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We define the map o : £ — L as follows

a(xy) == Z oz i) (]

0<i<j
where
zp= Y @iy i) (4] € Ly
0<i<j
0 xo1 o2 o3 0 apixo1r Qo202 Q3T03
0 0 r12 T13 ... 0 0 12,12 (13713
0 0 0 xro3 ... — 0 0 0 23123
0 O 0 0 0 0 0 0

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



Lemma
The map o : Ly — L is an endomorphism of the associative
algebra L

a(@1y+) = a(zy)o(ys),

where xy,yy € Ly, if and only if
Qi Qji = ik

for0<i<j<k.
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We assume that

Qi = Q41 - - - Q-1 for 1< J.
0201702703 - - 0 apro1 aoairre2 apajazros
00 z12713. .. 0 0 aixrio ai1a2r13
00 O xIo23. .. ,i, 0 0 0 as2x93 ,
0 0 0 0

00 0 O0...
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We define

Ay = {QTI —afry)zy €Ly}

0  —aoxo1 —apairo2 —apa1G2xo3
o1 0 —a1712 —a1a2T13

r=| To2 P12 0 —Q2123 ,
Toz  T13 T23 0
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A, is Lie algebra.

The commutator in A, is given by
—oyjen; for n <i

[eij7 enm] :677“6”] o 6jneim + 5]771 { UnmCin for i <n

Y

s —Qpmemj for m <j
R ajjejm  for j<m

where
eij = |j) (1] — iz |3) (4l ,

0<i<j.
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Lie—Poisson space (£.,{-, }a)

There is the duality

defined by
(,p) == Tr(zp),

forz € Ay, p€ L.
One has the Lie—Poisson brackets on C*°(L.) given by

{£:9}alp) =T {p [(DF(0))" = a (DS (p).
(Dg(p) = a(Dgp))] }

for f,g € C°(Ly).
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Lie group for this Lie algebra is GA, = exp A,.

Example

If the infinite product a;a;i1 ... converges to a non-zero
number ;o for i € NU {0}, then

GAy = {g Ly = na} :

where
apaiay . .. 0 0
> . 0 aiag ... 0
Mo i= ) lino|i) (i] = 0 0 as...
i=0 . ) .
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Bi-Hamiltonian structure

We have the bi-Hamiltonian structure on the manifold M if
1. (M,{-,-}1) and (M, {-,-}2) are Poisson spaces;
2. a pencil of Poisson brackets
{.7 '}e e {., .}1 _ 6{-, .}2

is also a Poisson bracket.
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Lemma
Leta: Ly — Ly, Ly — L4 be algebra endomorphisms. Then
the following conditions are equivalent:

(i)
ploda+ A =0 3o ={" Jpara-ps
for p € [0,1];
(if)
(aij = Bij) (n — Bjn) =0
for0<i<j<mn

(i)
(ai...aj_l —bi...bj_l) (aj —bj) =0

for 0 <i < j.
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Example

o~ {al,ag,. ey Qf—1,0k, k41, - - }

/8 ~ {a1;a2a o 7ak‘—17bk‘7ak‘+17' . }

Example

o~ {GI,GQ,G3,0, as, ae, av, 07 .. }

ﬁ ~ {b17 az, a3707 b57 ag, av, 07 .. }
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Magri chain on L,

Lemma
Let hg, h1, ..., be a sequence of functions on M satisfying

recursion relation
{' 7hp+1}1 - { 7hp}2, p=0,1,...

then
{hP’ hq}l = {hp7 hq}2 =0 p,qg=0,1,...
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Let I* be a family of Casimirs for Poisson bracket {-,-}. indexed by
keN
{ ‘7Iek}€ = { '715}1 _6{ '715}2 =0.

Expanding I* as a series with respect to the parameter ¢

o0
If: E hine€"
n=0

one obtains
{ - hto}1=0

and
{ o hkgeih = {5 higto.
Thus the functions hy,; are in involution
{hk,na hl,m}l =0= {hk,Tm hl,m}2-

The sequence {hy 1 }ienuqoy is called a Magri chain.
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In order to obtain a system of integrals in involution by Magri's
method we need

(i) pencil of Poisson brackets

{" '}a—i—e,@ = {'7 '}Oé + 6{'a '}57

(ii) the Casimir I,
{157 : }a+eﬁ =0
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Casimirs for (L., {.,.}.)

The functions

k
2
Ii(py) =Tr <a0mpi — P+ 7ap 100 = TapLOapt + Ta <PI> 5a>

are Casimirs for (L4, {.,.}a).

apai1ag . .. 0 0
> o 0 aas ... 0
nazzaim|z><2|: 0 0 ag... ... |
=0 . . .
1 0 0
s L 0 aq 0
6(): = Za0i|2> <Z| = 0 O apal
=0 . . .
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Example
If cpoo # 0, then the endomophism «: L, — L is given by

a(zy) = nawin, ' for Ty € Ap
where 1, = >"7% Qioo|?) (i|. The functions
k T -1\
In(p+) =Tr (p+ — NaP1Na ) , keN,

are Casimirs for (£4,{.,.}a).
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Casimirs for (L4, {.,.}a+es)

Substituting « + €3 in place of a we obtain Casimirs for
([’Jrv {'7 '}a+€ﬁ):

IF(p1) =Tr (1 + €) (oo + €Boco) P —
— pt (o + €np) pi. (60 + €85) —
— (e + €eng) pi (8a + €05) py +

+ (1a + €np) (pI)Q (60 + 6(55)) ' :
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Expanding I¥(py) as a series with respect to the parameter ¢

IF(ps) thanr

we obtain the system of integrals in involution

{hk,n7 hl,m}a =0= {hk,n7 hl,m}ﬁ k, l) n,m c NU {O}
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We obtain the following hierarchy of Hamilton equations

i—1
8pij . d 8hk,m ahk,m
atk,m - Z QnjPin P Qin Dpin Pnj | +

n=1+1 nj
i—1

+ p P LA 77p )+
n§:0< nj apm in apnj ni

o
b5 (ot On,
n=j+1 Y Opin pjn "

where p =3, pisli) (], m < 2k, k € N.
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Example (5 x 5)— bi-Hamiltonian structure on £ and the

related integrable systems

In this case:
CLOZO,
ay = a,
a2:a3:1,
and
0j0 0 0 O
Ola 0 0 O
No = 0j0 1 0 O =<8 Oa)’
0[0 0 1 0 "
0|0 0 0 1

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



The Lie algebra A, = &,(1,3)

00 0 0 0

o1 0 —axri12 —ari1z —axi4 0 0
o2 | T12 0 —T93  —T2q = (%) ;
To3 | T13  T23 0 —T34 Y

To4 | T4 T24 Z34 0

where y € R* and X € Maty4(R) satisfies
Xn*+n*XT=0.

We obtain for:

a = 1 — Euclidean algebra,
a = —1 — Poincaré algebra,
a = 0 — Galilean algebra.
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Lie group g € E,(1,3)

-(249),

where 7 € R* and A € Matyy4(C) satisfies
An®AT = n?.
The pencil of metric tensors
ds? = Ny drtde” = a(dz®)? + (dz')? + (da®)* + (dx®)?

on the four-dimensional affine space IE}I’?’ with coordinates =,
n=0,1,2,3.
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We have p € L

0P P P P
0 0 Ly Lo Ls

P = 0 0 0 Jg —JQ s
0 0 0 0 g
0 0 0 O 0

where P = (P,) the four-momentum and M = (M,,,) relativistic
angular momentum

MO,k = _Mk,O = Lk, Mkl = 5kann'
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We find that Lie—Poisson bracket {-, -}, of f,g € C*>(L4) is
expressed as follows

+f-< <af><>+af >+
oL 0L oJ oJ
99 5 0f Of 3 99
+—=P. L _LP.
ory 9L OR 6L
+P. <8f 9 , 9F >+
0P o] of 0P

oo ()
oL 8J dJ oL
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Note that one has the following two invariants (Casimir functions)
of the coadjoint representation

clznZVP“P”:aP()z+ﬁ'ﬁ,
o \2 o o N\ 2
e =, WWY =a (P-J) + (a0 + Lx P)

where the Pauli-Lubanski (spin) four—vector W = (W*)

wo=_J.P,
W = aPoj-l— I_; X ﬁ,
while
nZVP“W” =0
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The coadjoint representation of E,(1,3) on the dual space of £
has the form
Adg(P, M) = ((n")"' A" P,

A <7r+ (M) —nmy (MT) (na)*l) Al 7PTA AT]aPTT(T]a)71> 7
Adg(W) = (n")~" AW,

where we represent p € £ by the four-momentum P = (P,) and
the angular momentum.

Moy = —Mypo:= L, My = egnJn.
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We note also that for a, b the Poisson brackets {-,-}, and {-,-};
define bi-Hamiltonian structure on £, i.e. their linear combination
{-,-}a +€{-,-}p € €R, is also a Poisson bracket on L .

Thus we obtain that Casimirs of {-,-}4:

hy =bP}+ PP,
N N\ 2 o 5 N\ 2
hgzb(P-J) +(bP0J+L><P)

are the integrals of motion being in involution with respect to the
Poisson bracket {-,},.

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



Hamiltonian equations associated with the Hamiltonian

1
h= §(Ch1+dh2) =

;<bPO +P- P) Z(b(ﬁ-f)2+<bPoj+Exl3)2> =

= 500 (e 4o P - G 2am ).
where ¢, d € R are as follows
20 (R} =0,
CE A
d

P—{P hlo = (b _a)dP()(ﬁx (ﬁxi)—l—bPonﬁ),

dL ; . L
L ={Lh}a=(b—a) (cPOP + bdPy 2P + dPy L x (P x L) n

+aP T x L—d(P-L)Jx P+bdP3Jx L).



In order to solve these equations it suffices to possess four
functionally independent integrals of motion being in involution with
respect to {,-},. We choose hi, ha, J? and J3 as these integrals.

Using the variables (P, W) we rewrite in the form

ng —(b—a)dP, (—ﬁx W+ (b— a)PyJ x ﬁ),
W (o= a)a ((P-3) P ¥+ 0887 x W+ apy (B-7) T x ).
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Now let us introduce new variables

yim JW,
e T (W),

We find that these variables and Wy = —.J - P satisfy the following

equations
d
% —(b— a)dPyz,
d
?Z = — (b — a)dWOZ7
d -
d;i =—(b—a)dW, (CQPO +caabyJ - J - c1y) )
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which can be integrated in quadratures:

d
t+t0:/ Wo :
c —c2—(b*—a 27
1 hy — b—a -
y(t) = — 2 Sk R,

- t _
2P, o )+2P0(b—a) 2

c1(hg — cg — (b2 — a2)P2J 2)
2(b—a)

WE(t) + .
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Without loss of generality we can assume J = (0,0,.J) and obtain

1
Py=—=W,
3 J 0

1 1 hQ—CQ b—a )
Wi =~ (=W - PyJ
3 J<2PO Ot opb—a) 2 )

1

P12+P22:CI_QPO2_ﬁWO27

1 1 hy —c b—a 2
2 2 _ 2 2 2 2 2
Wl +W2 = C2 —CLWO - ﬁ <—2H)W0 + 2P0(b—a) - 9 P()J ) .
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After passing to polar coordinates

Py = /P2 + Pjcoso, Py =/ P2+ Pisingp,
Wi = /W + W cos, Wy = /W + Wisiny

we get

dp y — aPyJ? We(y + aPyJ?)

=2 = (b—a)dy Py (bPyJ -

i~ b 0< W WZ —c1J2 +aJ?P2)’
dp y? —a?P2J4 1 5
= = (b—a)dPy (bPyJ — A
g~ b ( I TR — alPWE — ) Byl
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We find that the solutions W (¢), P(t) are expressed by
first—coordinate of the spin four—vector Wy (t) which is an elliptic
function of t.
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The case of relativistic particle with spin

The twistor space T is C* equipped with in the Hermitian form &
of the signature (++ ——)

00 —1 0
00 0 -1
=il 19 0 o
01 0 0

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



The Grassmannian G(2, T) =: M of the two—dimensional subspaces
2z C T of the twistor space T «— the Mincowski space M3,
which in our notation corresponds to Eé’S, with a = —1.

One can enumerate the orbits M*+ of the action of the conformal
group SU(2,2) = {g € GL(4,C) : g'®g = ®} on M by signatures
sign® \z— (k l) of the restrictions ® |, of twistror forms ® to
subspace z € M. The orbit M is identified with i
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The case of massless particle with non-zero helicity

The phase space of such particle is the manifold the positive
defined projective twistors

PT* := {[U] € CP(3) : v dv > 0} ,

where [v] := Cu is a one—dimensional complex subspace of T
spanded by 0 # v € T. The SU(2,2)- invariant symplectic form
wt on PTT is the Kihler form

wl = iaddlog v duv.
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In the subsequent we will use spinor coordinates (1, &) € C2 x C?
for the twistor v = (n,&) € T defined by the decomposition

T=cc®o
m::{<g>6T2n6C2}EMOO,

o:z{(?)GTzfe(CQ}eMOO.
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After passing to the homogeneous coordinates (; := ? = Z—Q
2 2
&1

(= &' where & # 0, we obtain the coordinate representation for
2

G

symplectic form:

e, ¢ =+ Ga-G) [da
= ([@6dGd) A | ¢ -1 G ié |
Cr—G@+6a —a§ d¢

w,

where

A=vT0v=1i(C0— ¢ +G@—Ca)
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The momentum map J7 : (PTT,w}) — su(2,2)* for the

[e%
symplectic manifold (PT*,w]) is the following one

g =ia (11-252).

and it leads to (in the ((1, (2, () — coordinate representation) the
formulas for four-momentum and relativistic angular momentum

o, —

1 —=
PIZ_E(C‘FOy

o —
PQZ_E(C_C%

Py=— 5 (- 1),
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Ly = (G0 +CoC + G+ G,
Ly = %(_C2Z+Z2€ +¢—C1),
Ly = oG8+ 86— G =),

J1 = —;%(C2Z—ZQC+ (1 —Cq),
Jp = —2‘2<<2<+<2<—<1—<1>,
Jy= =30~ TiC = G+ Co),

. 9
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The momentum map J;f is a Poisson map from the symplectic
manifold (PT*, w7 ) into Lie—Poisson space (L, {:, }a), i.e. for

«

fyg € C™(Ly) we have

{fvg}llojo—j_ = {fojj,ngJ}a’+,

where Poisson bracket {-, -}, + is defined by the symplectic form

ot
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In the coordinates ({3, (2, () it takes the form

OF 0G OF 0G _ [(OF 0G OF O0G
{FG}“—‘@ <a<26<1_8418<2>_<1 (agla@‘a@agl/
+(Cz—C2)<aFaG—aF6G> g%_angr
0y 0C2  0C2 0¢y 0Cc 0¢1 0¢ o¢
ww_w%+c<ww_ww>
0C a¢, ¢, 0¢ 0G2 9  O¢ 0¢2
(o)
¢y 0C  0CAC,) )

for F,G € C*>°(PT™).
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The four-momentum P,([v]) and Pauli-Lubansky vector W#([v])
satisfies the relationships

M PH () P ([]) = 0 and W”([U])Z%P”([v])-
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So, one can pull back the solution (ﬁ(t),f(t)) of Hamilton
equations on the symplectic manifold (IP’]I‘*,w;“) by the map

_ Lo — Jq +i(L1 + Jg)

G = 2(Ps— By) ;

G = (Pl + in)(Lg —Ji+ i(Ll - Jg)) — (Pg - Po)(Jg — iLg)
2 —2(Ps — D)2 ’
_ P —1iP

¢= Py—P;°
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So, if Py(t), P(t), L(t), J(t) satisfy equations then
C1(t), C2(t),((t)) are the solution of Hamilton equations

OéQ
G0 = {6100 T Do =~ 10 -+ 1) (e - 5 ) ¢

_ECK a) (=6¢2C2¢*C + 46126 ¢ — 4¢1G1C7C + 4¢1GaCC+

+3C7CC + 20102¢” + 2016C? — 406 + CEC + GG+ GG+
+207¢ + 201G + 201GCPC + 2G1G1¢%))

d 3 _

SO0 = {6 ko T Yoy = —grgd(b — aP(¢C+ PG — G),

defined on (PT™,w) by the Hamiltonian ho 7.
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The case of a massive particle with the spin

In order to describe the phase space of a massive particle with the
spin s # 0 let us consider twistor flag space

F:={([v],z) e PT xM: [v] C 2z} .

Similarly to the case of Grassmannian M we will enumerate the
orbits F%!™ of the natural action of SU(2,2) on FF by the
signatures k = sign @ [}, Im = sign @ [, of the restrictions of
twistor form to the flag [v] C z. We restrict our interest to the
orbit F*+ consisting of the positive flags.
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One has the following double fibration
FH++

PTt M+t
of Ft++ over PTT and M**. We show now that M7 is the
phase space of massive spinless particle and F™ T is the phase
space of a massive particle with non-zero spin.
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For these reasons let us pass to the coordinate description of M+
and F™1 consistent with the decomposition T = oo @ 0. We have

v:(Z;) and zz{(Z;): §€C2}
for [v] C z, where Z € Matayx2(C). The flag [v] C z belongs to

F+++ iff the "imaginary" part of Z = X +iY, X' = X and
YT =Y, is positive definite, i.e.

detY >0 and TrY > 0.

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



Let us take the product PT™ x PT* of the one—twistor phase
spaces with the symplectic form

12

okt * 4+
W =MWy, + Tow

a9
where 7; : PTT x PTT — PT™ is the projection on the i-th
component of the product. The symplectic form w'? is invariant
with respect to the natural action of SU(2,2) on PT* x PT" and
the momentum map J12 : PTT x PTt — su(2,2)* for

(PT* x PT*,w!?) is given by

1,2
TP =Jrom +J; om.
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The function s2 : PT x PT — R defined by

2 T 2
9 al — o ajay vy Pyl
s {|V1], |V2]) =

(bl fe2l) < 4 ) 4 vI@vlv;@w

in an invariant of the conformal group SU(2,2) . The projective
twistors are orthogonal [v1]L[ve] with respect to the twistor form @

iff ) 2
s ([v1], [v2]) := (01140<2>
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Any flag [v] C z one can identify with the pair of twistors

([v1], [v2]) € PTT x PT*. Namely, one puts

z = span{[v1], [v2]} € M and [v] = [v1]. Reducing symplectic form
wb? to the level submanifold of PT™ x PT™ we obtain symplectic
form (Kahler form) w, 5 on F T+ which in the coordinates
([€], Z) € CP(1) x Matax2(C) is given by

ous = 00105 | (dex (2 21)) ™ (4t (2~ 21) ) "]

where s := #1222 and § := —%. The symplectic form rewrited
in the variables P*, WH, X* is the Souriau symplectic form.
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The reduced momentum map Js 5 : FHT T — su(2,2)* is of the

form P o
_ — %000 —
Ts(€]:2) = < o ot s )
where
_ o ten (165 = Sns
P=—amz- Zf)gff Gz~ 7z — e LA Z=2h.

For (2 x 2)—matrix calculus it is useful to introduce the following
operation on B € Matax2(C):

B = 09BTos.

We define the Pauli-Lubansky four-vector W = W*g, in the
following way N
MP =: R— W,

where Rt = R and Wt =W
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We obtain .
M=7P — iTr(ZP)ao.

and we also express M in the coordinates ([¢], Z = X +iY):

S L W9 S L <y
M=-az-ze 2 + gz - znet 75
_ (16%) S anims ot

det(Z — ZT)gT(Z_ZT)g(Z Zheet(Z — 72+

za2

2det(Z ZT)S(Z ZT)ggT(Z - ZT)02702(Z — Z1)¢oy.

Alina Dobrogowska Bi-Hamiltinian structure related to deformed so (n)



We find that

_ i(SOél -~ B eaRe .
VTR ZT)E&T 2det(z — 70 %~ %)
i&ag

Gz~ ez — e 2 2NNz =20,

and
Tr PW =0,
det W = —s?det P,
Tr PY = 26.
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Using vector notation for M we find follows

1

Yy = — _ P

0= "gerp Wo—0),

. 1 .

Y —— (W 5P),
det P +

. 1 . - P - 1 L. B

X = Jx P I— ((P-L) dtPX)P.
detp” T T a " PydetP +det FAo
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The formula given above allows us to obtain the time evolution

Yo =Yo(t), Y =Y (t) and X = X (t) described by the
Hamiltonian. For this reason we only need to assume that the
evolution parameter ¢t appearing in the Hamilton equations is the
time related to the space—time coordinate Xy by Xy = ct, where ¢
is the light velocity. We have

R T
X = 7(mc)2J X <P(t) Wo(t)W(t)> +
N <ct b () + <mc>2£<t>) ),

where m is the relativistic particle mass defined by —(mc)? = ¢y,

cPy and J are its energy and angular momentum, being integral of
motions in the case under consideration.
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