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An attempt at motivation

Quantization = a recipe for passing (or trying to pass) from

a classical system to (the) quantum system be means of the
mapping
Q
f—=Qy
where f € C*°(2) (or generally smooth functions on a sym-

plectic manifold - a phase space), Qs is an operator on a

fixed (separable, infinite-dimensional) Hilbert space whose



spectrum is usually interpreted as the possible outcomes of
measuring a quantity (position, velocity, momentum, en-
ergy) represented by (the classical observable) f in an ex-
periment (the G,'s are then called quantum observables).

We usually insist that the mapping @ is subject to the fol-

lowing conditions:



1. The map @ is linear.

2. For any polynomial ¢ : R — R we should have

ngof — Qb(Qf)

3. [Qf,Qq¢l = _%Q{f,g}a where

n (8]” dg Of 89)

fag = o
thah El Op;j0q;  0q;0p;




An Example

T he space J; of functions that are entire on C™ and square-

iIntegrable with respect to

1 R o\ 2
dup(z) == (Wmne 2[%/hq, = <;> e~ dz = pp,(2)dz

with the “weight” pp(z) = e_o‘|z|2(a/w)”, where o := 7 /h >
O (in which case the “classical limit” h — O corresponds to

a — 00), dz being the Lebesgue volume measure on C"

4



Reproducing kernel:
and the reproducing property reads:

f@) = [, J @ Knle,)on()dy = (f, Kn o),

where Kj , = Ky(:,z). This space is usually called the

Segal-Bargmann or Fock space.



Closely related to the Berezin and/or Berezin-Toeplitz de-
formation quantization is the Berezin transform defined for

f e L°®°(C") by the formula

x 2
T /Cnf(y)wf((hh((a: yx))| n(y) dy
i <%>n/cnf(y) e—()é‘x_y|2 dy
A
= edaf,

which is precisely the heat solution operator at t = do:



For this operator there is the well-established asymptotic

expansion

Af(z) | A%f(z)
4o 21(4a)2 T
hAf(z) | h2D2%f(x) |

4 2142

Bpf(z) = f(=)

/(@)

as a — oo or, respectively, h — 0.



This means that By f is an approximate identity as a — oo

(h — 0):
8 (8%
= I+hQ1+h°Qa+..., (1)

where [ is the identity operator and Qj are generally certain
differential operators. This neatly points to the fact that,

in a sense, for h — 0 the classical physics is recovered.



The possibility of expanding By in an asymptotic expansion
of the form (1) applies even in much more general situations
of domains €2 in C" on which a strictly plurisubharmonic
real-valued smooth function & defines a Kahler metric 97

by
52D
8,21'(95]' .

gij —



Then we have the associated volume element du(z) =
det(gﬁ)dz and for any h > O there are the weighted Bergman
spaces Lﬁol(Q,e_%du) =: Lhoip, Of all holomorphic func-
tions in LQ(Q,e_%du) and also the corresponding repro-
ducing kernels Ky(xz,y) as well as Berezin transforms By,

and, in case Q2 C C" is
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1. smoothly bounded and strictly pseudoconvex and e~ ®

is a defining function for 2 [Bordemann, Meinrenken,

Schlichenmaier (1994)], [Englis (2002)], or

2. Qis a bounded symmetric domain in C"* and e® is the un-
weighted Bergman kernel of 2 [Berezin (1974)], [Borth-
wick, Lesniewski, Upmeier (1993)], [Coburn (1992)], or,

of course

3. Q = C" with ®(2) = |2|%,
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then, as a —+ oo (h — 0), there are the asymptotic expan-

sions of the form

Qjf _
J

Buf~ Y f: WQ,f
j=0 =0
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T he harmonic case

the weighted Bergman spaces Lﬁoljh, however, have a “draw-
back” from the point of view of the preceding applications:
their definition requires a holomorphic structure so that,
as a matter of fact, only complex manifolds are involved.
On the other hand, the Berezin transform as well as some
other ingredients that are present in the theory of defor-
mation quantization (e. g. Toeplitz operators) still make
perfect sense also in any subspace of L2 that possesses the

reproducing kernel.
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In this respect, it is of interest to find out whether or not,
and, eventually, to what extent the analogues of the pre-
ceding facts can be pushed forward. Even the fragmentary
results known up to now and their proofs in particular show
that this line of investigation is (if not related directly to
quantization) quite a challenging enterprise. Namely, for
the harmonic (rather than holomorphic) Segal-Bargmann

(Fock) space on C™ &£ R2"_j.e. the space
Hp, := {f € L*(R*",duy) : Af = 0},

we have the following result:
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Theorem 1 (M. Englis, J. Math. Anal. Appl. 367

(2010)). Let R be an operator given by the formula

n 0 o m o, o,
R= > (Z‘+Z'):Z (CB -y >,
j=1\70z 0 Vozi) =i\ Tz P oy,

where z; = x; + iy;, acting on R?* £ C". Then there are
linear differential operators Rg, Ri,... on R?"\ {0} of the

form

_ 2l-2jmk Al

Rij= >  pplyl” IRA
k>0
k+21<2]

with some constants p;,; (depending only on n), such
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(Theorem 1, continued) that for any y = 0 and for any
f € L>®(R2™) smooth in a neighbourhood of y, the harmonic

Berezin transform BI3™ associated to the spaces K, has

the asymptotic expansion

R;f(y)
J

(87

as o — o0. (2)

B (y) = 3

7=0
Furthermore, Rg is the identity operator,

_ A n-3)n-1, n-1 o
B1=a@n-1 1 2@n- ik Yt 2@n- n”

Y

and
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Bgarmf(O) ~ § A71(0) as o — 0o. (3)

i=0 j'(4a))
(End of Th.1) Note that (2) doesn’t actually reduce to (3)

in case y = 0, (where even the operator Ry is singular) which
suggests that B{;arm enjoys quite an abruptive behaviour at
y = 0 (this is in fact a manifestation of the so called Stokes

phenomenon).
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SoP

As a first step, using some standard facts about spherical
harmonics, an explicit formula for the reproducing kernel

K;(z,y) of the harmonic Fock space
T, = L2(R™, dpy,),  dup(a) = (wh) "/ 2e~1#1/hgy

can be derived (note that this result is true for general
n € N, not necessarily even, the specification to R2™ comes

later).
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Indeed, denote by S*~1 = 9B™ the unit sphere in R™ and let
Y be the space of all harmonic polynomials on R"™ homo-

geneous of degree k£ equipped Y, with the inner product

£y = Jgnos F(©) 9(0) da (),

where do stands for the normalized surface measure on
S”—1 Now,

[k/2] (_\jok—2j(n .
Yi(z,y) = |z| |y|k< -|—k—|—1> ) (=)72" 2 (F)k—j—1

=0 gk —2j5)!

k—2j

(x,y)
b} ‘/’87 6 Rn?

(|x||y| Y
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where (a)p ;= ala+1)...(a+k—1) = rl(_a(l')k) is the classi-

cal Pochhammer symbol. Since harmonic polynomials are

dense in JH;, each f € H; has the homogeneous decompo-
sition
o
f= > fr (convergence in Hy). (4)
k=0
By a quite routine but tedious calculations we can observe
that in fact

n

2 2 . k
1FellZe, = cull fullZa s cx i= <§)kh |

20



But of course, the proportionality of norms implies the pro-
portionality of the corresponding products and using the

decomposition (4) we thus have

(fsHpz)a, = [f(z) = ;jo fe(z) = k§O<fk7Yk,a:>Snl
o0 7Y . 0 Y, .
S i Yea)3g, TR L Vg0,
k=0 Ck k=0 Ck

This in turn implies that

Hy (o) = > Yi(z,y) _ 3 Yi(2,9)

k=0 Ck k=0 h*(3),

(5)
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Recalling that the k—th Gegenbauer polynomial C} is

given by the formula

L2 N G L1 ¢%) Sy
Cr(z) = j;o Ak — 2j>‘!7(22) 7,

we have for all £k > 0O

n
__l_k_ 1 _5-1 <xay>
Yi(@,y) = |o|F|y|"2 CF ( .
A-1 7 \Jzlly

Let's introduce the complex number
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_ (@) + ey — (z,y)?
h 9

sO that

z||y|

z=re'®  with r = — COS ¢ = (z,Y)

=yl

and using the following formula from [Bateman-Erdélyi,

10.9 (17)]:

U (V)Q(V)k —|(k: 2 )¢
C’k(COSgb)_JZO jl(k_])lj J
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we obtain

Yi(z,y) _ Jz|*lyl* 51 ((w,y>>
he (5 hE(Z — 1), * |||y
— rk 5o (51,5 - 1)/€—je—(k—2j)iq§.

(5 — Dk i=0 g1k —7)!
Inserting this into (5) and making the change of variables

from kK tol =k — 3, we end up with:



©.@)

k

r

2.

Hh(x7 y)
k=0

©.@

2.

7,l=0

-

where, of course

Z (%—1)kj=0 j!(k_j)!

P G =16 - D G-nie

5—1)i4 711!
%_}L %_ 1 rei¢,re_i¢) ,
2

© GG - Dk - (k-2j)ie
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a b
%(C

IS the hypergeometric function $, of two variables from

Ve & (@0
| ) j,kzzo () jri'k!

Horn's list [Bateman-Erdélyi, 5.7.1]. So the point here is

that in fact we have the following expression for the repro-

ducing kernel Hy(x,y) :

— 1 |t1 +ito t1 — ito
ho h

25



where

= (x,y),  tor =]zl — (z, )2
The harmonic Berezin transform associated to the harmonic

Fock space H; takes the form

(wh) /2
Hy(x,x)

Byf(x) = Lo F@) Hy ()2 07/ hay,

Now, to establish the asymptotic behaviour of B;, it would

be nice to know the behaviour of Hy(x,y) as h — 0.
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T his could be quite easily done for x = y, in which case we
are essentially faced with the task to asymptotically expand

the confluent hypergeometric function {Fy. This yields

. B . .
o, (z, ) ~ ::Ei : ;ela:|2/h|:2£”_12 j§0 (1 - 2)253 —n), |a;h|323'

for x %2 0. NOTE: Hy(z,z) = 1 for every h for x = 0.
Unfortuntely, for x = y, no analogous asymptotic expansion
seems to exist in the literature and the standard integral

representation for o, :
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a b _ (c)
(DQ( c Z’“’) T (@) ®)(c—b—a)

/ ua“_lvb_l(l o — v)c—a—b—leuz+vw du do,

u,v>0
u+v<1

Is of little use, since it is valid only for Re a > 0, Re b > 0,

Re (c—a—b) > 0, while in our case we havea =b=c=5-1.

This looks like troubles and the remedy is the following ad

hoc contour representation:
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for any z,w € C and o, 8 € C with Re o > 0, it can be shown

that

—1 14t 1t
ﬁ/aQCL—l(a[ L 1)5—20(—1 /_1 (1 L tQ)Ck—leTCLZ—I—TCL’U)dt dCL

—7Ti4a|_(()é)2 b (a Q . w)
r(Ar(1+2a-p8) =\ 8 [77)

Taking a = B we finally obtain
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in— 2

Hp(x,y) = —

(2, y) = o5 A
o) FitV (z.y)

e h dt da,

n—3; =2 ("l  2\R-2
a' “(a—1) 2/_1(1 t<)2

where for the sake of brevity we write

V() = |22l — (z, 1)2.

From this representation, the asymptotic expansion for By
can be established by some technical manipulations,
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but unfortunately at the cost that we restrict ourselves to

the case of n > 3 even, i.e.

n=2N+2 N=123....

(..)
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The half-space

A few explicit formulas for reproducing kernels have been
known for function spaces of harmonic functions square-
iIntegrable on other domains than the harmonic Fock space

(with respect to some appropriately weighted measure),

namely, let H be the half-space in R*t1

H:={(z,y);z e R" Ay e Ry }.
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Denote by H, the Hilbert space of all harmonic functions

that are square integrable with respect to the measure
y“ dz dy,

where dxz and dy are the standard Lebesgue measures on R"
and R, respectively, and a > 0 is an arbitrary nonnegative

real number.
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Again, by the volume version of the mean-value property

for harmonic functions, the (linear) functional €(zy) | Ha D

Y)
f = f(xz,y) € C is bounded for each fixed (z,y) € R” x R}
and therefore continuous. Thus there is the reproducing
kernel Ko : H x H — C with Kq(-,h) € Ho Vh = (x,y) € H

and the reproducing property: for all f € Ho and (x,y) € H,

flzy) = (f; Ka(-5 (2, 9))) 1,

/R” /OOO f(z,w)Ka(z,w, z,y) w® dw dz.
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Last but not least, the harmonic Berezin transform By iS

this time defined by the formula

1
Y, T, Y)

Baf(z,y) = g Jon o Iz w) | Kale, y; 2, w)[?

w® dw dz.

Now, in this setting we have the following result
Theorem 2 (JJ, J. Math. Anal. Appl. (2013)). For any

felL>*(H)NC>*(H),

(Baf) ) ~ 3 0V

7=0

(6)
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as a — +oo for every (z,y) € H, where R; are certain

differential operators, with Ro = I and

232

Raf@y) = 2 ) + (L= vl @) + 975 S(en)

2
for arbitrary (x,y) € H with A =Y 8833




The proof again uses some tricks and observations that
help to simplify the situation. First we note that if for
any function f: H — C and for any a € R" and b € Ry we

denote Ff%%(z,y) := f(bx—+a,by). Then we have the following

lemma:

Lemma 1l.Let f: H — C, a € R" and b € Ry be given.

T hen

(Baf)(a,b) = (Baf*")(0,1)

whose corollary will prove useful:

36



Corollary 1. In proving Theorem 2 we can confine ourselves

to the case (x,y) = (0,1).

Proof. Pick (a,b) € H and suppose that (Baf®?)(0,1) =

.fa,b
.ozoo R, f aj(o,l). Then, because (Baf%%) (0,1) = Baf(a,b), we
J:
see that
< R.f(a,b
(Baf) (a,b) ~ 'ZO ]f(k ), o — 400,
]:

as desired, with R;f(a,b) = R;f%"(0,1).
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In view of the previous corollary, it's quite reasonable to
adopt the notation Kq(x,y;0,1) := Hq(xz,y). Then, by means
of Fourier transform, we can give an explicit formula for
Hqo(x,y) in the form:

_ 1 a+1—(y+1)|€] aik-x
(7)

Using polar coordinates ¢ = »{ and some changes of vari-

ables, (7) can be transformed into

wor(-x

Ho(,y) = cay [ fgu_yr@ "€ 7% v F1 do(¢) dr,  (8)
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Qoz—l—laoz—l—n—l—l
(2m)"T (a+1) (y+1)aTnTlea’

the very definition of the Berezin transform (with the kernel

where cq,y = Inserting this into

given by (8)), we obtain

1 0 N
Baf(0.1) = 7 o5da fy Jan IG5 w)ga(w)halz,w) v dw dz,
(9)

where
Qoz—l-laoz—l-n—l—l
2o (a+ 1)ed’

da

wa

ga(w) = (w + 1)20+2n+2
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and

ha(z,w) =

S &  ja(rl{—sn)-z
= Jo o Jon1fgnat"" e v
ST 1 S 1 er— 1e$ 1

do({) do(n) ds dr.

Now a little trick: the orthogonal group O(n) is a compact
Lie group with a normalized left and right invariant Haar
measure dg on O(n) such that for every function F that is

continuous on S”1 we have

/Sn—l F(¢) do(¢) = wn /O(n) F(ge1) dg, (10)

40



where wy, = ?(L%j), g € O(n) and e; = (1,0,...,0) € S 1,

Now we can apply (10) to some of the integrals from (9),
namely:

ia(rl—sn)-z
I, r,s,w) := /Rn /Sn l/Sn  flz,w)e wF1 do({) do(n) dz

ia(rgeq—sheq)-z

= w% /O(n) /O(n) /Rnf(z,w)e w1 dz dg dh

ia(rhgeq —sheq)-hz

w% /O(n) /O(n) /Rnf(hz,w)e w1 dz dg dh

ia(rge1—seq)-z

w% /O(n) /O(n) /Rnf(hz,w)e w1 dz dg dh,

where in the third and fourth equality we respectively used

41



the changes of variables g — hg, z — hz and the fact that
h preserves the inner product on R"™. Moreover, denoting
fH(tw) = Joeny f(hter,w) dh = - fgn-1 f(t¢,w) do(¢), we
can turn the last integral into

ia(rge1—seq)-z

Wayrs,w) = wi oo o, (2l w)e w0 dz dg

Finally, using spherical coordinates z = ¢ and (10) again,
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we obtain

5 [0 1 ia(rgeq —seq)-tt
I(a,r, s, w) = wn/O /Sn_l /O(n) (¢, w)t" e w+1

dg do(7) dt

ia(r{—seq)-tT

= wn /O > /Sn_l /Sn_1 A wt" e Wl do(¢) do(r) dt

The next step is to insert this last expression for the integral

J(a,r,s,w) into the formula (9) for B, f(0,1):
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Ba f(0, 1) —

(¢, w)tt— lpngn
B Ha(O 1)/ / / / /Sn 1/Sn1 (w4 1)2n+1

S i(r{—seq)-tr
((w -+ 1)2e7“—1e8—1e v ) do(¢) do(r) dt dr ds dw.

Finally, let's undo the polar coordinates, say, r( = y and

tT = z to obtain
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BOéf(Oa 1) —

_ wnd3 /OO/OO/ / (2], w)ly|s™
H,(0,1)/0 Jo JR? /R (4 4 1)2n+1
w [w S i(y—jf%)-z & o e de d
e w .
(w + 1)2elw[-Tes—1 y Mz Hs A

This is essentially an integral of the form
_ aS(x)
I(e) = | F(a)e da,
where we may take 2 = Ry xRy xR" x (R"\ {0}), z =

(w,5,2,y) € 2, F(a) = LT and
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S(@) = Inggyyz+ (Ins+1—s)+ L2292 4 (Infy| +1—[y)), to

which the so called multidimensional Laplace method [Fe-

doryuk (1987)] applies and we thus obtain the following

asymptotic expansion

eaS(:co) 00 F(x
oy~ &0 5 Qiltro)
o) =0 o %
where the @;'s are the differential operators mentioned

above.
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T he ball

Consider the harmonic Bergman space Lz, (B, du?) on

the unit ball B"™ in R"™, consisting of all functions that are

harmonic and square integrable with respect to the measure
du(y) :=ca(l — [y[*)*d"y, o> -1,

where d™y is the usual n-dimensional Lebesgue measure and

the coefficient ¢, is chosen so that B™ has measure 1,
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I_(oz—l—%—l—l)t

/20

namely cq = Again, it is known that such a
space possesses the reproducing kernel Ry, Rq - B" xB"™ — R
harmonic and square integrable in both arguments satisfying

VfeLz,.,, B",dul), Vo eB":

harm

| ) Rale,»)dug(y) = f(=). (11)
Bn

It was shown by C. Liu in 2007 that if n = 2 then for

f € C(B2),
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Bof — f as «a — oo.

This result can be extended to full asymptotic expansion,

as stated in the following theorem:

Theorem 3 (P. Blaschke, (submitted)). Forx =0, n > 1,
and f € C°°(B"), there exist differential operators Q; =
Q; (A,az-v,|x|2), involving only the Laplace operator A,

the directional derivative x -V and the quantity |z|?, such
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(Theorem 3, continued) that

_ Ra(@,y) | n, \ _ X Qif(x) s o
(Baf) (2) .—Bé ) e oy e = X =5 (@ 00),
where (o = 1 and
n—2 1—|z|° (n—2)(1 — |z|*)3 >
@1 2 |:1:|2 4(n—1) |:1:|2 ( )©
1 (1 —|z|?)?A.

" 4(n—1)
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Finally, for x = 0O

SPIO

Bl O L ai(ar g +1),

(a0 — 00).

(end of theorem).

Note that, again, the Stokes phenomenon occurs! The
proof goes making heavy use of hypergeometric func-
tions. Unfortunately, it's too much complicated to be given
here. The highlights are: if for a real (or complex) function

f of a real argument we define its hypergeometrization
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by the series

a a 0o ¢m ¢(m) at)m...(ap)m
pfq(ciﬁﬁﬁcfj?t) R ) @) (o)

m—0 m! (c)m---(cg)m’

and for a real function f(x) of a vector argument, z € R",

n > 1 we define
CL]_...CLp_ — al...ap_
pfq(cl...cq’x)' pfq(cl...cq'tx>

then the following formula for the ‘“‘generalized reproducing

)

t=1

property” can be given
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Lemma 2. For p € Ng, 8 > a and f € CP(B"™) such that

Af =0 we have:

| Ralz,y) f()(z - y)Pdufh(y)
B?’L

_ P BPYT @),
2P 4 o/ Fm=p 3'mM(B) jpm41(D)

. 47 2644 b
3((z-V) f)3<gl?—Il_ljlm+b]—|—j 2b;x>'

The rest can be already deduced from here but the details
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are quite messy and we shall omit it.

Concluding remarks
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Thank you for your attention!
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