € S(p), VY € D (M) and for all 1-forms o, S (p)
denoting the sum of eigenspaces associated to the doubly
eigenvalues of T (p).

Then, the vector field A is separable, completely integrable and
Hamiltonian.
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Gaetano For a non commutative Mishenko-Fomenko integrable system, we have
Vilasi w = dX\; Adx' + dpa N dg® and the equations of the motion
Universita
degli Studi R i X e .
- — v = = < i< <a<
di Salerno, Ai =0, X' =vi, pa =0,4 0, 1<i<r, r+l<asln,
Italy . X .
Tsisiotio or, calling p the collection of the p’s and ¢’s, more simply
Nazionale
di Fisica o e
Nucleare, Ai =0, Xy = Vi fig =0
Italy
It is easily verified that the following tensor field
— 5T e} 3 i 14 )
T=550% (5% ®dhi+ 52 @dx') +CF (1) 52 @ dpo.
is invariant and, for all diagonalizable matrix C (1) = 0p po, has a vanishing
goon’;muta“vc torsion, provided that the Hamiltonian function can be written in the form:
integrability
criteria. H = Kl ()\) + K2 (u) ,

with a separable
K1 (N) =220 Hi (M)
2
If K is not separable but det <% # 0, the construction of the invariant
jON;

tensor field follows strictly follows the lines of commutative case.
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This shows that also in the noncommutative case an invariant
torsionless tensor field can be always found. Of course, such a
tensor field always generates, by repeated application, Abelian
algebras of symmetries. Regardless of the vanishing of the torsion
on the whole space, the noncommutative features are linked to the
non degenerate eigenvalues and, then, are still described by the
term C7 (u) 8%[) ® dtg.
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Example

A Recursion operator for Kepler dynamics in the commutative case.
The vector field A for the Kepler problem, in spherical-polar coordinates, for
RS — {0}, is Hamiltonian with respect to the symplectic form:

w=3,dp; Ndqg' (i =r,9,¢),
P

k
m)‘FV(T% V(r) = - (1)

1 2 P29
H=— =
2m(m+ 2 T

In action-angle coordinates (J, ¢), H, w and A become:

H=—mk®(Jp 4+ Jy + Jp) > w=>_dJy Adp" (2)
h
Ao 2mk? ( ) ) b )
T (U J + J,)% 0ot T 992 | 93

It is globally Hamiltonian also with respect to: w1 = >, . Sy dJn A dcpk

J1 J2 J3 2

1 mk
S = - Jo — J3 Jy + Js3 J3 s H=-—
2 J3z — Jo Jo J1 + Jo (JT+J19+JKP)
T =Y (8" kdJn ® 55 + (57), " de” ® 52¢) (3)

has double degenerate eigenvalues and vanishing Nijenhuis torsion.
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Gaetano
Vilasi A Recursion operator for Kepler dynamics in the non commutative case.
Universita The Kepler dynamics has five first integrals given by the components of the angular
degli Studi momentum and the components of the orthogonal Laplace-Runge-Lenz vector.
di Salerno, In action-angle coordinates (J/¢) such first integrals are given by
Ttaly
Istituto J1,J2, J3, 01 — 92,02 — p3.
Nazionale
di Fisica By using the Delauney action-angle coordinates
Nucleare,
Italy
L = Jh+Ja+J3=\
Is e J2 + J3 = ps3
13 = Jg = M4
ar = P1=X1
Non Q2 = P2 —P1=Hs
commutative as = 3 — w2 = s,

integrability
criteria.

T*)\(8®d)\+a®d)+26: 8®d
= Al M 1 X1 X1 a:guaaﬂa Ha-

WHAT ABOUT LAX REPRESENTATION?
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Example

Einstein metrics invariant for a Lie algebra of Killing vector fields generating a 2
dimensional distribution D can be classified according to properties of the
orthogonal distribution D= .

Let g be a metric on a manifold and H be a Killing algebra of g with 2-d orbits.
Then dim H = 2, or 3. If dim H = 3, H is isomorphic either to As, or to Ga.
Restrictions of the considered metric to the Killing leaves (orbits) are
nondegenerate if f the distribution orthogonal to them is transversal to them. so,
the geometrical structure to be studied first is a nonintegrable bidimensional
distribution on a 4 — fold manifold M together with a bidimensional algebra of
vector fields of its symmetries whose orbits (leaves) are transversal to the
distribution. These structures have been completely described and this allows us
to construct a privileged local chart in which the equation Ric(g) = 0 is more
easily studied. All the possible situations, corresponding to a 2—dimensional Lie
algebra of isometries, are described by the following table

'Di,r:O DL,rzl DL,r:2
G2 integrable integrable integrable
Go semt — integrable semi — integrable semi — integrable
Go non — integrable non — integrable non — integrable
Az integrable integrable integrable
Az semi — integrable semi — integrable semi — integrable
As non — integrable non — integrable non — integrable

where a non integrable 2-dimensional distribution which is part of a 3-dimensional
integrable distribution has been called semi-integrable and in which the cases
indicated with bold letters have been essentially solved.
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The Ricci tensor field components in the Abelian case

® Components R;; = S;; + Tj;:

Sii
S12
Tii

T2

® Components

(Sab)

Tab

itr [H*lai H)H 9, (H)] + 62 (Ina) — 8; (Ina) d; (In f)

1
St [H*lal (H)H '8, (H)] + 810 (Inaf)
0

$°hii o Phn

2f TP 4f

(v2 + 9% - 20a9.2)

Rop = Sab + Tas:

57a [az (aH 19, (H ))Jra1 (aH*az(H))]

2 hiaship_2 2 _ S hia_zhip s
e = e (W e - 2aa)

® Components R,; = Sai + Tai:

Sai

Tai

0
I
a5 (1 — P 2) haa

s

C2V2f

)

hia—2 (1 — 1 2)0; (111
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The Abelian integrable case

In the Abelian integrable case main equations
O (OtHilal (H)) + 01 (OLH7182 (H)) =0

have a generalized Lax form and have been integrated by Belinski
and Zakharov by using the Inverse Scattering Method.

But, what about the Recursion Operator?
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Burgers hierarchy splits into two sub hierarchies

® Dissipative hierarchy
TNy, TNy, ..., T*" Ay, ...
® Hamiltonian hierarchy
Ao, T? Ao, ..., T*" Ao, ...

which are, respectively, a sequence of dissipative and Hamiltonian vector fields.
The foregoing statement can be understood by examining the spectral properties
of T', whose block diagonal form is

T:/dk (e(k) ® 9’k 7e;v®19k)k ;
The vector fields
ey [u] = [°2 dz(—ucos kx — ksin kz)exp [7 JEou dy] &%(m)
e’(k)[u] = [, dz(—usinkz + k cos kx)exp {— JEou dy ] #s(w) ,
are a basis of a generic invariant subspace:

Tewy = —keék), Tezk) = ke(r),

<19’<’°>, egk)> = <19<’“), e<k)> =8(h — k), <19’<’°>, e(h)> - <19<’“>, egh>> —o.
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The conditions
7 ’ !’
lecry, ey = lewys emy] = le@ry- eyl =0

imply the holonomicity of the frame, i.e., the existence of coordinates (q(’“>,p(k))
such that: s s

’
€ T Gl ) T

In the bidimensional integral manifold of {e(), ezk)}, the operator T' can be
projected to:

8 8
(k) _ (k)
dp ® 5700 ) no sum over k
where *
1 2 N2 d
g _ L (q<k> 4 p® ) i ¢® = arctan L
2 P

are action-angle type variables. Then, T transforms a dissipative integrable field of
the type

) _ AggRy_ 9
Xy =AU )Bj(k)
in a Hamiltonian one 9
(k) _ (k)
Xy =40 )Bcp““)

and vice versa
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This alternating character of 1" is responsible for the splitting of hierarchy into two
subhierarchies. Furthermore, we observe that

® 7 has a 2d invariant spaces, but is not diagonalizable without
complexification.

[ T2, which characterizes the Hamiltonian subhierarchy, is diagonalizable with
doubly degenerate constant eigenvalues.

Thus, for none of the subhierarchies one can use the integrability criterion to
establish their integrability. However, we observe that the projections of
dissipative dynamics on the bidimensional invariant spaces simply are one degree
of freedom dynamics, while for the Hamiltonian ones, the existence of a functional
JF) [w], which is not trivially conserved on each bidimensional space, ensures its
integrability. It is worthwhile remarking that this same functional J*) [u]
obviously plays the role of a Ljapunov functional for the projection of the
dissipative dynamics on the bidimensional invariant submanifold, thus ensuring the

asymptotic stability of the solution J®)[u] = 0.
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The Hamiltonian subhierarchy

We discuss in more details the Hamiltonian character of subhierarchy . In order to
do that, some care is needed for the appropriate choice of the functional space M
on which dynamics is defined. The most natural one would be to take M as the
functional space whose elements u go to a constant as © — Fo0, as it is the space
on which there lies the typical solitary wave of Burgers’ hierarchy. However, with
such a choice it would not be possible to introduce a Hamiltonian structure on M.

This can be understood easily by going back to the linear hierarchy for which M
becomes, via the transformation , the space of functions which as © — £o0o behave
like exp[kz] and the Hamiltonian becomes meaningless. One is then tempted to
restrict M in such a way, that both symplectic structures and Hamiltonian one be
well defined. This can be accomplished by considering only function v(z) tending
to some nonvanishing fixed constants as x — Foo or, equivalently, functions u(z)
vanishing as * — +o0o, whose integral has fixed value. More precisely, as for what
refers to tangent spaces, the derivative of Hopf-Cole map is a bijection dv — du
between S(R), i.e., the space of all fast decreasing test functions, and the space
of functions which are derivatives of elements of S(R), this ensuring the existence

of a symplectic structure with respect to which the subhierarchy is Hamiltonian.
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Liouville Theorem

\

|
y

T Recursion Operator

S Hamilton Jacobi

L Lax Operator
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