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Using Simons inequalities to study minimal, cmc and
pmc submanifolds

» 1968 - J. Simons - a formula for the Laplacian of the
second fundamental form of a submanifold in a
Riemannian manifold



Using Simons inequalities to study minimal, cmc and
pmc submanifolds

» 1968 - J. Simons - a formula for the Laplacian of the
second fundamental form of a submanifold in a
Riemannian manifold

- for a minimal hypersurface £ in §"+! this formula is

1
SAIAP? = [VA[* +[A]*(m — |A) > [A]* (m — |A]%)

where V and A are defined by

VxY =VxY+o(X,Y) and VxV=—-AyX+VzV



- for a minimal submanifold with arbitrary codimension in S":

Theorem (Simons - 1968)
LetX™ be a closed minimal submanifold in S". Then

m(n—m)
/m (‘A’2_2n—2m—1>‘A’220'



- for a minimal submanifold with arbitrary codimension in S":

Theorem (Simons - 1968)
LetX™ be a closed minimal submanifold in S". Then

m(n—m)
/m (‘A’2_2n—2m—1>‘A’220'

Corollary
LetX™ be a closed minimal submanifold in S" with
m(n—m)
AP < —— 77
A" < 2n—2m—1

Then, either " is totally geodesic or |A[2 = J2m).




Definition

If the mean curvature vector field H = %tracec of a submanifold
Y™ in a Riemannian manifold is parallel in the normal bundle,
i.e. VIH =0, then X is called a pmc submanifold. If

|H| = constant, then X" is a cmc submanifold.



Definition

If the mean curvature vector field H = %tracec of a submanifold
Y™ in a Riemannian manifold is parallel in the normal bundle,
i.e. VIH =0, then X is called a pmc submanifold. If

|H| = constant, then X" is a cmc submanifold.

» 1969 - K. Nomizu, B. Smyth; 1973 - B. Smyth - Simons
type formula for cmc hypersurfaces and, in general, pmc
submanifolds in a space form

» 1971 - J. Erbacher - Simons type formula for pmc
submanifolds in a space form:

IAA? = |V*AP +cem{|A]* —m|H*}
+ Zg}lzmﬂ {(traceAﬁ)(trace(A(zxAﬁ))

+trace[Aa,A,3}2 — (traCG(AaAﬁ))z}-/
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§"(c)
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2010 - M. Batista - Simons type formulas for cmc surfaces
in M?(c) xR



A Simons type formula for submanifolds in M"(c¢) x R

Theorem (F., Oniciuc, Rosenberg - 2011)

Let X be a submanifold of M"(c) x R, with mean curvature

vector field H and shape operator A. If V is a normal vector
field, parallel in the normal bundle, with trace Ay = constant, then

sAAv) = [VAYP +c{(m—|T]?)|Av]> = 2m|Ay TP
+3(traceAy)(AyT,T) —m(traceAy)(H,N)(V,N)

+m(trace(AyAy))(V,N) — (trace Ay)?}

+ Z’&fmﬂ (traceA) (trace(A%/Aa)) — (trace(AyAq))?},

where {E}"! .| is a local orthonormal frame field in the
normal bundle, and T and N are the tangent and normal part,
respectively, of the unit vector £ tangent to R.



Sketch of the proof.
» Weitzenbdck formula: 1A|Ay|? = |VAy|? + (trace V2Ay,Ay)



Sketch of the proof.
» Weitzenbdck formula: 1A|Ay|? = |VAy|? + (trace V2Ay,Ay)
» C(X,Y) = (V?Ay)(X,Y) = Vx(VyAy) — Vy,yAy
» consider an orthonormal basis {e¢;}" , in T,X", p € X",

extend e; to vector fields E; in a neighborhood of p such that
{E;} is a geodesic frame field around p, and denote X = E;

m
(trace V’Ay)X = Y C(E;,E)X.
i=1



» Codazzi equation of X:
(VxAv)Y = (VyAy)X +c(V,N)((Y,T)X — (X,T)Y)



» Codazzi equation of X:
(VxAy)Y = (VyAy)X +c¢(V,N)((Y,T)X — (X, T)Y)
» Ricci commutation formula: C(X,Y) = C(Y,X)+[R(X,Y),Ay]



» Codazzi equation of X:
(VxAy)Y = (VyAy)X +c¢(V,N)((Y,T)X — (X, T)Y)
» Ricci commutation formula: C(X,Y) = C(Y,X)+[R(X,Y),Ay]
» Codazzi equation + Ricci formula =
C(E,E)X = Vx((VeAv)E)+[R(E;, X),Av]E;

+C<Ain, T>(<E[, T>X — <X, T>E,)
—C<V,N>(<ANEI',E,‘>X— <ANX,EI'>EI')



» Codazzi equation of X:

(VxAy)Y = (VyAy)X +c¢(V,N)((Y,T)X — (X, T)Y)
» Ricci commutation formula: C(X,Y) = C(Y,X)+[R(X,Y),Ay]
» Codazzi equation + Ricci formula =

C(EL,E)X = Vx((VgAv)E:)+[R(E;,X),Av)E;
+C<Ain, T>(<E[, T>X — <X, T>E,)
—C<V,N>(<ANEI',E,‘>X— <ANX,EI'>EI~)

» Vg Ay is symmetric + Codazzi eq. + trace Ay = constant =
Y (VEAY)E; = c(m—1)(V,N)T

>

RX.V)Z= c{(Y,2)X—(X,2)Y —(Y,T)(Z,T)X + (X,T)(Z,T)Y
+(X,Z)(Y, T\T — (Y, Z)(X,T)T}
+ Y {(AgY, Z)AeX — (AgX,Z)Ag Y},

a=m+1



» Codazzi equation of X:

(VxAy)Y = (VyAy)X +c¢(V,N)((Y,T)X — (X, T)Y)
» Ricci commutation formula: C(X,Y) = C(Y,X)+[R(X,Y),Ay]
» Codazzi equation + Ricci formula =

C(EL,E)X = Vx((VgAv)E:)+[R(E;,X),Av)E;
+C<Ain, T>(<E[, T>X — <X, T>E,)
—C<V,N>(<ANEI',E,‘>X— <ANX,EI'>EI~)

» Vg Ay is symmetric + Codazzi eq. + trace Ay = constant =
Z:”:l(VEiAV)Ei =c(m—1)(V,N)T
| 2
RX,V)Z= {(Y,2)X—(X,Z)Y — (Y, TZ,T)X + (X,T)Z,T)Y
(X, Z){Y,T)T — (Y,Z){(X,T)T}
+ym LAY, Z)AgX — (AgX,Z)AgY},

a=m+1
» Riccieq. (R (X,Y)V,U) = ([Av,Ay]X,Y) + (R(X,Y)V,U) =
[Av,AU] =0,YU € NX"



pmc surfaces in M3(c) xR

e Let ¥? be a non-minimal pmc surface in M>(c ) x R

e Consider the orthonormal frame field {E; = 7, E4} in the
normal bundle = E4 = parallel

e 93=A3—|H|land ¢4 = A4

¢ ¢(X,Y) = o(X,Y) = (X, Y)H = (§3X,Y)E3 + ($aX, Y) Eq

o [0 =193 + |0 = |o|* —2|H|?

a \HI



pmc surfaces in M3(c) xR

e Let ¥? be a non-minimal pmc surface in M>(c ) x R

e Consider the orthonormal frame field {E3; = ‘H| ,E4} in the
normal bundle = E4 = parallel

e 93=A3—|H|land ¢4 = A4

© 0(X,Y) =0(X,Y) = (X, Y)H = ($3X, V) E3 + (9 X, Y) Eq

o |§* = |¢5* +|¢4|* = |o|* — 2|H|?

Proposition (F., Rosenberg - 2011)

IfX? is an immersed pmc surface in M"(c) x R, then

1 1
QA!T\Z = |An|* - Q\T!2\¢\2—2<¢(T7 T),H)+c|[TP(1=|T]*) ~ |T]*|H .



Theorem (F., Rosenberg - 2011)
Let X? be an immersed pmc 2-sphere in M"(c) x R, such that
1. TP =00r|T)*> % and|o> < c(2—3|T|?), ifc < 0;
2. |T* <% and|o|* <c(2-3|T?), ifc > 0.
Then, X2 is either a minimal surface in a totally umbilical
hypersurface of M"(c) or a standard sphere in M?(c).
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Let X? be an immersed pmc 2-sphere in M"(c) x R, such that
1. TP =00r|T)*> % and|o> < c(2—3|T|?), ifc < 0;
2. |T* <% and|o|* <c(2-3|T?), ifc > 0.
Then, X2 is either a minimal surface in a totally umbilical
hypersurface of M"(c) or a standard sphere in M?(c).
Proof.
> Q(X.Y) =2(0(X.Y).H) — c(X.E)(V.E) =
0?9 = holomorphic



Theorem (F., Rosenberg - 2011)
Let X? be an immersed pmc 2-sphere in M"(c) x R, such that
1. TP =00r|T)*> % and|o> < c(2—3|T|?), ifc < 0;
2. |T* <% and|of? g c(2—3|T)?), ifc > 0.
Then, X2 is either a minimal surface in a totally umbilical
hypersurface of M"(c) or a standard sphere in M>(c).
Proof.
> O(X,Y) =2(c(X,Y),H) —c(X,5)(Y,§) =
0?9 = holomorphic
» assume |T| # 0 on an open dense set, and consider
{e1=T/|T],e2}
» X2 is a sphere = Q20 =0 = (¢(T,T),H) = Lc|T|* =
> AT = |AnP + 3| TP(=|o] +c(2=3|T)) 2 0



Theorem (F., Rosenberg - 2011)
Let X? be an immersed pmc 2-sphere in M"(c) x R, such that
1. TP =00r|T)*> % and|o> < c(2—3|T|?), ifc < 0;
2. |T* <% and|of? g c(2—3|T)?), ifc > 0.
Then, X2 is either a minimal surface in a totally umbilical
hypersurface of M"(c) or a standard sphere in M>(c).
Proof.
> O(X,Y) =2(c(X,Y),H) —c(X,5)(Y,§) =
0?9 = holomorphic
» assume |T| # 0 on an open dense set, and consider
{e1=T/|T],e2}
» X2 is a sphere = Q20 =0 = (¢(T,T),H) = Lc|T|* =
> AT = AN+ 3| TP(~|o]* +c(2-3|T]*)) 2 0
» K >0 = X?is a parabolic space =
|T| = constant, Ay =0, VxT =0= K =0 (contradiction)
= T =0 (the result then follows from [Yau - 1974])



Proposition (F., Rosenberg - 2011)
If 2 is a non-minimal pmc surface in M>(c) x R, then

3AI0P = Vo3I + [Vl —|9[* + {c(2 - 3|T*) +2|H[*}|9]*

—2c(¢(T,T),H) +2c|An|> — 4c(H,N)?.



Theorem

Let 2* be a complete non-minimal pmc surface in M>(c) x R,
¢ > 0. Assume

) 9> <2|H|?+2c—|T?, and
i) a) |T|=0,or
ATR—IT12
) 171> % and |1 > T
Then either

1. |¢|*> =0 and X? is a round sphere in M*(c), or
2. |¢|* =2|H[*+2c and £* is a torus S'(r) x S'(1/1 —r2),
2 # 56, in M3(c).



Sketch of the proof.

JAOP —cTI?) = V3] + [Vl
H—19] + 5(4 = 5IT1%) +2|H* o
+c|AN|? —4c(H,N)* +c[T]*|H|?
=T -|TP)



Sketch of the proof.

SAP —cITI?) = |Ves]*+[Voul?
H{=192+5(4 = 5[T1%) +2|H[*}o|?
+ec|Ay|> —4c(H,N)* +c|T]*|H|?
—|TP(1=|TP)

> |Ay|* > 2(H,N)* and (H,N)* < (1 - |T|*)|H|?



Sketch of the proof.
SA(O1P —cIT?) = Vs[> +[Vau|
. +{=¢]>+5(4=5|T*) +2|H|* }|o|?
+c|An|? —4c(H,N)? +c|T|*|H|?
—AT*(1-TJ?)
> |Ay|* > 2(H,N)* and (H,N)> < (1—|T|*)|H|?
> SA(912 —c|T?) > {—|0[*+2c+2|H[*}9|* > 0,if T=0
SA(OP —c|T?) > {—|o]>+5(4—5|T1*) +2|H[} o
> +c(3ITI> = 2)|H|> = &2|T)P(1 - |T)
> 0,
otherwise



Sketch of the proof.

SAP —cITI?) = |Ves]*+[Voul?
H{ =0 + 54— 5IT]?) +2|H|*} o[
+ec|Ay|> —4c(H,N)* +c|T]*|H|?
=P |7P)

[An|* > 2(H,N)* and (H.N)* < (1 - |T|*)|H]?

> 3A(9] —c|TP) > {~[9]> +2c+2|H[} 9[> > 0,if T =0

AP —cTP) > {~[9]>+5(4—5|T1") +2|H|}|¢[

> +c(3|T]> =2)[HP? = (T (1~ |TP)

> 0,

v

otherwise
> 2K =2c(1—|T|*) +2|H|* —|¢|> > 3c|T|> > 0 and
|¢|> —c|T|* is bounded and subharmonic =



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
AN = 2(H,N), (H,N)* = (1 |T*)|H|?



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
[An|* =2(H,N), (H,N)* = (1= |T]*)|H|?

» ¢ =0 = X?is pseudo-umbilical = X2 lies in M3(c)
([Alencar, do Carmo, Tribuzy - 2010])



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
N> =2(H.N), (H,N)* = (1 |T)|H]?

» ¢ =0 = X?is pseudo-umbilical = X2 lies in M3(c)
([Alencar, do Carmo, Tribuzy - 2010])

> ¢ #0, |Ay* =2(H.N), (H,N)* = (1-|TP") | H]? =
Ay=(H,N)IandN=0orN | H



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
N> =2(H.N), (H,N)* = (1 |T)|H]?

» ¢ =0 = X?is pseudo-umbilical = X2 lies in M3(c)
([Alencar, do Carmo, Tribuzy - 2010])

> ¢ #0, |Ay* =2(H.N), (H,N)* = (1-|TP") | H]? =
Ay=(H,N)IandN=0orN | H

» N =0 + hypothesis = X? is minimal (contradiction)



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
N> =2(H.N), (H,N)* = (1 |T)|H]?

» ¢ =0 = X?is pseudo-umbilical = X2 lies in M3(c)
([Alencar, do Carmo, Tribuzy - 2010])

> ¢ #0, |Ay* =2(H.N), (H,N)* = (1-|TP") | H]? =
Ay=(H,N)IandN=0orN | H

» N =0 + hypothesis = X? is minimal (contradiction)

» Ay=(H,N)Iand N | H = Ay = |H|* 1= X’ is
pseudo-umbilical = X2 lies in M?3(c)



> 9| —¢|T|> = constant and ¢ = 0 or [¢|* = 2|H|> +2¢c — £|T|
and
NI =2(H N}, (H,N)* = (1 |T]*)|H[?

» ¢ =0 = X?is pseudo-umbilical = X2 lies in M3(c)
([Alencar, do Carmo, Tribuzy - 2010])

> 0 #0, |[Ay]> =2(H.N), (H.N)* = (1 |T]*)|H|* =
Ay=(H,N)IandN=0orN | H

» N =0 + hypothesis = X? is minimal (contradiction)

» Ay=(H,N)Iand N | H = Ay = |H|* 1= X’ is
pseudo-umbilical = X2 lies in M?3(c)

» in conclusion X2 lies in M3(c) and the result follows from
[Alencar, do Carmo - 1994; Santos - 1994], using V¢ = 0.



Another Simons type formula

Proposition (F., Rosenberg - 2011)

Let¥™ be a pmc submanifold of M"(c) x R, with mean curvature
vector field H, shape operator A, and second fundamental form
o. Then we have

JAlol* = Vil +ef{(m—|T])|o> —2m¥yt,  [AaT]?
+3m(o(T,T),H) +m|Ay|> —m*(H,N)?> —m?|H|*}
+ZZT/3l:m+l {(traceAp)(trace(A%Ap)) + trace[Aq,Ag)?
—(trace(AaAﬁ))z},

where {Eq}"! .| is a local orthonormal frame field in the

normal bundle.



Complete pmc submanifolds in product spaces

Case |. pmc submanifolds with dimension higher than 2

Theorem (F., Rosenberg - 2011)

Let¥™ be a complete non-minimal pmc submanifold in

M"(c) xR, n>m >3, ¢ >0, with mean curvature vector field H
and second fundamental form o. If the angle between H and &
is constant and

2c(2m+1 m?
\c|2+c(':1+)mz<2 + - |HI,

then ¥ is a totally umbilical cmc hypersurface in M+ (c).



Theorem (F., Rosenberg - 2011)

Let¥™ be a complete non-minimal pmc submanifold in
M"(c) xR, n>m >3, ¢ <0, with mean curvature vector field H
and second fundamental form . If H is orthogonal to & and

2c(m+1) m?
m

lo|* + IT] <dc+ H]?,

m—1

then ™ is a totally umbilical cmc hypersurface in M™+!(c).



Case ll. pmc surfaces

Theorem (F., Rosenberg - 2011)
Let ¥? be a complete non-minimal pmc surface in M"(c) x R,
n>2,c >0, such that the angle between H and & is constant
and
|6 4 3¢|T|> < 4|H|* + 2.
Then, either
1. X? is pseudo-umbilical and lies in M"(c); or

2. X2 js atorus S'(r) x S! <\/%—7r2> in M3(c), with > # 5.



Case ll. pmc surfaces

Theorem (F., Rosenberg - 2011)
Let ¥? be a complete non-minimal pmc surface in M"(c) x R,
n>2,c >0, such that the angle between H and & is constant
and
|6 4 3¢|T|> < 4|H|* + 2.
Then, either
1. X? is pseudo-umbilical and lies in M"(c); or

2. X2 js atorus S'(r) x S! <\/%—7r2> in M3(c), with > # 5.

Theorem (F., Rosenberg - 2011)

Let X? be a complete non-minimal pmc surface in M"(c) x R,
n>2,c<0, such that H is orthogonal to & and

|o|? +5¢|T|* < 4|H|? +4c.

Then £? is pseudo-umbilical and lies in M"(c).



A gap theorem for biharmonic pmc submanifolds in
S"x R

Definition
A harmonic map y : (M,g) — (M,h) between two Riemannian
manifolds is a critical point of the energy functional

1
E(y) = [ layP v,

The Euler-Lagrange equation for the energy functional:
7(y) =traceVdy =0

and t is called the tension field.



Definition
A biharmonic map is a critical point of the bienergy functional

Ex() = [ 15w ve

If v is a biharmonic non-harmonic map, then it is called a
proper-biharmonic map.

Theorem (Jiang - 1986)

Amap y: (M,g) — (M,h) is biharmonic if and only if

T (y) = At(y) — trace R(dy, T(y))dy = 0



Definition
A biharmonic map is a critical point of the bienergy functional

1
Exy) =5 [ [sw)P ve
If v is a biharmonic non-harmonic map, then it is called a
proper-biharmonic map.
Theorem (Jiang - 1986)
Amap y: (M,g) — (M,h) is biharmonic if and only if

() = At(y) — trace R(dy, T(y) )dy =0
Definition

A submanifold of a Riemannian manifold is called a biharmonic
submanifold if the inclusion map is biharmonic.



Definition
A biharmonic map is a critical point of the bienergy functional

1
Exy) =5 [ [sw)P ve
If v is a biharmonic non-harmonic map, then it is called a
proper-biharmonic map.
Theorem (Jiang - 1986)
Amap y: (M,g) — (M,h) is biharmonic if and only if

() = At(y) — trace R(dy, T(y) )dy =0
Definition

A submanifold of a Riemannian manifold is called a biharmonic
submanifold if the inclusion map is biharmonic.



Proposition (F., Oniciuc, Rosenberg - 2011)

IfX" is a compact biharmonic submanifold in S"(c) x R, then £™
lies inS"(c).



Proposition (F., Oniciuc, Rosenberg - 2011)
IfX" is a compact biharmonic submanifold in S"(c) x R, then £™
lies inS"(c).

Theorem (Oniciuc - 2003)

A proper-biharmonic cmc submanifold £ in S*(c), with mean
curvature equal to /c, is minimal in a small hypersphere
S 1(2¢) C §*(c).

Theorem (Balmus, Oniciuc - 2010)

If¥" is a proper-biharmonic pmc submanifold in S™(c), with
mean curvature vector field H and m > 2, then

H| € (0,2,/c] U{\/c}. Moreover, |H| = "-2./c if and only if
Y™ js (an open part of) a standard product

e st(2e) € $™(e),

where X7~ is a minimal submanifold in S"~2(2c).



Theorem (Balmus, Montaldo, Oniciuc - 2011)

A submanifold ¥™ in a Riemannian manifold M is biharmonic iff
—AYH +trace o(-,Ap) + trace(R(-,H)-)* =0
2 grad |[H|* 4+ 2trace Ay () + 2 trace(R(-,H)-) " =0,

where A* is the Laplacian in the normal bundle and R is the
curvature tensor of M.



Theorem (Balmus, Montaldo, Oniciuc - 2011)
A submanifold ¥ in a Riemannian manifold M is biharmonic iff

—A+H +trace o(-,Ag-) + trace(R(-,H)-)* =0
2 grad |[H|* 4+ 2trace Ay () + 2 trace(R(-,H)-) " =0,

where A* is the Laplacian in the normal bundle and R is the
curvature tensor of M.

Corollary

A pmc submanifold £ in M"(c) x R, with m > 2, is biharmonic iff

HL1E&, |Au?=c(m—|T]*)H]?
trace(AyAy) =0 for any normal vector U L H.



Theorem (Balmus, Montaldo, Oniciuc - 2011)
A submanifold ¥ in a Riemannian manifold M is biharmonic iff

—A+H +trace o(-,Ag-) + trace(R(-,H)-)* =0
2 grad |[H|* 4+ 2trace Ay () + 2 trace(R(-,H)-) " =0,

where A* is the Laplacian in the normal bundle and R is the
curvature tensor of M.

Corollary
A pmc submanifold £ in M"(c) x R, with m > 2, is biharmonic iff

HL1E&, |Au?=c(m—|T]*)H]?
trace(AyAy) =0 for any normal vector U L H.

Remark
There are no proper-biharmonic pmc submanifolds in M"(c) x R
with ¢ <0.



Definition

A submanifold X" of M"(c) x R is called a vertical cylinder over
yr-ljfym = g=1(xm=1), where n : M"(c) x R — M"(c) is the
projection map and ¥~ is a submanifold of M"(c).



Definition

A submanifold X" of M"(c) x R is called a vertical cylinder over
yr-ljfym = g=1(xm=1), where n : M"(c) x R — M"(c) is the
projection map and ¥~ is a submanifold of M"(c).

Proposition (F., Oniciuc, Rosenberg - 2011)

LetX™, m > 2, be a proper-biharmonic pmc submanifold in

S*(c) x R. Then o satisfies |c|> > c¢(m— 1), and the equality
holds if and only if £ is a vertical cylinder x=(£"~1) in

S™(c) x R, where £~ s a proper biharmonic cmc hypersurface
in S™(c).
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A submanifold X" of M"(c) x R is called a vertical cylinder over
yr-ljfym = g=1(xm=1), where n : M"(c) x R — M"(c) is the
projection map and ¥~ is a submanifold of M"(c).

Proposition (F., Oniciuc, Rosenberg - 2011)

LetX™, m > 2, be a proper-biharmonic pmc submanifold in

S*(c) x R. Then o satisfies |c|> > c¢(m— 1), and the equality
holds if and only if £ is a vertical cylinder x=(£"~1) in

S™(c) x R, where £~ s a proper biharmonic cmc hypersurface
in S™(c).

Proposition (F., Oniciuc, Rosenberg - 2011)

LetX™, m > 2, be a proper-biharmonic pmc submanifold in
S*(c) x R. Then |H|* < ¢, and the equality holds if and only if £
is minimal in a small hypersphere S"~!(2¢) C S"(c).



Theorem (F., Oniciuc, Rosenberg - 2011)

LetX™ be a complete proper-biharmonic pmc submanifold in
S" x R, with m > 2, such that its mean curvature satisfies

n — le n — m — n — m m
2> ny = 100 4 012 oo =2 52

and the norm of its second fundamental form o is bounded.

Thenm < n, |H| =1 and ™ is a minimal submanifold of a small
hypersphere S"~1(2) c S™.
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Sketch of the proof.
» (HE)=0 = 0= (VxH,E)=—(AyT,.X) = AyT=0
» 1A|Ay|? = |[VAu|* + m(traceA3;) — m?|H|*
> Oy =Ap—|HI?1
» X is biharmonic = |¢y|* = (m— |T|?)|H|> —m|H|*
JAl9u = [Vou[* +mltrace ¢3) +3m|H|* ¢y |

—m?|H[* (1~ |H]?)
» Okumura Lemma = trace ¢}, > —

m—2 3
\/’W|¢H|
> 3AI0u P > mlon]? (— 22 |0l +21H[ ~ |TP)



i 2 P(T) 2
A0l 2 T i

P(1) ,

>0
P(t) = m(m— 1) = (3> —4)|HPr+-m P (2 | — (m—2)?)



) PUTP) :
3A|9m| 2Jnﬁ\H\((mz)\/lﬂH\%Nnﬁ\HDWH‘

P(1) ,
> \/,ﬁ\y\((mfz)\/l,m‘zﬁm‘m)‘¢H|
>0 2 2
P(t) = m(m— 1) = (3m? = 4)|HPs-+ m|H] (| HP — (m ~2)?)
» RicX > —m|Ay| —|o|?



IAlGn2 > P(TP) 2
28194 _\/mfI\H\((m72)\/lf|H\3+2\/m71\H\)‘(pH‘

P(1) )
>
2 a2/ )

>0
P(t) = m(m—1)2 — (3m* — 4)|H|*t + m|H|>(m?|H|? — (m —2)?)
» RicX > —m|Ay| —|o|?

» Theorem (Omori-Yau Maximum Principle)
IfE™ is a complete Riemannian manifold with Ricci curvature
bounded from below, then for any smooth function u € C*(£™)
with supy. u < 4o there exists a sequence of points
{Pk}keN cx" satisfying

1 1
lim u(py) = supu, |Vul(pr) < - and Au(pr) < —.
k—roo ym k k



. {¢H ( pseudo-umbilical) = T=0 (2" lies in ")

AT =0
> HIP > C(m) > (21)2 > (m2)2



N {¢H =0 (2" = pseudo-umbilical) .. _ (z" lies in S”)

ApT =0
> |HP? > C(m) > ("4) > (%2)?

m m

» |H| =1 and X" is a minimal submanifold of a small
hypersphere S"~1(2) c "



Biharmonic pmc surfaces in S*(¢) x R

Lemma (F., Oniciuc, Rosenberg - 2011)
A pmc surface £? in S"(c) x R is proper-biharmonic iff either
1. X? is pseudo-umbilical and, therefore, it is a minimal
surface of a small hypersphere S"~'(2¢) c S*(c); or
2. the mean curvature vector field H is orthogonal to &,

|An|* = c(2—|T|?)|H|?, and Ay = 0 for any normal vector
field U orthogonal to H.



Biharmonic pmc surfaces in S*(¢) x R

Lemma (F., Oniciuc, Rosenberg - 2011)
A pmc surface £? in S"(c) x R is proper-biharmonic iff either
1. X? is pseudo-umbilical and, therefore, it is a minimal
surface of a small hypersphere S"~'(2¢) c S*(c); or
2. the mean curvature vector field H is orthogonal to &,
|Au|? = c(2—|T|?)|H|*, and Ay = 0 for any normal vector
field U orthogonal to H.

Corollary

If 2 is a proper-biharmonic pmc surface in S"(c) x R then the
tangent part T of & has constant length.



Proof.
» the map p € £ — (Ay — ul)(p), where u is a constant, is
analytic, and, therefore, either
» ¥ is a pseudo-umbilical surface (at every point), or
» H(p) is an umbilical direction on a closed set without interior
points
» X2 +£ pseudo-umbilical + [Ay,Ay] =0 =
at p € ¥2 3{ey, e, } - orthonormal basis that diagonalizes
Ay and Ay, YU L H
» H 1 U= traceAy =2(H,U) =0
a+|H? 0 b 0
> Ay = and Ay =
0 —a+ |HJ? 0 —b



Proof.

» the map p € £ — (Ay — ul)(p), where u is a constant, is
analytic, and, therefore, either

» ¥ is a pseudo-umbilical surface (at every point), or

» H(p) is an umbilical direction on a closed set without interior

points
¥? = pseudo-umbilical + [Ay,Ay] =0 =
at p € ¥2 3{ey, e, } - orthonormal basis that diagonalizes
Ay and AU: YU 1L H
H 1 U= traceAy =2(H,U) =0
a+|H? 0 b 0
Ap= and Ay =
0 —a+ |HJ? 0 —b
0 = trace(AyAy) = 2ab
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Proof.
» the map p € £ — (Ay — ul)(p), where u is a constant, is
analytic, and, therefore, either
» ¥ is a pseudo-umbilical surface (at every point), or
» H(p) is an umbilical direction on a closed set without interior
points
¥? = pseudo-umbilical + [Ay,Ay] =0 =
at p € £? 3{ey, ey} - orthonormal basis that diagonalizes
Ay and Ay, YU L H

H 1 U= traceAy =2(H,U) =0

v

v

a_|_‘H|2 0 b 0
. A, - and Ay =
0  —a+]|H] 0 -f
0 = trace(ApAy) = 2ab i
R race(AyAy) = 2a =b=0,i.e. Ay =0
a#0

(Corollary) H L N = VxT =AyX =0 = X(|T]?) =0

v



Proposition (F., Rosenberg - 2010)
If¥2 is a pmc surface in M"(c) x R, then

1
EA!T\Z = |An* +K|T| +2T((H,N)),

where K is the Gaussian curvature of the surface.



Proposition (F., Rosenberg - 2010)
If¥2 is a pmc surface in M"(c) x R, then

1
EA!T\Z = |An* +K|T| +2T((H,N)),

where K is the Gaussian curvature of the surface.

Corollary
If £? is a non-pseudo-umbilical proper-biharmonic pmc surface
inS"(c) xR, then it is flat.



Theorem (F., Oniciuc, Rosenberg - 2011)
Let X? be a proper-biharmonic pmc surface in S"(c) x R. Then
either
1. X? is a minimal surface of a small hypersphere
S*1(2¢) € §*(c); or
2. ¥? is (an open part of) a vertical cylinder n='(y), where vy is
a circle in S?(c) with curvature equal to \/c, i.e. y is a
biharmonic circle in S?(c).
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|N| = constant € [0, 1)
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» assume X? # pseudo-umbilical = |T| = constant # 0, i.e.
|N| = constant € [0, 1)
» Ay =0,VYU L H = dimL =dimspan{Imo,N} <2 =
o TX?> @ Lis parallel, invariant by R, and £ € TX? @ L =
e X2 lies in
> §2(c) xR (if N =0), or
» S3(c) xR
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Sketch of the proof.
» assume X? # pseudo-umbilical = |T| = constant # 0, i.e.
|N| = constant € [0, 1)
» Ay =0,VYU L H = dimL =dimspan{Imo,N} <2 =
o TX?> @ Lis parallel, invariant by R, and £ € TX? @ L =
e X2 liesin
» S%(c) xR (if N =0), or
» S$*(c) xR
» [N|>0= {E3 \HI JE4 = \NI} global orthonormal frame
field = |o|> = |A3|> = c(2—|T|?)
» 0=2K=2c(1—|T|?)+4|H|* — |o|> = 4|H|* = c|T|?
> 1A|Ay|? = |VAu|* +2(trace Aj;) — 4c|H|* = |VAy|* + 8¢|H|*|N|?
» [Ay|* =c(2—|T|*)|H|* = constant = N =0 = X2 = 7~ (y),
where y is a proper-biharmonic pmc curve with curvature

k=2lH| = /e



Remark
VAy = 0 for all proper-biharmonic surfaces in S"(c) x R.

Theorem (F., Oniciuc, Rosenberg - 2011)

IfE™, withm > 3, is a proper-biharmonic pmc submanifold in
S*(c) x R such that VAg = 0, then either

1. X™ js a proper-biharmonic pmc submanifold in S"(c), with
VAy =0; or

2. X" is (an open part of) a vertical cylinder x~!(X"~1), where
=1 js a proper-biharmonic pmc submanifold in S"(c) such
that the shape operator corresponding to its mean
curvature vector field in S"(c) is parallel.
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