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S3(0,R) CR* | (z)% + (42 + (%)% + (+)° = R?

(2! Rsin (%) sin (9) cos ()
i Rsin (%) sin (9) sin (p) » € [Dwl
S i v € [0,7]
7 Rsin (%) cos (V) o € [0,27]
k:184 = Rcos (%)

ds® = dr? + R?sin’ (1) (d9° + sin® (9) d?)

restriction of (dscl)2 -5 (de)z + (dsc3)2 = (d:v4)2to S3(0, R)
S2(0,R) : 9 =2, ds® = dr® + R?sin’® (%) d?
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r € [0,00]
v € (0,7
¢ € [0,2n]

ds® = dr® + R?sinh? (%) (d? + sin® (9) d?)

restriction of (dx1)2 =k (dx2)2 = (d:zj?’)2 — (dx4)2to H22 0 -R)
ds® = dr’ + R%sinh® (%) dy?

H22+ (0, R) C R®: ¥
Representing them as subset of R3:
S3(0, R): T = r[sin () cos () , sin (9) sin () , cos (9)],

r € [0,7R], all points on the sphere S?(0, 7R) C R? being identified.
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H*2:+(0, R): 7 = rlsin (9) cos () , sin (9) sin () , cos (9)],
r € [0, o0
d82 = Fideide,

i )y B sinh® L) ryr;
I';; = “zsinh §5Z]+T—2(1—r—28mh E) T

Kinetic energy:

= dr dr
= 2F%J dt dt

Conjugate momenta

. Ol dri
pi = 5z = mlyr

—_— 2 1 7ar r
S%: p=misin? 2L 4 %(1 =" ine L) (FF)T

32+ . = 2rdr | om(q R gnp2r) (pdh) g
L g m2smh T 2(1 -7 sinh >(Tdt)r

Isometry groups:




Isotropy subgroup of the pole r = 0: SO(3, R)-usual rotations of the vector .

Its Hamiltonian generators:
f =7 X ]_? : {Ll, LJ} = Eik’ij

In velocity terms:

== 2
L:mf—zsm2 Er X % in §3

2
L= mR sinh? Z S dr in H3%+

Spherically-symmetric models: invariant under the isotropy group SO(3, R)
Lagrangian: L =T — V(r)

L =7 x P - constants of motion

Direction of L- constant of motion

dr

Direction of 7 X %- constant of motion

This implies: plane motion

Involutive system of constants of motion:




mRsin 55 (0, R)
Dol s 2 2 rdy 3,2,4
ilieinhet S (RN
([ J
. gr [ (@2 | o
L aaes ((7) +sind (%) ) on $3(0, R)
L:LL:pﬁ+2?9: : 4
0 |ttt ()" 4520 (%)) on HO2HO,B)
(]
= <(% pr2+R281n )+V<) OnS?)(OaR)
\% pr2 =t RQSlnh2 r) +V( ) on H3’2’+(O,R)
3 (%)ummfﬁ)ﬂ/() on S°(0, R)
2 (@) + s )V H32+(0, R
|5 (&) +m)+ (r) on (O, R)

{Ls, L} =0, {L3,H}=0, {L,H} =0,

Plane motion, two-dimensional reduction: ¥ = 7/2 (motion in the x,y-plane)
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dr\ 2 d sin r\ _ 2

| @ +E(%) O, (R)=2E-V()

9 (dy 2 Sin2 r
mit (E) oy (B =M
From here: )
o)

dr 2 M r

| e el O = (%)
do _ M sin~2 (L)

The resulting quadratures:




=2

where Vepp =V + 5l - 12 (5)

The orbit itself:

—) (% (L Veff)>

d_go o Wi sine
dr ~ ~ mR2 sinh 2
New variables:
G0 )
Y= %cot =

y-runs over [+00, —00]
when 7 runs [0, 7 R]

N[ =

Then:

H3’2’+(0, R)

TR % coth 5
y-runs over [+00, %]
when 7 runs [0, 0o]
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where:
%

L L
55 —i= 2mR2! S s 2mR2

Hiiclideantease A0 S = a0 vt — %

R? : p(r) = iLf\/ 2y+

Formally and locally: the same formula, but &, &, instead E in the R-case.

When V' = 0: The y-variable establishes the projective mapping acting between manifolds

R3, .53, H32%_ It maps locally geodetic arcs onto geodetic arcs, but, without preserving the
affine parameter.
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Automatically, one obtains the following Bertrand potentials:

e Euclidean space R? (R", as a matter of fact R?).
ko k1 Q

‘/osc:§r _2y2 ) VCOZ_?:_Qy
e Sphere S3(O, R) (S™(O, R), as a matter of fact S?(O, R)).
bRz el ! P
VZ)SC:Ttan E:§? 5 VCO:—ECOJEE:—OZQ

e Pseudo-sphere H3%%(0, R) (H™*"(O, R), as a matter of fact H>?>1(0, R)).

kRQ 92 & ]{31 o r
Vose = Ttanh R = 5? , Voo = _ECOthE —dzans !

Remark: description of the conformal flatness

e S3(O,R): £ =atanss, £ =atans=Z, € € [0, 00]

2R r’
2 =
(;]1—22)2 (d€? + & (d9® + sin® (V) dp?))

ds® =
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If a = R, € become stereographic projection variables

4
ds? = ————— (dg? + €* (d¥* + sin® (¥9) dp?))
(i #)
o H3*>*(0O,R) : £ = atanh 55, £ = atanh #ﬁ ¢ €[0,a]. If a = R, € become stereographic
projection variables

b= ﬁ (d€* + & (d9? + sin® (9) dp?))
BT

Let us observe that in the spherical case the proviso "all bounded orbits" would be superfluous
because due to the compactness of the configuration space all orbits are bounded. It is no longer
true for the pseudosphere, where not only for the Coulomb problem but, surprisingly enough
also for the degenerate oscillator, the potential energy has a finite upper bound. Therefore,
there exists an ionization threshold and the continuum of nonbounded orbits above it. On the
quantum level this means that there exists a continuous spectrum of energy placed above the
potential supremum. Let us stress some pecularities of the Coulomb and oscillator problems on

11



S3(0, R). As mentioned, the Coulomb potential has the form

) = —% cot %

Due to the compactness of the configuration space there is no need to assume a > 0. The
above potential is a fundamental solution, the Green function of the Laplace equation for the
g-metric tensor-Laplace-Beltrami operator on S2(0, R), i.e, it provides a spherically symmetric
solution of the equation

===

where A denotes the Laplace-Beltrami operator based on the metric tensor of S3(0, R). The
point is, however, that when o > 0, the "northern" pole » = 0 is an attractive singularity,
whereas the' "southern" one, r = wR is the repulsive pole, and conversely if we put a@ < 0.
If @« > 0 there exist circular orbits with r < %R, but no circular orbits with r > %. And
quite conversely, if a < 0 then the "southern" pole becomes attractive, and the "nothern"
one-repulsive. In this way, an elementary electrostatic entity in S(0, R) is a gigantic dipole
consisting of two antipodally located point charges of the opposite signs. This agrees beautifully
with the theorem proved, e.g. in the Landau and Lifshitz book that in a closed Universe the total
electric charge must vanish. The diagram of V' as a function of r has the vertical asymptote
at » = 0 and the vertical asymptote with the reversed sign at » = mR. It intersects the r-axis
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at r = ZE .V is defined in ]0, 7 R].

Vo

\

Figure 1

The degenerate oscillator potential in S3(0, R) splits the configuration space into two disjoint
regions separated by the inpenetrable potential barrier placed at r = %. This potential is

invariant under the antipodal identification, thus the problem is reduced to the so-called elliptic
13



space or Riemannian space, i.e, the quotient of sphere under the antipodal equivalence of
points. Let us stress in this connection that the Coulomb problem does not project correctly
from S3(0, R) to the elliptic space. The diagram of degenerate oscillator is qualitatively pictured

below:
v ‘f

|

Figure 2
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The diagram of the pseudospherical Coulomb potential has the (negative) vertical asymptote

B ; : =
at 7 = 0 and the horizontal asymptote given by the value —%.

A

v

\

L

Figure 3

The diagram for the degenerate oscillator behaves parabolically at » = 0 and has the horizontal
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kR?

asymptote given by the value *5-.

}ﬁ

Figure 4

Obviously. in .both cases it would be rather natural to modify the potentials by additive
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constants so as to make them vanishing at infinity. Therefore, the "Coulomb" potential would
have to be given by

o r o«
= ——cot =+ —.
V(r) 7 ot + 7
whereas the oscillatory one by
kR? gl
—— tanh® — — —.
2 R 2

However, we will not do this gauging and retain the analytical form given by the above theorem.

The detailed analysis shows that for the Coulomb problem on the sphere S3(0, R) the values
of constants of motion E, L are constrained by the following weak inequality .

2 2
E>_moz L

=+ :
2 e 2
The equality case corresponds. to circular orbits. The corresponding function L — FE(L) is
increasing, has the negative vertical asymptote at L = 0, tends to infinity when L. — oo
intersecting the L-axis at some point L. It is easy to see that Ly = vmaR; this expression,
as expected, tends to infinity together with the "radius of the Universe".
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Similarly, for the pseudo sphere with pseudoradius R, we obtain

ma? L2

212 2mR?’

the equality case corresponding again to circular orbits. The extremal point of the dependence
L — E(L) corresponds to the value Ly = vmaR and again tends to infinity together with the
"cosmological" pseudoradius R. The resulting extremal value of E equals, obviously, —% and
just coincides with the threshold of classical unbounded orbits or quantum continuous spectrum.
The diagram of the function L — E(L) for circular orbits has the negative vertical asymptote
at L = 0, increases to —% at Ly and then decreases to minus infinity when L — oo.

E>-—
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Let us quote also the corresponding relationships for the degenerate oscillator. In the spherical

space S?(0, R) we have
2

| &=

E > Lwy+ —— wo = ,

2mR?’ m
the equality case again corresponding to circular orbits.
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Figure 7

On the pseudosphere H>?"(0, R) the situation is more complicated because of the "saturation"
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property of the degenerate oscillator potential. Namely. we obtain then

L? k
Wo = )

B 2 Loy = 2mR2’ m

2 . . o 3
but above the threshold F = % there is a continuum of unbounded classical orbits and the
quantum continuous spectrum.

A
E i/’// //'// ” ’////
e

unbounded orbits

Jonization” threshold

I mR’ ), 2mR i, L

Figure 8
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Hamilton-Jacobi equation and action-angle variables

@ ea () @R () (o (@) =meE-n

S(Tvﬁv 90) = ST(T) o 519(19) A S@(Sp)

(Zg) + sin™2 () %)2:04192:[/2
) (L) —2m (B~ V)= ———=2

S :§£p<pdg0 zngdgo = 2 M = 2may,

S1n

2
Jﬁ‘%%dﬁ—%i\/aﬁ ,O;@(ﬁ)dﬁz%r(ozqg—&(p):27T(L—M)
Jy + J, = 2ali ="2moyy
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J=%pdr=4+ [2m(E—-V(r)) — o1 G g
Ar2R2 S11 (L)
sinh ) **

One-fold degeneracy: Jy, J,, enter through (Jy + J,). Characteristic feature of all spherically-
symmetric models.

Bertrand potentials:

» 3(0,R):
— Isotropic degenarate oscilator: V' = kTRQ tan® (%) (singular on the "equator” 7 = 37 R)
1 (2] + 0+
E=—wy(2J,+Jy+ J 4
om0 ek 8m2mR?
where wy = \/g De— %wo = %\/% Total degenacy- E expressed through the

integer-coefficients combination J,., Jy, J,. After the apprioate change of action-angle
variables, J1. = J =2J. + Jy + J,
J2

E = e sauk
40 +87T2mR2
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Fundamental frequency:

_ 5
R

Am2mR?’
FE 2F
”@—¢W+%%ﬁ’ w(B) = yfws +

No isochronism. w depends on initial conditions, but only through the energy parameter
E. Coefficient 2 at J, in E-two radial turning points for r per one period in the -

14

variable.
i 8] r
— Coulomb problem, V' = — % cot (E)
Two conjugate antipodally placed singular poles-one attractive and one repulsive

21 mar o

e
J? 2 8m2m R2

J=J-+Jy+ J@

Equal coefficients-one radial turning point for r per one period in the y-variable.
Very interesting: linear superposition of the usual formula for the Kepler problem in R?
and free geodetic motion in S3(O, R).

o 2Ok
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— isotropic degenerate oscilator V' = kTRQtanhz (%)

Remark: it is bounded (1), sup V' = %32 . There exists dissociation threshold

J2
EZVOJ_W’ J:2JT+J19+J¢
where wy = \/g e %wo — % %
E 2F
”m:¢ﬁ‘%%ﬁ’ SO T
Valid below the dissociation threshold sup V' = ’“TR2.
— Coulomb problem, V' = —}% coth (%)
— _27r2m042 — o=
e 8m2mR?
J = J. + Jy + J, Valid below the dissociation threshold sup V' = —%.

e Bohr-Sommerfeld quantum conditions: J = nh
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~ $*(O, R)

* degenerate isotropic oscilator:

n2h? n2h2
En = nVoh + m = nwoﬁ + 2mR2
il — 0Ll
* Coulomb:
2m2ma? e ma? n2h?
B 2
n<h 8m*mR 2nh 2mR

n = 1,2,3,... Valid for both sings of E,! Purely discrete spectrum-compact
configuration space.

R Oy
* degenerate isotropic oscillator:
Tl n2h?

ey S

Valid for such values of n that
T ()
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- B, <supV = kTRQ = %QRQ - satisfied automatically
Finite number of discrete energy levels for bounded states:

2

n < Q%Vkm

* attractive Coulomb problem

o _27T2mcv2 = n%h? P ma? = n2h?
a0y 8m2mR?  2n2h?  2mR?
Valid for such values of n that E,, < —% - satisfied automatically
— Free geodetic motion in S3(O, R) :
Special case of Coulomb with @ = 0, but not of that oscilator with &k =0

2
—— o :(Jr—l—Jﬁ—l—J@)
Sm2mR2 Sm2mR?2
Bohr-Sommerfeld spectrum:
n2h? n2h?
e — = ; =0 198 2%
8m2mR2 2mR? ¢
2252 1
= Fbh=—++ k=0-,1,...
k mR2 ) ; 27 )
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— Free geodetic motion in the Riemann elliptic space S3(O, R)/antipodal identification

T (Bt dst J)
- 2m2mR? 2m2mR?
Bohr-Sommerfeld spectrum:

2 212 232
o e G g Ol G
Sm2mR2  8mmR?2 2mR?
2k2h2
= B = ——- e e P e
k mR27 ) )

Schrédinger quantization:

A complete system of commuting operators:

o H= —h—QA + V(r)-Hamiltonian
A= Z\/_c')q < ]g|gijg—;1’j)—LapIace—BeItrami, ie., A =g“V,;V;, V- Levi-Civita dif-

ferent|at|on

=2 S il
= (LZ> eigenvalues R?l(1 4+ 1), 1 =0,1,2,... L, = Zeger®L
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° E3, eigenvalues mh, m = —[,—l+1,...0,...1 — 1,1,
Therefore, the standard separation of variables:
qjﬂlm (Ta 197 SO) fnl( ) ( ) 90)

Scalar product:

<\Ijl|\112> = /ﬁl (Ta v, 90) Uy (Ta v, @) dp (Ta v, 90)

= +/|g|drdddy

L*(11)- Hilbert space of wave functions
o S3(0, R) :\/|gldrddde = R?sin® % sin ddrdidy
o H32%(0, R) :1/|g|drd¥dp = R*sinh® % = sin ddrdidy
Radial equations obtained from HU = EV
o 3O, R) :

defre—=) (o ] (1+1) 2mV 2 i
— t_ i %
e L R2s127"fl

30
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e H32%(O,R) :

Pl % rdfy U1+ 1) 2mV 2mE
Z coth — - ] — —— o + =
72 E Rco = dr 2 sinhZ%fl 72 T 1 7

fnl:O

The obvious degeneracy with respect to m.
For Bertrand models- additional degeneracy with respect to [-just like in the Euclidean space
The quantum counterpart of classical degeneracy:

B — B s ) Kepler
I e e e e oscillator

Spectra on S3(O, R)

e Free motion:
2h2

= mR2

= ¥ 1
j(j+1) j=0,§,1,...

Totat [-degeneracy
In the Riemann elliptic space S*(O, R)/antipodes the same formula with integer j's
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e Degenerate oscilator:

: 3\ , . 2j(j+1)R?
Ei=(2j-1)+= | w+———7+—
‘7 (( J & 2) + mRR?
i %,1,... @:%(\/1+64m2w02h_2—1)
Total [-degeneracy
New specifically quantum features:
— 2 appears - expected
— 3% = j(j + 1)- expected
— W — W- non-expected
e Coulomb problem:
i ma? 25 (j + 1) 2
O TR mR?

e e T
Expected quantum modifications.

32
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Modified numbering of energy levels

e Free motion

Eﬂ:n(n+2)h2

Gy R n=20,1,2,...
m
or

] 1) B2
pa 2)(7;; B
m

e Degenerate oscillator

3 (n+1) (n+ 3) A
B
= (n+2>h =+ o i2

21R4, 2H5—-2 __
o= 2mR2 <\/1+4me71 )

a0 =

e Coulomb problem

En:_moz2 (n—1)(n+1)Ah%

2n2h? 2m R?
1=0,1,2,. . (n NS R e
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THANK YOU FOR ATTENTION




