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§l. Star Product

Consider the space of complex (resp. real) polynomials 33(02”)
(resp. real Z(R?") of 2n variables (u,v) = (u1, -, Un,v1, - ,Vn).

§1.1. Moyal Product

Biderivation (Poisson bracket) \We consider biderivation

— — —
g’v/\oa’u:%/\oa’ul_k_l_%/\oaun
such that

£ (90 0o Ou) g = £ (9un Mo Buy) g+ + £ (Do Mg Bun) 9

where

— < > < >
J ( v1 o (%,1) g=17r (5?)18’&1 - 5%618@1) 9
— 8fulfaulg — 8ulfafvlg, c e etc

Obvously, the operator is the canonical Poisson bracket of C2n
(resp. R2™).



Moyal product For polynomials f, g € 22(C?"), the Moyal prod-

uct fxg is
given by
rra=rew (S n o) a=1 3 (5" (5o ro ou)" o

: 2\ 2 —
= fg+ (L) £ (00 Ao Bu) g+ 4 (2)” £(O0 7o Bu)2g + -
The product is associative, and is noncommutative in general.

Deformation Since limy_,of * g = fg the Moyal product * is
considered as a deformation of the usual multiplication fg .



Canonical commutation relations

The generators (w1, - ,un,v1, - ,vn) Satisfy the following caconi-
cal commutation relations (CCR) :

[u'auk]* — Oa [U',’Uk]* — 07 [’u,',?}k]* — _Zhék (1 Svjak S TL)
J J J J

where [f,gl« = (fxg—gx*f) is the commutator with respect to .
Weyl algebra

Then the algebra (Z2(C?"),«) is isomorophic to the Weyl algebra,
hence (Z(C?"),x) is regarded as an polynomial expression of the
Weyl! algebra.



§1.2. Star products (Extended Moyal product)
Now we extend the Moyal product by using 2n X 2n matrices.

We consider a 2n x 2n matrix [ = (1F1).

We denote the generators by

u = (6’17"' 7ﬂn7ﬂn—|—17"' 777’27?,) — (U]_,"' y Un, U1, -+ - 7UTL)'



Biderivation

Similar to the Moyal product, we consider a biderivation
2n
— . Lkl —
%/\ra&_ Z Y ?ﬂiﬁﬁz
kl=1

0O -1
1 O

_>
to the biderivation 50 No Ou Of the Moyal product.

Remark when [ = J = ( i

_>
), the biderivation g&/\r Oz is equal

Definition of Star product
Replacing the biderivation, we define a star product
ih — s o\ N —»\N
fxrg=1Ffexp (5% Ar %) 9= fNZO%@) (90 A Bu)" g

= fg+ () £ (Bon8u) g+ 2 (2)° FBo nBu)?g + -
for f,ge P(C?").



We remark that if ' = J, the star product *- coincides with the
Movyal product. Also if we can realize several typical star products
by putting [ special matrics.

It is easy to see the following:

Theorem 1. For any matrix I, the star product is associative.
Then we have an associative algebra (QZ(CQ”),*F).

Theorem 2. If the I and [ have have the same skew symmetric
part, then (2(C?"),x) and (2(C?"),.) are isomophic algebra.
Thus the algebraic structure of (@(CQ”),*F) depends only on the
skew symmetric part of I'.

Theorem 3 If [ is symmetric, the star product x- is commutative.
The algebra (@(CQ”),*F) is isomorphic to the usual polynomial
algebra Z(C?").



§1.3. Example

We consider a simple matrix I = (g 8) where p is the (1,1)

component. I is symmetric, then the_s1>:ar product is commutative,
and witten as py - po = p1 exp (%P&laul) p>. This is essentially star
product of one variable.

Then we put w = @1. and we consider functions f(w), g(w) of one
variable w € C. The product is rewitten as a commutative star
product x_ with complex parameter = such that

F(w) %, g(w) = Fw)ed v Tug(w)

By a direct calculation we have the star expnential function

exp,._ itw = f: 1 (g)’”’ (iw) = exp(itw — (7/4)t?)

n=0



Theta functions Hence for = with positive real part 7 > 0, the
star exponential exp,_niw = exp(niw—(7/4)n?) is rapidly decreasing
with respect to integer n and then we can consider summations.

o0 o0 o0 5 _

Z expy_ 2niw = Z exp (Qniw — Tn2) = Z q" eQmw,
n=—o0 n=——oo nN=——0oxo

where ¢ = e~ 7. This is Jacobi's theta function 63(w,7) Similarly

other theta functions can be expressed by means of the star expo-

nential functions.

Using the expression

oo

03(w, 7) = > exXpy_ 2niw

n=——oo

we can show several basic identities of theta functions; e.qg., pseudo
periodicity, imaginary transoformation, etc. See for example, Omor-
Maeda-Miyazaki-Yoshioka [7], lida-Yoshioka [8].
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52 MIC-Kepler Problem
MIC-Kepler problem is introduced by McIntosh and Cisneros, 1970.

The Hamiltonian formalism using the reduction method is investi-
gated for classical mechanical system in T. Iwai & Y. Uwano (1986)

4]

The quantized system is also investigated by T. Iwai & Y. Uwano
(1988) [5].
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T*R3

4 X
/ (p, x)

: phase space

& (p7 $)

R?,

S~o
-~

———
_———

——
-

p:(pxapy7pz)
\ m=1

x=(r,y, 2)

The equation of motion
& vector field X, = (p, )

2
: L L k
Ir X <—T—3:IZ> — grad (? — ;)

p p—
2
- o) (5407
r = p
(x(t) = (z(t), y(1), 2(t)) = O
r=ll @ = ya? +y? 4 22
where <
i =G0, p =B

k > 0 constant of Coulomb’s potential
WAS R constant of magnetic field




. Z
magnetic force

due to Dirac’s field ,JL . L -
Sl

T
o (5) &

Coulomb’s force

centrifugal force

due to Dirac’s field

r )
Dirac’s monopole field of strength —pu

—p
B,="3=x = ||Bu||:r_2
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Theorem 3.1 (T. Iwai & Y. Uwano 1986)

The MIC ( McIntosh and Cisneros, 1970 ) - Kepler problem is the
Hamiltonian system (T*R3, o, Hy,) s.t.

( 1 2k
Hu(p,x)=1%pl?+L£5 %

oy = dpz Ndx + dpy Ndy + dp, Ndz + 2,

\

where €2, : Dirac’s monopole field of strength —pu

Qu=— (zdy Ndz + ydz Ade + zdz A dy)
T

Remarks
¢ velocity of light

e charge of electron are all set at unity i.e. c=e=m =1
m mass of electron
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The MIC-Kepler problem as a reduced system

1 02 k

Hamiltonian Hy(x, p) = I p|I°+

% 2mrl2 r

—u € R constant for strength of Dirac’s monopole field

where { k>0 constant for Coulomb’s potential

Let E be the actual energy, the generalized Hamiltonian ®(x, p) is
defined by

d(x,p) = r(H,—E)
_ o 2, 2 p ko
= "“{Qm(px Ty )+ 5 E}
1 - 2
= —T{px2+py2‘|‘pz2+<—u> }—k—Er
2m T

E=H, <= ® =0 : equation of motion
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We consider a phase space T*R% and the S! action defined by

t e [0,4n], T*R*> (u, p) — (T(Hu, T(t)p) € T*R*

where *Tpd
R(t) O R

_ n(u, p
T(t) — (Tw)u, T(v)p

O R(t)
t I
COS§ — SIN >

R(t) =

i~ b t
smj COS§

7 is it's bundle projection, that is
T o R — R3

u —7m(u) ==

y(u) = 2(—ujug + uougz)
5 >

{ r(u) = 2(uiuz + upug)
2

2(u) = u1? + up? — uz® —ug . .
o
then us = u12 -+ u22 -+ u32 -+ U42 =r 4 x = W(u)/




Let
n . R4 — TuR4
u 77(“) — %(—’LLQ, uj, —uq4, ’U,3)

be the induced vector fied of the action. Then the momentum
mapping ¥ (uw, p) is given by

—dyp(u, p) = (1dp Adu) an(u, p)
=  Y(u, p) = 5(—’&201 + u1p2 — u4p3 + uzpa)
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The conformal Kepler problem is a triple (T*R“, dp Ndu, H)) |,

defined by T. Iwai & Y. Uwano, where H(u, p) = ﬁ(ﬁ Si1 pj2>.

Note that
1
™®d(u, p) = 8—m(P12 + p2® + p3° + pa®) — E(ui +us +u3 +ug) — k
1 /1 & L5\ k
= = 2\ -2 _pl=rH —E
Ranlar 07) = —5f =r{c o)

Then the Kepler problem (T*R3, o,,, H,) is obtained from the con-
formal Kepler problem (T*R#, dpANdu, H) restricted to the subman-
ifold vy ~1(u) by St reduction. (Iwai-Uwano [4]).
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Quantized MIC-Kepler problem

We consider a quantization of MIC-Kepler problem by means of the
Moyal product. We calculate explicitly the energy and multiplicity.
Also we can obtain the green function (section) of the Hamiltonian
by means of star product.
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Proposition [ the conformal Kepler problem H(u, p) |

—2mk?

It's eigenspace associated with the eigenvalue E, = 5
h2 (n + 2)

(n=20,1,2,---) is spanned by

fa(u, p) = fo(=1)" % Ly (4a7 ay) Lny(4a ay)

ni,n2,n3,ng > 0
b s, T Ln3(4a§|_a3) Ln4(4aj—a4)

ni+ng+n3s+nsg=n

where Vj=1,2 3.4

( 1 m Wn, n ) + 1 m Wn, )
a/. - - u. . , a/. [ .
=2V T Vb, )% T2 \V Vmhwn

4k
hwy, =
4 n-+ 2
_ ™m Wn 2 1 2
fo = f1o0f20f30f4a0 (xi)’ D( - | | b | ol )
nj N
Mn;! [
Lnj(4a;|_aj) = Z(—l)l J (4(1;'_&]')

\ 1=0 (“)2(77/]' —[)! |
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Reduction of

conformal Kepler problem
(4 - dim. oscillator)

by an S1 action

Restricting the eigenspace of H to that of H
i.e.,
restricting the eigenfunctions f, , to fn|¢_1(ﬂ)

For this purpose, it is convenient to introduce the following func-
tions

(W) = s(af —iad) L b p) = x(ar +ie)

| = —S(af —iad) L bo(u, p) = sz +ian)

i, p) = sl +iad) |, ba(u, p) = (e ~ iao)

W) = s(ad Hiad) L bl p) = T5(ag —ian)
Note that

[b; * by ] = [bj.' * b,;"] = 0 commutative

[b; * b,;"] = —iéjk noncommutative

h
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Moreover, we introduce

[ N, = b3 #by = bgbd — % a0 = %e—zbg%
Ny = bil_ *by = blbil_ — % foo = %8_2[)1'_1)1
< y
Ne = b3 #by = bzbj—% | chE%e_Qb;bz
Ny b xby = b4bj—% | fdoiihe—zbgn4

— N1+N2+N3—|—N4
= N
21



We also introduce for kg, ky, ke, kg =0,1,2--.

( 1 ka
Jho = b3 %+ xbF x fagxbg k- xby = —(b**) fao (x b3)Fe
k‘a,l\ ~~ ~~ k‘a,
ko ka
— 1.+ + 1 4 ko k
fe, = k—blf?l koo kb kfhoxby k- xby = k—b!(bl %) foo (xb1)™
< 1 . . 1
fro = b 4 b feo s by x o xby = (6F )" S0 (xb2)
C- ~~ ' C-
ke ke
1
fra B b b e faoxbax o by = d(b“*) ! fao (xbg)™d
\ kd kd
fn = >, Tro * Tiy * T * iy (n=0,1,2--+)

kaakbakCa kd Z O
ka + ky + ke + ka =n
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Similarly, we get the commutation relation

( [bg * ool = [bs * fo0] = [bs * faol = b3  fuo] = [bT * foo] = [bT = fuo] = O
[, % fa0] = [by * feol = [by * faol = [b7 * faol = [b] * foo] = [b] * fuol = O

[bs % fa0] = [bs * ool = [bs * fao] = [b3 * faol = [b3 * fro]l = [bF * fy0] = O

| [y % fa0) = [by * fro] = [by * feol = [bF * fao] = [bF * fro] = [bF * feo] =0
and then
(Na+Nb+Nc+Nd)*fn:nfn
. Nxfpn=mnfn = (b-b+—2)>kfn=nfn
b bTxfa=(n4+2) fn = hwb-bTx fr=hwn+2)fn
hwa-atx fa=hwn+2)fn = Kx fn=hhw(n+2)f
As a result,

1
fn*fl:(QWﬁ)4 frn 01 (n,l=0,1,2,---)
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We can rewrite the above-mentioned proposition as the following :

Proposition [ the conformal Kepler problem H(u, p) |

—2mk?

It's eigenspace associated with the eigenvalue E, = 5
h2 (n+ 2)

(n=20,1,2,---) is spanned by

fo(u, p) = fo(=1)" Y Lo (463 b3) L, (467 b1)

Na, Np, Ney, Mg > 0 _|_ +
L, (46355 L. (4750
Ng+np+nec+ng=n nC( 2 2) nd( 4 4)

where
= = exp| — —
fo = faofeofeofao (a1 D( - | w |l o ||P||>
4k
hwn =
) n -+ 2
forall (a,j) = (a,3),(b,1), (c,2), (d,4),
N |
na. _|_ l
Lng(4b70) = S (=1) (4T D)
7 Eo *(ma -0t =7

\
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also
(o F mw o 2 1 2 2y 4 2
4b3 by = —(u1“ +u2®) + ——(p1° + p2°) + —(u1p2 — usp1)
h mhw h
muw 1 2
4bILbl = —(u1? + up?) + ——(p12 + p22) — =(u1po — usp1)
h mhw h
{
muw 1 2
4b3 by = ——(u3? + ug?) + ——(p32 + pa?) — Z(uzps — ugp3)
h mhw h
muw 1 2
4bf b, = ——(uz? +ug?) + ——(p3° + pa2) + > (uzps — ugp3)
L h mhw h

We get
1
b3 b3 — bF by — bF by +bfby = - (—upp1 + u1p2 — uap3 + uzpa)
2

h h
cb(u, p) = 5(b§b3—bfb1—b§fb2+bjb4) — E(bgr*b3—bf*b1—bj*b2+bj*b4)
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Y * fnly-1¢,) = B faly-1¢,) | The conditional equation for reduction

<~

2
(b3 by — b xby —bd x by + b 5 by) * Faly10uy = 5 1 Faly1

(b3 % b3 — b] % by — b w by 4+ b xby) * fn

1

na!nplnelng!

2.

Na, Np, Ney, Mg > 0 Na . ny,
n +bnb+oj trg=n (03 %) fao (xb3)™ (0T )" foo (xb1)™ *

(b})"*b:g—bi'_*bl—bé"*bQ—I—bI*bAr)*{

(b3#)" foo (xb2)" % (b7 %) fao (xba)™ }

> la — M — Me g (b;,r*)na fao (xb3)" * (bi*)nb fro (xb1)™

na'!nplnelng!

Na, Ny, N, Mg > 0 Nc c ng
L # (b37%) " feo (xb2)™ 5 (bF %) fao (+ ba)™
Ng nb+nc+nd—n

26



—u fn

2u/h na n
> , /f/ — (bF %)™ fao (xb3)™ % (b7 %) ° foo (xb1)™
Na:-Mp:Mc-MNg-

Na, My, Nc, Mg Z 0

Ne n
- x« (b37%)  fag (x b)) % (b %) fa0 (+ ba)™
Ng + 1y +nec+ng=n

(b3 % by — b % by — b3 by +bF xby) * fn = 2 pfn| restricting

ﬁna—nb—nc—l—ndz%u =1 (leZ)

(

[ .
Mzah (l€Z) quantised 1] <n
. . n 41 n and | are
. n pr—
@ T d 2 simultaneously
even or odd
n — |
ny + Ne = 5

27



Finally, we reach the following proposition :

Proposition [ the quantised MIC-Kepler problem Hy ]

It's eigenspace associated with the negative energy

—2mk?
En = i s (n=20,1,2,---) is spanned by
h2 (n + 2)
folu, p) = fo(=1)" 3 Lng (43 b3) L, (467 b7)
Na, Np, Ne, g > 0
(e +ng) = n + | L (463 by) L, (4b7 by)
2(ny +ne) =n —1
where
11| <n

n and | are simultaneously even or odd

[0 This is the same conclusion as Theorem 5.1. given by
T. Iwai & Y. Uwano (1988), except that they choose units
where h =1 and m is set at unity : m = 1.
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Ey = Ey/25

Es = Eo/16__"

By = Ey/9

E, = Ey/4

Ey

0 [eV]

[ 40

Er = Fy/20.25

Eg = Ey/16
Es = Fo/12.25

Ey = Ey/9

By = Ey/6.25

By = Ey/4

E, = Ey/2.25

E,

n=7(0=4+1, £3, +5, £7)
E; = E/20.25
n==6(l=0]| +£2, +4, +6)
Eg =|Ey/16
n=5(=4+1, £3, +5)
Es = E/12.25
n=4(l=0| +2, £4)

E4 =|Ep/9
n=3({==+1, £3)

E3 = FEy/6.25
n=2((l=0| £2)

Ey = |Eq/4
n=1(=%41)

B = Ep/2.25
n=0(l=0)

Eo =| Ep/1

29



Definition [ a *-unitary evolution function, a “*-exponential " |

oU
—ih——=H « Uy =Uy x H
Ot
where
( H (x, p) : Hamiltonian
N
< it 1 (it~ 1 (it . ~
it py
S €

For the Hamiltonian of n-dimensional harmonic oscillator K

1 >, 1 5 >
K(CB,P)=%||P|| +§m’w |z |*

we get the following proposition
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Proposition [ The x-exponential of n-dim. harmonic oscillator |

differential equation :
0 pUK 13 13/
—iha er = Kx€Cl" = €l x K

w2 9 h2w?2 02 13
K — n —
4 9K 4 OK?

solution :

%K wt\ 2K wt
P=|cos7 exp z—tanE

v ’U)t 1
l € 7 — [ —
S , 2#(4-2)77

it g
Since this evolution function € has singularities on real axis t
(t > 0), there is an attempt to shift variable from ¢ to 2/,

7 =t+1 (v % 0).
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0 1z ZK iz’
zZ
< % w2\ " 2K wz!
5 = | COS — exp | 1——tan —
\ 2 haw 2
Let n =4 i.e. Four dimensional oscillator :
1 1 1 1
K(u, p) = |l p |7+ Zmw?||u ||* = ——p® + Zmwu?
2m 2 2m 2

When vy’ > 0, we get the inverse Fourier-transform of the following
x-exponential (u; : initial point, uy @ final point).

B iz’ uz—l-u

i A /
2 U;, + U
— 7 1|{cos 22 exp |i —K i f,p tan =2
2 hw 2 2

2 2
—mcw 1 . mw 1 2 2 /

— exp | — ° | u%)Cos — Ju, -
27212 SinZ(ed) o) [ LS5 Sin(wz’){(uz uy)cos(wz") u; uf}]

T his expression resembles its ‘propagator’ in appearance.
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We've made another attempt to calculate its ‘Green function’ as
follows:

iz/ ’LL,L—I—U
lim g[ﬂ*—l[ S f’p)”

Im 2/— 40
— im  f /O@ g—lleé(t‘l‘zy/)f{( > ,p>]€—ﬁ4k<t+zy'> gt

y—-4+0 hJO
. —im2w?
 4n2pS3

4k 1
y' —+0 JO sin?(wt + iwy’)
exp |— : cos(wt —2u; - u dt
p[ ‘2n sin(wt—I—Z’wy’){(uZ + uf)cos(wt + iwy’) i Ufs

............... (1)

It remains to be seen if this expression could make sense mathe-
matically.
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Furthermore, we've tried to reduce the Green function of 4-dim.
harmonic oscillator to that of MIC-Kepler problem by an Sl action.

Let
U—I— {x € R3 without negative z axis}

U- = {x € R> without positive z axis}

\

then we define two kinds of local coordinate as follows.

o w N UL) > u(r 6, 6,v) — x(r, 0, ¢) € Uy
( 0
u1=\/7_°COS—COSV+¢
2 2
( ( r >0 \
x = rsSinf cos ¢ 0  v+o
Uo — TCOSES”] 5 O§9<7T
¢ y=rsinfsing ;S
6 —
u3 = /T Sin — cos - ¢ 0<¢<2m

| z =rCOsb
, \ 0<v<ar
u4=\/?sin§siny_¢

\
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r 1 o N UL) 3 u(#, 0,8, 0) — x(F,0,3) € U_

p

(7, 0, ¢, D)

f o443
w1 = V7sin — cos
1= Vising >
([ z =Fsinfcos i 43
¢ ug_fsm—smy_l_(b
. ~ . ~ 2 2
¢ y=rsinfsing y
-6 -9
2= fcosd u3_\/77cos§cos 5
N N
= /7 cos —sin
| ua = Vicosy >
For all u € (w—l(U_|_) N w_l(U_)> ,
Elg—l—— ’LL(T, 97 Qb, V) — g_|__('lL> —
= (r, ™ —

0, ¢, v+ 2m)
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As an example, when u; , uy € (w—l(U+) N w—l(U_)> , we get

47 ; u+uf uyi_yf
/ og[ 1[€ﬁ(t+y>f<< m)”e > (z:%“ez>

) m2w2

— —1)A
(=1) 167hS
4k
; Y
lim /Ooe‘ﬁ‘”‘“ ex e-its
0

y' — 40 sin?(wt + iwy’)

X exp [—z’ Tg—;(ri + rr) cot (wt + @'wy/)]

XJQTM (2—:\/sz - § + 2r;rp COSEC (wt—l—iwy’)) dt , (2)
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In addition to this, we get

U; — U
67 i VK Uity 1 — f 2
/ g[ﬂ—l lez(t‘l'zy) ( 2 >p)]] 67’ 2 dlji (l — _’u c Z)
21 h
= 1)% —im2w?
- 167h3
4k, 1 -
lim /OO ek €17 eirs
y — 40 Jo sin?(wt + iwy’)
X exp [—i ﬂ;—;u(ﬂ + 7¢) cot (wt + iwy/)]
muw —— .
X JQ# (2—71\/2332 - @y + 27; 7§ cosec (wt + zwy’)) dt , (3)

9 _ tan-1 [ysz —TiYf Ri2f — \/(7722 _ZZQ)(F% _2]20) + FirFf ] |
2 Fizp v Tpziozizp — (72— 22) (7 — 22) — ®; - xy
With g4, _ , we can show that
S e ~ .
tana = —tanE i.,e. ©=-0 — (2)and (3) are equivalent.
37



Note ( Problems to be solved )

I : It remains to be seen if expression (1) could make sense
mathematically.

II: It also remains to be seen if expression (2) and (3) could
make sense with mathematical precision.

IIl: The other cases of (u;, uy)

u; € 71 (UL) /(1 (U4) N a1 (U-))
and
up € n-HU) /(=1 (UL) N7~ (U-))

u; € 7 H(U-) /(= H(UL) N aH(U-))

and
up e 1 (UL) /(w1 (UL) N = H(UL))

may require further consideration.
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