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1. Hamiltonian description for the MIC-Kepler problem

In 1970, McIntosh and Cisneros studied the dynamical system de-
scribing the motion of a charged particle under the magnetic force
due to Dirac’s monopole field of strength —u and the square inverse
centrifugal potential force besides the Coulomb’s potential force.

— [ magnetic force

r3 due to Dirac’s field

1 iSs quantized

h
as c —17.
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The Hamiltonian description for the MIC-Kepler problem is given by
T. Iwai and Y. Uwano (1986) as follows.

The MIC-Kepler problem T*R? T*R'
iIs the

reduced Hamiltonian system
of the 4-dimensional
conformal Kepler problem
by an S1 action,

if the associated

momentum mapping

Y(u, p) =p#0.

Yv(w, p) is invariant under the S1 action, then
let v~ 1(u)C Ty,R* be a subset s.t.

() = {(u, p) € TyR?

1
P(u, p) = 5(—’&2/01 + u1p2 — ugp3 + uzps) = M} :
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The MIC-Kepler problem is a triple (T*R3, o,,, H,|) where

op = dpz Ndzx + dpyNdy + alpz/\dz—rﬁ3 (xdyNdz + ydzAdx + zdxNdy) ,

©? k

H,u (z, p) _—(p:c ‘I‘py +pz2)+

2mr2 r

Its energy hyper surface : Hy = E & ®(x,p)=r(Hy—FE) =0
IS equal to

R
\ (7:9) (u, p)
b S —_
(WUCD) (’LL, p) =0 o(x, p)
where T3 T*R4
T < n (. )
o ) — TR, » (. 2) M U

7TZ¢ZU,2<H —E),

u? = uq1? + us? + ’LL32 4 ug?




The conformal Kepler problem is a triple (T*R*, dpAdu, | H|) where

4
dp Ndu= ) dp; Adu;
j=1

Y

1 /(1 & L\ k
H(u, = - —=-
(u, p) 2m <4u2 jgl & ) u?

Since u? =r > 0 (invariant under the S! action), 7%® = 0 is equal

to|H|— E=0.
The energy hyper surface

H

= F' is equivalent to K(u, p)= € where

K(u, p) is the Hamiltonian of 4-dimensional harmonic oscillator:

m >0 mass of pendulum

1 & > 1 2 : 2
K(u, p) = %jglpj + Emw j;luj w > 0 angular frequency

considering only the case where the real parameter £ < 0 and
putting both the constant mw? = —8E and a real parameter ¢ = 4k.



We solved the harmonic oscillator by means of the Moyal product,
which brought the following functions.

& Moyal propagator (x-exponential)

i . ] +u’f
€x = | COS— exp |t —K , p| tan —
2 hw 2 2
where u; = (u7’1, ui2, ué, uZ) e R* and ur = (ujlc, ug, ué, uﬁ) c R4
denote initial point and final point of motion respectively.

& Feynman’s propagator
%(’U,f, ’U,Z';Z/ = t—|—iy/)

2 2
—m“w 1 mw 1 2 2 /
— exp | — : COS —2u; - u
Am2hH2 sin?(wz') ’ [ " 2h sin (w2) {(uz o) cos(ws) Z f}]
— i C,, einwt
n=—oo
m/w - . I\ p—INWT
where Cn:— / H(ug, ui, T +iy) € dr .
— T /W



Green’s function

G(uyg, u;;€)
/|im 3 > ( i C, einwt> e—y/}';ie(t—i-iy/)dt
y'— 40 h Jo N— — 00
2, .2 o0
m<w mw, o > ] 1
exp | —— (u;
7202 p[ on U U] 2 2 e — (N + 2)hw

N=0 l1+l>+i3+Il4=N

1 mw mw f mw ; mw f
TR (v 7’“1) Hiy (VT“l) Hiy (v 7“2> Hiy ( 7“2)

mw mow maw TTmw
i (5005 ) Hig ([ d ) By (550 ) o, (5 )

wheren —2=N =11+ l>+ 13+ 1a (I1, Ip, I3, l4€NU{O}),
H;(X) is the Hermite polynomial :

[
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Moreover, we denote by W (u) the wave function of 4-dimensional
harmonic oscillator on R*

mw 1 mw
Vy(u) = exp [——(u% + u3 + u + uﬁ)]
Tl ([N 151151 2h

mw mw mw mw
iy (75 un) Hoy (5702 o (750 g (55 0a)

2

B2 4 82 4
KWVy(u) =eWVy(u) where K=—— ) — |+ mw > us.
2m = 18u i=1 J

satisfying

Then we verify
oo 1
G €)= W W ).
(uys, u;;e€) NEZ:OG_(N_I_Q)M N(up) W (u;)




Harmonic

t— 2 =t+w

'i_tK ~ Z,;’K
K — 6*71 Z 6*
oscillator (y" #0)
E <0 = 4k mw? = 8|E y >0 | !
A\
TR H=E conformal N7
I Kenl G(uy, u;;4k) < K (uy, u;;2')
1
v~ (1) "
b =0
0 MIC-Kepler v
H,=F Gy(xs, zi; E) or G_(xy, x;; F)
T*R3 -
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2. Green’s function of the MIC-Kepler problem

—2mk?
We suppose E +£ s (N=0,1,2,---), then reduce
h2 (N + 2)
the Green's function of the conformal Kepler problem G(uy, u;;e = 4k)
assumed mw? = —8E to the Green's function of the MIC-Kepler problem

Gy(xs, x;; E) or G_(xy, ;; E) by an St action.

Gi(xf, ¢;; EF) and G_(xy, x;; E) denote the Green’s functions in
the following local coordinates 74+ and 7_ respectively.

i Y UL) 3 ur— (7(u), oo (u)) = (x(r, 0, ¢), exp(iv/2)) € Uy x S*

( 0 0
Uy = \/?cosicosy_l_q5 , Uo = \/chosEsinV—l_q5

x = rsSinf cos ¢

y =rsinfsing ,
_ . 6 vV — . 0 R 2
z =1 COSH u3z = 4/r Sin — COS ¢ , Uq = /7T Sin—=sin ¢
\ 2 2 2
where

Uy = {®(r,0, ) €R3;7>0,0<0<m,0<¢p<2r},0<v<4r.
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o N UL) 3 ur—s (n(u), o_(u)) = (z(7, 0,

$), exp(iv/2)) € U_ x St
T (e S 7 i S B 7 B
z=Fsinfcosd ul_—\/?smicos 5 u2 = —VFsinZsin—
y = —rsinfdsing , <
2 = —7cosf _ 0 U+ 3¢ _ 0 . U+ 3¢
ug = —V/T COS - oS ., uq = —+\/T Cos —sin




Iwai and Uwano also investigated the “quantized” system (1988) :

The “‘quantized” conformal Kepler problem is defined as a pair
(L2(R%; 4u?du), | H|) where

([ L?2(R%:; 4u?du) : The Hilbert space of square integrable
complex-valued functions on R%,

H=— (4u2 > 2) — — | : The Hamiltonian operator.

e They introduce complex line bundles [; (I € Z) on which the
linear connection is induced from a connection on the principal
fibre bundle 7 : R* — RS3.

e By an S1 action, L2(R%; 4u?du) is reduced to the Hilbert space,

denoted by [;, of square integrable cross sections in L; over
R3.
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The quantized MIC-Kepler problem is the reduced quantum system

(T, | H;) where V; stands for the covariant derivation with respect
to the linear connectlon whose curvature gives Dirac’'s monopole
field of strength —Ih/2,

h2 (Ih/2)? &

2mr2 r

3
m 2 VT T

e Cross section in L; corresponds uniquely to an eigenfunction of
the momentum operator N

iR o %, 5, 5,
N="|—-u—— g 2
2 ( 28u1 tu 18u2 48U3 + u33u4>
_ l
Nwv(u)=— Eh\l!(u) W(u) € L2(R*: 4u’du) , L€ Z.

e Accordingly, the introduction of L; is understood as a geometric
consequence of the conservation of the angular momentum
associated with the U(1) ~ S action.
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We can obtain the wave function of the quantized MIC-Kepler problem,

denoted by W (x)e I}, as the following cross section with either of
the local coordinates.

) e ey W) = ey ()

i)'z cU_ , Wy(x) = \/7%6—”'7/2 Wy (u)

where L?(R*; 4u?du) > Wy ;(u) satisfies

(HV(uw) =EV(u) < KVv(u) =cWV(u)

J s.t. e=4k and mw? = —8E

NW(u) = —éh\lf(u).

\

Finally, we can calculate the Green’s function of the MIC-Kepler problem
by the following infinite series consists of Wy (x) with either of the
local coordinates.

©.@)
1
Ga:,a:';Ez—mwQS =
(z, @ /8) sz:o4k—(N+2)hw

Wn(xr) Wn(x;)
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Proposition 1-1. [The Green's function of the MIC-Kepler problem]

(i) When @;, zf € Uy,
G_|_($f, x;, I = —mw2/8)
:m2 26 2h(rz—|—7“f) Z 1 (mw)N
k— (N + 2)hw

A h2

1 ./ COS bi COS i s Sin bi sin i e
r;r — — r;r — -
ke Vkolkallg! \ V' VT 7722 70 ) e
0; 0, 0 ~0 - .
P (fm cos? 5 T S|n2§> P (rf coszaf, T Sin 2f> el k1 —=ha—k3+ka)($i=¢1)/2

where
ki, ko, k3, kg € NU{0} s.t.

ki +k>+ks+ksa=N
ki+ko—kzs—ksg=—-1 (Z>1=2u/h),
P (X ,Y) is the following polynomial.

k1 ko B \JTs .
ZX,Y) =2, 2 3! (_—> k105 k3G koCs - 1, Cs X7 YT°

7=0s=0 mw
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Proposition 1-2. [The Green’s function of the MIC-Kepler problem]

(i) When x; , xy € U-,

G (xf, x;; E= —mw2/8)
:m2w2 B (747 ) Z 1 <mw>N
47 h2 4k — (N + 2)hw

] >k2+k4

1 g,  0p\ 1T g, 0
7.7 ¢ sin - sin - 77 cos 2 cos -
TR ( Fif y sin = sin 2) ( Fif'y COS = COS
0; 0; 0 N _
P (7 sin?22 | 7 cos? 2| @ 7 sinQ—f, 7 cos2 4 | ilk1+3ko—k3—3ka)(di—¢y)/2
2 2 2 2
(ili) When x;, xy €e U N U—,

the following correlation of G_ with G4 is shown
by 7=r, 0 =n—0 and ¢ = 27 — ¢.

G_(wf, ZX;, E) = G+(a;f, T;; E) eil(¢i_¢f)

Incidentally, we can also find the following proposition.
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Proposition 2. [The wave function of the MIC-Kepler problem]

(i) When = € U,
wt — A\ N P (rcoszg, rsm29) e,
- 2h
N N (V ) N
9 k1+k3 9\ Fotka . b
(\/77 COS 5) (\/fF sin 5) exp [—z(kl — ko — k3 + k4)§

(ii)) When x € U_,

2 )

N () _th( F) VE1lko!k3lks!

g\ k1tks g\ k2tka 3
<\/,,—: sin 5) (ﬁ cos 5) exp !—i(kl + 3ko — k3 — 3k4)§] .

N P (?sinQQ ’FCOSQ%)

(i) When z € U;. N U_, Wy (z) = Wi (z) et

where N =0,1,2,---,
the combination of non-negative integers (k1, ko, k3, ka) and
the polynomial & are the same as those shown in Proposition 1.
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3. Wigner function of the MIC-Kepler problem

We showed the energy-eigenspace of the MIC-Kepler problem in our
proceeding as follows.
Theorem [The eigenspace of the MIC-Kepler problem]

Its eigenspace associated with the negative energy

—2mk?
En = m 5 (N=0,1,2,---) is spanned by
A2 (N + 2)
()N _

I, p) = e 2N Ly (463 b3) L, (461 01) Lne (463 2) Ly (455ba)
where Na, Ny, Ne, g € NU{0} , 1 €Z s.t.

2(ng +nyg) = N +1 11| <N

l.e.
2(ny +ne) =N — 1 N and [ are simultaneously even or odd.

The dimension is

N +1 N —1 (N4 14+2)(N-1+42)
<T+1><T+1>_ g -
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In the above-mentioned theorem, L, (X) denotes the Laguerre poly-
nomial of degree n s.t.

Ln(X)= Y (=1)“ xXo Ln(X) e = exp (——X
" ago (a)?(n — a)! go " 1—¢ 1—¢
Further,
( mw 1 2
4b3 by = —(u1? + un?) + ——(p12 + p22) + Z(u1p2 — uop1)
h mhw h
mw 1 2
4T b, = —(u1? + uo?) + ——(p12 + p22) — =(u1po — upp1)
h mhw h
!
mw 1 2
463 by = ——(uz? +ug?) + ——(p3% + pa?) — = (usps — uap3)
h mhw h
mw 1 2
452_54 = ——(u3? 4+ ug?) + ———(p32 + p42) + =(uzps — usap3).
\ h mhw h

We reduce the eigenfunction fa(u, p) on T*R* to that on T*R3 with
the above-mentioned local polar coordinates.
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Proposition 3-1. [The Wigner function of the MIC-Kepler problem]
Suppose x € UL N U—,

(i) fn(r, 0, &, pr, Py, Pp)

_ (=N —2(N+2)
GO

N+2[ 5 C? N+2[ 5 D>
na( 2mk [A +r(1—|—c059)]>Lnb< 2 [A +fr(1—|—cos€)
N+2 | 5 £? N+2T 5 F2

nc( 2mk [B —l_’r(l—COSQ)]) Lnd( 2mk [B +r(1—c059)
_= 1) —2(N+2)
O
N+2T 5 C N+2] ., D?
n“( 2mk [A +F(1—cos§)]>L <2mk [A +F(1—cos§)>
N+2 |z £ N+2[ 72
an< 2mk [B T 71+ cost) ) LW( 2mk [B T 71+ cosd)
where pxdm+pydy+pzdz=prdr+ped9+p¢d¢=p$d7’+p'gd§+p5d$-

)
|

~
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Proposition 3-2. [The Wigner function of the MIC-Kepler problem]

Functions A, B, C, D, £ and F on T*(U4 N U_) are as follows.

1 —cosé6
A(T7 97 ¢7 Pr, P9, p(b) = pT\/r(l + COS 9) - p@\/ -

B(r, 0, ¢, pr, o, p¢) Epr\/’l“(l — Ccos ) -|-p9\/1 + cos 6

C(r, 0, 6, pr, pgs Ps) = Py + r(1 + cOS 0) {h(;”fQ) n %
D(r, 0, ¢, pr, pg, Pg) =Py — (1 + COS ) {h(;wfz) - g
E(r, 0, &, pr, pp; Py) = py + (1 — Cos0) <:h(;nf2) - g}
F(r, 0, ¢, pr, pg, Pp) = pp — (1 — cos ) {h(;ﬂfz) + %}
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Proposition 3-3. [The Wigner function of the MIC-Kepler problem]

Functions A, B, C, D, £ and F on T*(Uy N U_) are as follows.

- . — — 1+ cosf
.A( 0, ¢, p Dy &) = p;:\/’l“(l — COS 9) —I-pg\/ =

1 —cosf

B(7, 0, ¢, vy, pg, p 5)Epr\/7“(1+COS9) pg\/ =

(!

o~ - B 5 ~ 2mk 7
(Ta 97 ¢7 Py, Pg> pé) :p$ — T(l — COSQ) {h(N—l— 2) +?}

- 2mk 7
D(r, 0 =, pa, p7) =px + 7(1 — cosh — =
. o~ - 5 ~ 2mk 7
E(r, 0 =~ ps, pr) =px—7(1 4+ cosé — =

S - ~ 2mk
f(’l“, 97 ¢7 Pr, p§7 p$)5p$+r(1+cose){h(N+2) +g}
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Proposition 3-4. [The Wigner function of the MIC-Kepler problem]

Using the following equivalences :

F=r , cosd = —cosé,
PF=1Dr , Pg=—Po , P5= —DPg
we verify
A=A, B=B
C=-C,D=-D,EE=-E, F=-F.

Then we have

fN(Ta 07 ¢7 Pr, Po, pgb) — fN(Fa ga %7 Py, Pp> p$> .
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