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Introduction

Motivation

@ Noncommutative extensions of integrable equations: KdV, NLS,
sin-Gordon, the KP equation, the Hirota-Miwa equation,
two-dimensional Toda lattice equation and AKNS hierarchy.

Q B. A. Kupershmidt, KP or mKP: Noncommutative Mathematics of Lagrangian,
Hamiltonian, and Integrable Systems, Math. Surv. and Monogr. 78, AMS
Providence, RI (2000).

@ Supersymmetric systems — particular examples of noncommutative
integrable systems.

@ Perhaps the best known example of such equation is the Manin-Radul
super-KdV equation.

@ Yu. I. Manin and A. O. Radul, Commun. Math. Phys. 98 (1985), 65-77.

@ Soliton solutions for the Manin-Radul super-KdV equation — Darboux
transformations.

@ The theory of Darboux transformations was boosted by the dressing n
i
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Introduction

Darboux Transformations and Dscretisations

@ Darboux transformations also play a role in constructing integrable
discretizations of integrable equations.

@ The Bianchi commutativity for Biacklund-Darboux transformations is
also known as a principle for nonlinear superposition.
[§ D. Levi, J. Phys. A 14 (1981) 1083-1098.

@ The classifications of elementary Darboux transforms can be used as a
tool to classify discrete systems related to a given Lax operator. These
discrete systems will have Lax pairs provided by the set of two
consistent Darboux transformations.

@ The corresponding Backlund transformations will represent symmetries
of the discrete (difference systems).
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Introduction

Noncommutative NLS equations

@ osp(1]2)-invariant SUSY NLS models:

iU + Uy — 2utuu — Wiwy + vV, =0
W + W — ufuw +iuvl + win) =0

@ Kulish P. P., Quantum osp(1|2)-invariant nonlinear Schrédinger equation, ICTP
Preprint 1C/85/39, Trieste (1985).

@ u, ¥ — smooth functions taking values in an infinite-dimensional
Grassmann algebra
G =Go® G
@ The variables u are called commuting (Bosonic) variables:
Uity = upuy, Ui, Uz € Go
o the variables W are called anti-commuting (Fermionic) ones:

I
YWy = —WoWy, Wy, W5 € G UNIVERSITY OF LEEDS
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Preliminaries: Grassmann algebras and Lax representation

Grassmann Algebras

@ Let G be a Z-graded algebra over a field K of characteristics zero.

@ G as a linear space is a direct sum G = Gy @ Gy, such that
GiG; € Giyj (mod2).

@ Those elements of G that belong either to Gy or to G; are called
homogeneous, Gy — even, G; — odd.

@ The parity |a| of an even homogeneous element a is 0 and it is 1 for
odd homogeneous elements: |ab| = |a| + |b|.

o Grassmann commutativity means that ba = (—1)/2l1Plap for any
homogenous elements a and b. In particular, af =0, for all a; € Gy.

& F. A. Berezin, Introduction to superanalysis, D. Reidel Publishing,
Dordrecht/Boston/Lancaster/Tokyo (1987).

jid

& D. A. Leites (ed), Seminar on Supersymmetry, Independent University Press fl
(2011) [in Russian] DNIVER TS SF LeeDs
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Preliminaries: Grassmann algebras and Lax representation

Grassmann NLS equation: Lax pair

o Consider a Lax operator of the form
L=0x+ U— \h,

@ the matrix U has entries in a Grassmann algebra:

0 ¢ 2q L (100
U=|->0¢ |, h=5|000
2p ¢ 0 00 -1

@ p and g are even elements of G,
¢, », ¢ and ¥ —odd homogeneous elements; A\ € C — spectral
parameter (even variable).

@ We will be using the natural grading Ujj € G;; (mod 2). 5
il
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Preliminaries: Grassmann algebras and Lax representation

Grassmann NLS equation: Zero Curvature Representation

@ The zero curvature condition [L, A] = 0 gives:

Gt = — G + UxC — Yk — 2q(13e — ¢C) + 8¢°p
Pe = Pox + Pxrt — pex + 2p(Y3e — ¢C) — 8p°q
Ve = Pxx — GxP — 29Px + 2pqyp + Y C

Ct = Cux — Gx2¢ — 2975 + 2pq( — Y3

s = — 3k + PxC + 2pCx + 2pqac — e

bt = —xx + PxV + 2P + 2pqo + P

@ The second Lax operator A is of the form:

A =0+ Vo+ AU — A2h,

4pg —2¢x 0 0
Vo =ad; ! Uy + 0 —4pq — 26C 0 N
0 0 2(¢C Jﬁﬁ/ﬁﬂ TY OF LEEDﬂS
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Preliminaries: Grassmann algebras and Lax representation

Grassmann NLS equation: reductions and integrals of motion

@ The reduction ¢ = ¢ = ¢ = 2! and p = g' leads to a system which
after a re-scaling and a point transformation t — it, x — ix leads to
the Kulish model.

@ It can be shown that our Grassmann NLS model is a completely
integrable Hamiltonian system.

@ The first three constants of motion are of the form:

N = [% dx {4pg + oo + C};

P = [Z dx {=2pq — ¢thx — 2Cx — dxth — 2 (}

H o= [ dx {2p«qx + dxthx + 50xCx + 20267 + pq(d) + 5C)
—q(ddx + 355) — p(hihx + (G }-

o N - "total number of particles"; P — "total momentum"; n

‘H — the Hamiltonian of the system. UNIVERSITY OF LEEDS
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Darboux transformations for the Lax operator

Darboux transformations

e By a Darboux transformation we understand a map
L—Ly=MLM™
where the Lax operator L1 has an updated potential Us:

0 91 2q1
L1 = 0x + Uy — Ah, Ui=| -0 0 ¢
2p1 ¢1 O

e Here M and Mj; € Gi,; (mod 2) are rational functions of X and
differentiable functions of x.
@ Dressing equation: My + UM — MU = 0.
@ A composition of Darboux transformations is again a Darboux n
§
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Elementary Darboux transformations
@ We are interested in elementary Darboux transformations which

cannot be decomposed further. Thus, we restrict ourselves by linear in
A Darboux matrices:

M = Mo + )\Ml
@ The substitution of M in Dressing equation results in:
[h, My] =0,

Ml,x + UMy — MU + [h, Mo] =0,
Mo x + UiMy — MU = 0.

@ Let us consider the simplest case of A- independent Darboux
transformations (M; = 0).
From the second eqn. above, it follows that My is a diagonal matrix.
The third eqn, implies that My is a constant diagonal matrix, and th
Ui My = MoU. The later is nothing but a Lie point symmetry h

I
. . . NIVERSITY OF LEEDS
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Elementary Darboux transformations ... (cont'd)

o If My # 0, then it follows that M; is a diagonal matrix:
My = diag (o, 8, 7).

@ Furthermore, the second equation implies that «, 3 and ~ are
constants.

@ We will describe the elementary Darboux transformations for the
special case when the matrix My has rank one and =1, 5 =0,
v = 0. In this case it followsthat Mg 22 and My 33 are constants.

o Further analysis shows that there are two essentially different cases:
(1) M0’22 = 0 and M0,33 = ].; (2) M0722 = /\/I0733 =1.
For a sake of convenience, from now on, we will denote the matrix
element My1 by F.

i
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Case 1: My, =1 and M35 =0

@ The A-term of the compatibility condition gives:
Mo =, My = -3, Miz=p, Mz =p1, Mxy=Msz=0.

@ Therefore, the Darboux matrix M takes the form

F+X ¢ gq
M = -2 1 0
pp 0 O

@ The M-independent term leads to the set of algebraic constrains:

$1 = —p1, ¢ = —qrm, p1g = 1.

f
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Case 1: My =1 and M33 =0 ... (cont'd)

@ Dressing chain of equations:

ax = —(Ys1 +2F)q, Fc=2 <C;1 - q> + e — P11,

d-1
Py = P —PF + %UAL sy x = —x+ s F + %%2-

@ Introduce new variables v, ¢ and v (forward v; and backward v_;
shifts) g = e¥, p = €1, = ne*/2, 31 = pe~"/?, one can eliminate
the function F and cast the dressing chain into:

Ve = 4 (evl—v _ ev—v,1) + (9077—1 + S0_177)e(v—v—1)/2

— (pm + prn)e1=/2,
Q)OX = Sple(vliv)/z + SO—]_e(V7V71)/2

)
I e T N (A 3 N
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Case 1: My =1 and M33 =0 ... (cont'd)

@ The above system is an integrable noncommutative extension of the
Toda chain: the reduction £ = n = 0 leads to the standard Toda chain:

Ve = 4e17Y — 4V V-1,

@ The system also has a Lagrangian formulation with a Lagrangian:
L(v,&,n) :/dx

2
V.
x <2X — 4e¥ TV £ 2(ng + po1n)elV T2 fon, — %n) -

f
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Case 2: M22 =1, M33 =1

@ Here we haveMlg = w, M21 = —J, M13 =4q, M31 = p1 and
@ Due to Abel's theorem, the Wronskian does not depend on x (since
the potential U is a traceless matrix) and thus

(F=p1g+vm)x=0 — F=piq—1m+p
@ As a result, the Darboux matrix M takes the form

p+pg—1ra+A ¢ q
M = — 1 0
1

p1 0

@ Algebraic constraints:

jid

(1-T)¢ = (qsa), (1-T)o= (plw)UNIVERSITYOF Lssnés
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Case 2: My =1 Mz =1 .. (cont'd)

@ Dressing chain equations:

G = 2q(3 — p1q — p) +2q1 — (1 = T) " Hgsa )t

px = —2p(th_13¢ — pg_1 — p) — 2p_1 — (1 — T) "} (prep) s«
e = 11— q(1 = T) " Np1p) — (1 + prg)ep

s = =1 — p(1 = T) Hasa) + (u+ pg-1)

Here T is the shift operator: Uy = TU = Adp, U.
The presence of the operator (1 — T)~! in the dressing chain leads to
a non-local dressing chain.

@ It can be rewritten into a local form but will lead to non-evolutionary
dressing chain equations for the odd variables.

@ In the Bosonic limit, it reduces to the standard NLS dressing chain:

n

_ _ i
ax = —2q(p1q + 1) + 291, prx = 2P1(P19 + I)NivARITY OF LEEDS
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Darboux transforms and discretisation

Bianchi Commutativity

o Discrete systems appear as consistency conditions of two Darboux
matrices M and N around a square (the Bianchi commutativity).

e Introduce lattice variables (k, m) (k, m € Z): generic even vj p,, and
odd variables 7 ,, are defined on an integer lattice Z x Z.

@ Introduce the shift operators S and T. For example

qu,m = qk-i—l,ma TCk,m — Tk,m-i,-]_, TS = ST

e Consider two Darboux transformations M(A) and N(\). On the space
of fundamental solutions {W} of L()\) they act as follows:

SV =MV, TV = NAV(A).

f
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Bianchi Commutativity ... (cont'd)

@ The compatibility of the

T[V] ST[w] transformations
[S, T] = 0 implies

TM]
SINIM(A) = TIM(A)IN(A),
N SIV] and leads to a set of
algebraic relations

M between U, S[U], T[U]

" S[V] and TS[U].

@ In this setting, Darboux transformations can be considered as a
discrete Lax pair associated with L()).

@ The system (coming from Bianchi commutativity) is an integrable n
discretisation of the hierarchy of L(\). UNIVERSITY OF LEEDS
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Bianchi Commutativity ... (cont'd)

@ The differential equations for the Bicklund transformation, coming
from the derivation of the Darboux matrices can be considered as
symmetries of the difference system.

o We will describe the set of integrable discretisations obtained from
imposing a consistency of two elementary Darboux transformations.

i
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Darboux transforms and discretisation

Case A

@ Consider two Darboux matrices of the type described in case 2:

p+pog— Yo+ A Y g

M = — 2110 1 0];
P10 0 1
v+poiq —Yxo1+A Y g

N = — 301 1 0/,
Po1 01

The consistency condition leads to:

w—v
po1 — P10 = 75 (1 + p11qg + Y1) p11,

(1+p11q)2( )
o1 — G P2 (14 pug + ¢sa1)q
01— q10 = — 755 11 »11)q,

(1+ p11g)?

i T
01 — 10 = ——— 111, g = — T i
ot 10 1+ p11q i, o1~ Y10 1 JuIMERSITY OF LEEDS
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Case A ... (cont'd)

o If all odd variables vanish, this system of difference equations reduced
to a familiar two-component system:

(1 —v)pu (k—v)q

Po1 — P10 = , qo1—qio = .
14 p11g 1+ p11q

[8 V. E. Adler, Physica D 73 (1994) 335-351.

[3 V.E. Adler. Phys. Lett. A 190 (1994) 53-58.

r @ One can pose an initial value problem
' with initial conditions on a staircase.
For a given set of initial data on the
- staircase, a solution of the difference

[ "1_ """ iailion system can be found recursively. n
k o
UNIVERSITY OF LEEDS

(P, go1, Ym, *m )

Georgi Grahovski (Univ. of Leeds) Discretisations of Grassmann NLS Varna, 07.06.2013 22 /32



Case A ... (cont'd)

@ One can define the Elimination map and express any variable on the
lattice in terms of a finite subset of the initial set of variables on the
staircase.

@ A. V. Mikhailov, J. P. Wang and P. Xenitidis, Nonlinearity 24 (2011) 2079-2097.

@ It is clear, that these expressions are rational functions of the even
initial variables and multi-linear function of the odd ones.
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Darboux transforms and discretisation
Case B

@ Combine two Darboux transformations of types 1 and 2:

p+prog— Yo+ Y g F+X ¢ g
M = — 10 1 0|, N=| =301 1 0];
P10 0 1 p1 0 O

@ The Bianchi commutativity gives the quadrilateral system:

po1 = (1 — F + p1og — ¥310)p11
qio = (1 — Fio + p11go1 — Yo1721)q
Yo1 — Y10 = —(i — Fro + p11qo1 — %o12211)7)
a1 — 210 = (u — F 4 prog — ¥se10) 5111
F(p + p11go1 — Yo15a1) = Fio(p + p1og — 13410)
+ P10910 — Po1Go1 — Y10%c10 + Yo1501,

§
and the condition: pg1g = 1 which enables us to eliminbBdVBRSITY OF LEEDS

Georgi Grahovski (Univ. of Leeds) Discretisations of Grassmann NLS Varna, 07.06.2013 24 / 32



Case B ... (cont'd)

@ One can solve the last system with respect to F and its shift Fig:

dio q do1 qo1
F=p——+—— =930, Fo=p——+_— —vors.
q d1,—-1 q q10
@ Then, one can eliminate F. The compatibility condition S(F) = Fyo
read:

q q g-11 aqi,0
+ - — ==+ 11§ Y&, 1+ p—p1 =0,
d-10 d1,-1 q
dio
P10 — Yor = —,
q
qi10

£—&,-1="—"—"&o.
q

Here { = s 1. ﬂ
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Case B ... (cont'd)

o After setting g = €Y, where v is an even variable, one can easily
recognize a non-commutative extension of the fully discrete Toda
chain:

Vi.—1—V v_ —V V—V V—vVv_
eV1-1 4 eV-10 —e 10 _ e 1,1

+_11§ — &1+ 1 —p =0,
1,0 — Yo1 = "0V,

§—&1,-1=e""" 0.

@ In the special case when all anti-commuting variables vanish, it
reduces to the discrete Toda lattice:

evl,_l—v + ev_l’o—v _ eV_V1’0 _ eV—V_171 + ,u]_ _ /.L — 0 (
i
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Case B ... (cont'd)

@ On the lattice each equation can be represented by a graph:

- For the commutative Toda lattice
one can solve an initial value problem
with initial data given on the
staircase Wp:

gl

N

Fatante na Y

: Wo = {(k + n,m — n),
P (k+n,m—n—1):

'Y ned{0,...,2p}}. T
T ) UNIVERSITY OF LEEDS

[k +32p,m -3
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Case B ... (cont'd)

@ In the case of noncommutative equations one also needs to define
boundary odd variables. Taking some p € N we define a parallelogram
W with boundaries

Wy = {(k+2n,m—n),(k+2n,m—n—p—1)|ne{0,...,p}}
Wo = {(k,m—n)|ne{0,...p+1}},
Ws = {(k+2p,m—n—p)|ne{0,...p+1}}

@ The set of boundary variables w,((?rz are defined on Wy U W, and the
boundary variables 5,((?13 are defined on Wy U Wj.

@ The variables on the boundary W; U W, U W3 and inside W can be
expressed as rational functions of the even variables given on the
staircase W, inscribed into the parallelogram W and multi-linear .

. . il
functions of the odd boundary variables. UNIVERSITY OF LEEDS
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Case B ... (cont'd)

@ Indeed, the system with such initial boundary conditions can be solved
by a finite sequence of iterations.

@ For the first iteration we set all odd variables inside the parallelogram
to zero and find the first approximation of even variables for all points
of W.

@ Then, using the boundary conditions for odd variables, one can solve
the full system to update the values of odd variables inside W.

@ Starting from these data, we repeat the sequence of iterations. This
sequence will stabilise after a finite number of steps since the solution
(Gy.mys Yiymys Eky,me), (K1, mi) € Wois a multi-linear function of the
odd boundary data.

i
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Conclusions

Summary

e We studied integrable difference equations associated with Grassmann
extensions of the nonlinear Schrédinger equation.

@ We constructed two elementary Darboux transformations. As a result,
new Grassmann generalisations of the Toda lattice and the NLS
dressing chain are obtained.

o We obtained difference integrable systems as a compatibility (Bianchi
commutativity) of these Darboux transformations. Such systems can
be viewed as Grassmamm generalisations of the difference Toda and
NLS equations.

@ The osp(1|2)-invariant supersymmetric NLS model of Kulish can be
obtained by imposing the reduction p = g and ¢ = ¢ = ¢ = »f.
@ Our Darboux transformations is not applicable to the Kulish system,

because they do not respect the reduction to osp(1|2) superalgebra. n
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Open problems

The results obtained here can be developed in several directions:
@ to study the corresponding Yang-Baxter maps;

@ To derive the recursion operators and study the associates
multi-Hamiltonian structures;

@ This can be generalised to other integrable hierarchies.
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