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When dealing with the low-dimensional Lie groups and their algebras, one is
faced with various mutual identifications. Some are obvious, some not directly
visible. There are no counterparts in higher dimensions. Are those identifications
“accidental” or just “mysterious”? The question has to do with the anthropic
principle.

The universal covering groups of SO(3,R) ⊂ GL(3,R) and SO(1, 3)↑ ⊂ GL(4,R)

are isomorphic with SU(2) ⊂ GL(2,C) and SL(2,C) ⊂ GL(2,C). The groups
SL(2,R) ⊂ GL(2,R), SO(1, 2) ⊂ GL(3,R), SU(1, 1) ⊂ GL(2,C) have the same
Lie algebras. The special pseudounitary group SU(2, 2) ⊂ GL(4,C) is isomorphic
with the universal covering group of the Minkowskian conformal group CO(1, 3).

The special orthogonal group in four dimensions, SO(4,R), and the Cartesian
product SO(3,R)× SO(3,R) have isomorphic Lie algebras.
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IMPORTANT: n = 4 is the only exceptional case among all SO(n,R) with
n > 2 when the semi-simplicity breaks down.

SO(4,R)′ ' SO(3,R)′ × SO(3,R)′

but
SO(4,R) 6= SO(3,R)× SO(3,R).

Z2 = {I,−I} - the two-element center of SU(2).

SO(3,R) ' SU(2)/Z2

G = Z2 × Z2 = {(I, I), (I,−I), (−I, I), (−I,−I)}

center of SU(2)× SU(2). It contains three two-element subgroups, in particular

H = {(I, I), (−I,−I)} .
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It is clear that

(SU(2)× SU(2)) /G = SO(3,R)× SO(3,R),

(SU(2)× SU(2)) /H = SO(4,R),

H(r) = I× Z2, H(l) = Z2 × I,

(SU(2)× SU(2)) /H(r) = SU(2)× SO(3,R),

(SU(2)× SU(2)) /H(l) = SO(3,R)× SU(2),

n = 3, GL(3,C) and its real form GL(3,C), U(3).

May the three “colours” of fundamental strongly interacting particles have some-
thing to do with affinely-deformable body? NO ANSWER.
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The basic 2× 2 Pauli matrices:

σ0 = I2 =

[
1 0

0 1

]
, σ1 =

[
0 1

1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0

0 −1

]
.

“Relativistic” notation: σµ, µ = 0, 1, 2, 3, i = 1, 2, 3.

Remark: they are basic in double sense:

1. Basic Hermitian forms in Herm(C2∗ ⊗ C2∗), twice covariant.

2. Basic Hermitian linear mappings of C2, elements of L(C2), Hermitian in the
sense of scalar product δ (u, v) = δabu

āvb.
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One often uses another bases:

τ0 =
1

2
σ0 =

1

2
I2, τa =

1

2i
σa, a = 1, 2, 3.

or, in some problems

θµ =
1

2i
σµ.
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Remark:

• when σµ are linear mappings, then the “relativistic” conventions are mislead-
ing:

x→ axa−1

preserves σ0 and there is no Lorentz mixing.

• relativistic conventions are satisfied in the manifold of Hermitian forms:

aσµa
+ = |det a|σνLνµ, L ∈ SO(1, 3).

• [τa, τb] = εab
cτc.
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Nevertheless we use this convention to simplify notation, e.g., when SU(2) is
parametrized:

u
(
k
)

= exp (kaτa) = xµ
(
k
)

(2 τµ) ,

x0 = cos
k

2
, xa =

ka

k
sin

k

2
= na sin

k

2
,

k - rotation vector, k ∈ [0, π] on SO(3,R), k ∈ [0, 2 π] on SU(2).
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The covering SU(2)→ SO(3,R) is given by:

SU(2) 3 v 7→ R ∈ SO(3,R), where vu(k̄)v−1 = u(Rk̄).

On SU(2):

u(O) = u(On̄) = I2, u(2πn̄) = −I2, n̄ · n̄ = 1.

On SO(3,R) for any n̄ we have

R (πn̄)R (πn̄) = I3.
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It is clear that the parameters xµ are constrained by:

(x0)2 + (x1)2 + (x2)2 + (x3)2 = 1.

Description is also unique, therefore

SU(2) ' S3(0, 1) ⊂ R4,

the unit sphere.
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One uses also spherical coordinates in the space of k̄,

k1 = k sinϑ cosϕ, k2 = k sinϑ sinϕ, k3 = k cosϑ.

ka are canonical coordinates of the first kind.

Strange, canonical coordinates of the second kind are only exceptionally used:

u {α, β, γ} = exp(ατ1) exp(βτ2) exp(γτ3).

Unlike this, Euler angles are commonly used:

u [φ, ϑ, ψ] = exp(φτ3) exp(ϑτ1) exp(ψτ3).
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The Killing tensor multiplied by (−2) is positively definite and given by:

ds2 = dk2 + 4 sin2 k

2

(
dϑ2 + sin2 ϑ

)
dφ2 = dk2 + 4 sin2 k

2
dn̄ · dn̄,

or more geometrically:

g = dk ⊗ dk + 4 sin2 k

2
δAB dnA ⊗ dnB.

It is invariant under translations:

SU(2) 3 x 7→ kxl ∈ SU(2), k, l ∈ SU(2).

ds2 is (−2) restriction of

dS2 = (dx0)2 + (dx1)2 + (dx2)2 + (dx3)2,

to S3(0, 1). The isometry group:

SO(4,R) ' (SU(2)× SU(2)) /H.
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The common Lie algebra:

SU(2)′ × SU(2)′ = SO(4,R)′ = SO(3,R)′ × SO(3,R)′.

Indeed, denoting the standard basis of SO(4,R)′ by Eµν and introducing:

M1 = E32, M2 = E13, M3 = E21,

N1 = E01, N2 = E02, N3 = E03,

Xi =
1

2
(Mi +Ni) , Yi =

1

2
(Mi −Ni) ,

we obtain:

[Xi, Xj] = εij
kXk, [Yi, Yj] = εij

kYk, [Xi, Yj] = 0.
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Inverse metric:
g−1 =

∂

∂k
⊗ ∂

∂k
+

1

4 sin2 k
2

δABDA ⊗DB,

DA = εAB
CkB ∂

∂kC - generators of u 7→ vuv−1.

Duality (modified): 〈
dk,

∂

∂k

〉
= 1 , 〈dk,DA〉 = 0,〈

dnA,
∂

∂k

〉
= 0 ,

〈
dnA, DB

〉
= εABC n

C .

Coordinate expression of the Killing metric:

gij =
k2

4 sin2 k
2

δij +

(
1− k2

4 sin2 k
2

)
ninj,

gij =
4

k2
sin2 k

2
δij +

(
1− 4

k2
sin2 k

2

)
ninj.
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Vector fields generating left and right translations (right-invariant and left-invariant):

lEA = nA
∂

∂k
− 1

2
cot

k

2
εABCn

BDC +
1

2
DA,

rEA = nA
∂

∂k
− 1

2
cot

k

2
εABCn

BDC − 1

2
DA,

DA = lEA − rEA.

Commutation rules:[
lEA,

lEB

]
= −εABC lEC , [rEA,

rEB] = εAB
C rEC ,[

lEA,
rEB

]
= 0, [DA, DB] = −εABC DC .
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The dual Maurer-Cartan forms lEA, rEB:〈
lEA, lEB

〉
= δAB,

〈
rEA, rEB

〉
= δAB.

lEA = nAdk + 2 sin2 k

2
εABCnBdnC + sin k dnA,

rEA = nAdk − 2 sin2 k

2
εABCnBdnC + sin k dnA,

g = δAB
lEA ⊗ lEB = δAB

rEA ⊗ rEB.

g−1 = δAB lEA ⊗l EB = δAB rEA ⊗ rEB
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Peter-Weyl theorem on SU(2), SU(2)× SU(2), etc.:

Ψ(u) =
∑
jmk

cjkmD
j
mk(u) =

∑
j

Tr
(
cjDj(u)

)
,

Ψ(u, v) =
∑

ls

mk rn

clkm
s
nrD

l
mk(u)Ds

rn(v).

Dj - (2j + 1) - dimensional irreducible representation of SU(2).

On SU(2)× SU(2) - C-coefficients arbitrary.

On SO(4,R) ' (SU(2)×SU(2))/H - C-coefficients vanish when l, s have different
halfness, i.e., 2l, 2s have a different parity.
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The group property:

Dj(u1u2) = Dj(u1)D
j(u2), Dj(I2) = I2j+1,

implies that

Dj
(
u(k̄)

)
= exp

(
i

~
kaSja

)
,

where Sja - (2j + 1)× (2j + 1) matrices of the j-th angular momentum

1

~i
[Sa,Sb] = εab

cSc.

Dj satisfy differential equations:

~
i
lEAD

j = SjADj ,
~
i
rEAD

j = DjSjA,
~
i
DAD

j =
[
SjA, Dj

]
,

−~2
∑
A

lEA
lEAD

j = −~2
∑
A

rEA
rEAD

j = ~2j(j + 1)Dj.
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There are a few mechanical problems based on SU(2)× SU(2):

• Two-gyroscopic system with SO(3,R) × SO(3,R) as a configuration space,
or some spinorial modifications in SU(2)× SU(2) or its quotients

• Rigid body in Einstein Universe S3(0, R) with the internal space ruled by
SO(3,R) or SU(2).
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General remarks:

(M, g) - Riemann space of translational motion.
F (M, g) - the connected component of the bundle of orthonormal frames - total
configuration space.

F (M, g) 3 e = (. . . , eA, . . .) at x ∈M , where:

gx (eA, eB) = g(x)ij e
i
Ae

j
B = δAB.

Motions: R 3 t 7→ γ(t) ∈ F (M, g),
(
dxi(t), eiA(t)

)
.
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Generalized velocity: (
dxi

dt
,
d eiA
dt

)
d eiA
dt
− not vectors.

Covariant velocity vectors:(
dxi

dt
,
D

Dt
eiA

)
=

(
dxi

dt
,
deiA
dt

+ Γijk(x(t)) ejA(t)
dxk

dt

)
.

Notation:
Vi

A =
D eiA
Dt

.
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Kinetic energy:

T = Ttr + Tint =
m

2
gij
dxi

dt

dxj

dt
+

1

2
gij

(
D

Dt
eiA

)(
D

Dt
ejB

)
JAB =

=
m

2
gijv

ivj +
1

2
δKLΩ̂K

AΩ̂L
BJ

AB =

=
m

2
δABv̂

Av̂B +
1

2
δKLΩ̂K

AΩ̂L
BJ

AB.
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Ωi
j =

(
D

Dt
eiA

)
eAj, Ω̂A

B = eAi
D

Dt
eiB = eAi Ωi

j e
j
B,

v̂A = eAiv
i = eAi

dxi

dt
,

Ωi
j = −gjkΩk

lg
li = −Ωj

i, Ω̂A
B = −δBCδADΩ̂C

D = −Ω̂B
A.

eiA are not independent variables. The best solution to fix some non-holonomic
reference frame inM , (. . . , EA, . . .) and to express the moving orthonormal bases
is as follows:

eA (x(t)) = EB (x(t))LBA(t),

were
[
LBA

]
- an orthogonal n × n matrix parameterized in terms of some fixed

coordinates in SO(n,R).
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If M is an n-dimensional semi-simple Lie group G with the Killing metric g, then
F (M, g) becomes identified with G × SO(n,R). There are two identifications
based on the left- and right-invariant fields:

eA = lEBx
lLBA, eA = rEBx

rLBA.

F (G, g) becomes the Cartesian product G × SO(n,R). In our case F (M, g)

becomes M × SO(3,R).

We assume the simplest isotropic case:

JAB = IδAB.
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In a manifold M the angular velocity splits:

Ω̂A
B = Ω̂(rl)AB + Ω̂(dr)AB,

the sum of relative (internal) Ω̂(rl) and the drive Ω̂(dr) terms. They are given
respectively by:

Ω(rl)CD = L−1C
E
dLED
dt

,

Ω̂(dr)AB = L−1A
K ΓKLM LLB L

M
N v̂

N ,

v̂N = eNiv
i.
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ΓABC are non-holonomic components of the Levi-Civita connection:

ΓABC = EA
i

(
Γijk − Γtel(E)ijk

)
Ej

B E
k
C ,

Γijk =
1

2
gim (gmj,k + gmk,j − gjk,m) .

On SU(2) the Killing-Levi-Civita connection is:

ΓABC = −1

2
εABC .
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In SU(2)×SU(2) we replace the first factor by S3(0, R) - three-dimensional sphere
with radius R. We perform the rescaling:

r := Rk/2,
r̄

r
=
k̄

k

“North Pole” r = 0

“South Pole” r = Rπ.

Metric tensor:

ds2 = dr2 +R2 sin2 r

R

(
dϑ2 + sin2 ϑdϕ2

)
=

= dr2 +R2 sin2 r

R
dn̄ · dn̄.

Geometrically:

g(R) = dr ⊗ dr +R2 sin2 r

R
δAB dn

A ⊗ dnB =

= δAB
lE(R)A ⊗ lE(R)B = δAB

rE(R)A ⊗ rE(R)B.
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Renormalized co-bases and bases are given by:

lE(R)A = nAdr +R sin2 r

R
εABCn

BdnC +
R

2
sin

2r

R
dnA,

rE(R)A = nAdr −R sin2 r

R
εABCn

BdnC +
R

2
sin

2r

R
dnA,

lE(R)A = nA
∂

∂r
− 1

R
cot

r

R
εABCn

BDC +
1

R
DA,

rE(R)A = nA
∂

∂r
− 1

R
cot

r

R
εABCn

BDC − 1

R
DA,

DA =
R

2

(
lEA − rEA

)
= εAB

CrB
∂

∂rC
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Index-free form:

lE = n̄dr +R sin2 r

R
n̄× dn̄+

R

2
sin

2r

R
dn̄,

rE = n̄dr −R sin2 r

R
n̄× dn̄+

R

2
sin

2r

R
dn̄,

lE = n̄
∂

∂r
− 1

R
cot

r

R
n̄×D +

1

R
D,

rE = n̄
∂

∂r
− 1

R
cot

r

R
n̄×D − 1

R
D.
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The metric on S3(0, R) follows from:

dS2 = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2,

by substitution:

x1 = R sin
r

R
sinϑ cosϕ , x2 = R sin

r

R
sinϑ sinϕ,

x3 = R sin
r

R
cosϑ , x4 = R cos

r

R
.
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The R-gauged fields lE(R), rE(R) satisfy:[
lE(R)A,

lE(R)B
]

= − 2

R
εAB

C lE(R)C ,

[rE(R)A,
rE(R)B] =

2

R
εAB

C rE(R)C ,[
lE(R)A,

rE(R)B
]

= 0.

When R→∞, we obtain Euclidean relationships:

lim
R→∞

lE(R)A = lim
R→∞

rE(R)A =
∂

∂xA
,

lim
R→∞

lE(R)A = lim
R→∞

rE(R)A = dxA,

lim
R→∞

g(R)ij = δij.

On the fibers of F (M, g), all identified with SO(3,R), or its covering SU(2) we
are given vector fields lEA(κ̄) and duals lEA(κ̄) obtained from lEA(k̄) and lEA(k̄)

by replacing k̄ 7→ κ̄. The same for rEA(κ̄), rEA(κ̄).
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Angular velocities:

Ω̂tr(R)D = rED
j(R, r̄)

drj

dt
, Ω̂D

int = rED
j(κ̄)

dκj

dt
.

The total kinetic energy becomes:

T =
1

2

(
m+

I

R2

)
δAB Ωtr(R)A Ωtr(R)B − I

R
δAB ΩA

int Ωtr(R)B +

+
I

2
δAB ΩA

int Ω
B
int,

L = T − V (r̄, κ̄), -Lagrangian.
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Legendre:

Str(R)A =
∂T

∂Ωtr(R)A
= lEi

A(R, r̄)pi,

Sint A =
∂T

∂ΩA
int

= lEi
A(κ̄)πi,

or, equivalently:

Ŝtr(R)A =
∂T

∂Ω̂tr(R)A
= rEi

A(R, r̄)pi,

Ŝint A =
∂T

∂Ω̂int
A

= rEi
A(κ̄)πi.
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Duality:

lEA(R, r̄) ∼ lEA(R, r̄) , rEA(R, r̄) ∼ rEA(R, r̄),

(Str(R)A, Sint A) ∼
(
Ωtr(R)A,Ωint

A
)
,(

Ŝtr(R)A, Ŝint A

)
∼
(

Ω̂tr(R)A, Ω̂int
A
)
,

(pi, πi) ∼
(
ri,κi

)
.
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Poisson brackets:

{Str(R)A, Str(R)B} =
2

R
εAB

CStr(R)C ,{
Ŝtr(R)A, Ŝtr(R)B

}
= − 2

R
εAB

CŜtr(R)C ,{
Str(R)A, Ŝtr(R)B

}
= 0,

{Sint A, Sint B} = εAB
CSint C ,{

Ŝint A, Ŝint B

}
= −εABCŜint C ,{

Sint A, Ŝint B

}
= 0,

{Str(R)A, Sint B} = 0, etc.
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Legendre explicitly:

Str(R)A =

(
m+

I

R2

)
Ωtr(R)A −

I

R
Ωint A,

Sint A = − I

R
Ωtr(R)A + I Ωint A.

Inverse Legendre:

Ωtr(R)A =
1

m
Str(R)A +

1

mR
Sint

A,

Ωint
A =

1

mR
Str(R)A +

I +mR2

ImR2
Sint

A.
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Hamilton equation:
dF

dt
= {F,H} ,

i.e., in the potential case:

d

dt
Str(R)A =

2

mR2
εA

BCSint BStr(R)C + FA,

d

dt
Sint A =

1

mR
εA

BCStr(R)BSint C +NA,

FA = {Str(R)A, V } = −lE(R, r̄)AV (r̄, κ̄),

NA = {Sint A, V } = −lE(κ̄)AV (r̄, κ̄).

Similarly in the non-potential case.
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Kinetic energy in canonical terms:

T =
1

2m
Str(R) · Str(R) +

1

mR
Str(R) · Sint +

I +mR2

2ImR2
Sint · Sint,

d

dt
Str(R) =

2

mR2
Sint × Str(R),

d

dt
Sint =

1

mR
Str(R)× Sint.

Equation of motion independent on I, but the total system for
(
r̄, κ̄, Str, Sint

)
depends on I.
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Constant of motion:
J :=

R

2
Str(R) + Sint,

Str(R) · Str(R), Sint · Sint.

The only time-dependent variable: the angle between the plane spanned by
Str(R), Sint and a fixed plane containing J .

Non-geodetic problems - very difficult.
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Quantized problems. Wave mechanics on SU(2) × SU(2), S3(0, R) × SU(2),
S3(0, R)× SO(3,R), etc.

Angular momenta:

Str (R)A =
~
ı
lEm

A (R, r)
∂

∂rm
,

SintA =
~
ı
lEm

A (κ)
∂

∂κm
.

The co-moving version:

Ŝtr (R)A =
~
ı
rEm

A (R, r)
∂

∂rm
,

ŜintA =
~
ı
rEm

A (κ)
∂

∂κm
.
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Quantum Poisson brackets:

1

~ı
[Str (R)A ,Str (R)B] =

2

R
εAB

CStr (R)C ,

1

~ı

[
Ŝtr (R)A , Ŝtr (R)B

]
= − 2

R
εAB

CŜtr (R)C ,

1

~ı

[
Str (R)A , Ŝtr (R)B

]
= 0,

and without the 2/R-multipliers for the internal angular momentum:

1

~ı
[SintA , SintB] = εAB

C Sint C ,

1

~ı

[
ŜintA , ŜintB

]
= −εABC Ŝint C ,

1

~ı

[
SintA , ŜintB

]
= 0.
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Kinetic energy operator is given by:

T =
1

2m
δAB Str(R)A Str(R)B +

1

mR
δAB Str(R)A SintB +

+
1

2

(
1

I
+

1

mR2

)
δAB SintA SintB .

The Hilbert space L2(S3(0, R)×SU(2)) is meant in the sense of measure µR⊗µ,
where:

dµR (u (R, r̄)) = R2 sin2 r

R
sinϑdrdϑdϕ =

R2

r2
sin2 r

R
d3r̄,

dµ (v (κ̄)) = 4 sin2κ
2

sinϑdκdϑdϕ =
4

κ2
sin2κ

2
d3κ̄.
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The scalar product is:

〈Ψ1 | Ψ2〉 =

ˆ
Ψ1(u, v)Ψ2(u, v)dµR(u)dµ(v).

The group volumes are then:

µ
(
S3(0, R)

)
= 2π2R3, µ (SU(2)) = 16π2, µ (SO(3,R)) = 8π2.

There is a conflict with normalizing the measure on compact groups to unity.
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When using the Peter-Weyl theorem, the action of Str A on wave functions is
algebraically represented by the following action on expansion coefficients:

[
C l

km
s
nr

]
7→
[

2

R
C l

kp
s
nr S

l
pm

]
,

the summation over p is meant here.

Similarly, the action of spin operators Sint A is represented by:[
C l

km
s
nr

]
7→
[
C l

km
s
np S

s
pr

]
,

again the summation over the matrix index p is assumed.

The 2
R -factor is important. When R→∞, distances between energy levels tend

to zero. The spectrum becomes “continuous”, just like in R3.
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All terms of the kinetic energy operator T do commute with the operators:

(Str)
2 = δAB Str A Str B, (Sint)

2 = δAB Sint A Sint B.

Thus, s, j are “good quantum numbers” to label the stationary states of:

TΨ = EΨ.

Those basic states, labeled partially by s, J satisfy the system of algebraic
eigenequations:

δABC l
kp
s
nq SA

l
pmSB

s
qr = λC l

km
s
nr.
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There is the following relationship:

E =
2

mR2

(
λ+ l(l + 1)~2

)
+

1

2

(
1

I
+

1

mR2

)
s(s+ 1)~2.

It is clear that λ and l(l + 1)~2 are R-independent, and so is the first of s(s +

1)-terms, proportional to 1
I . With any fixed numbers l, s, there is a complete

degeneracy (2k + 1)(2n+ 1) with respect to k, n.

When R → ∞, the spectrum of translational quantum numbers in S3(0, R) be-
comes “almost continuous”. Unlike this, the internal spectrum remains discrete,
just one of the spherical top.

When some potential is present, the problem becomes very difficult.
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The pair of rigid bodies in Euclidean space

Q = SU(2)× SU(2) or some quotient

Kinetic energy of a single rigid body:

T =
1

2

3∑
A=1

IA Ω̂A2, Ω̂A = rEA
j(κ̄)

dκj

dt
,

κ̄ - rotation vector.
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The two-body system:

T =
1

2

3∑
A=1

IA(1)Ω̂[κ̄]A2 +
1

2

3∑
A=1

IA(2)Ω̂[λ̄]A2,

Ω̂[κ̄]A = rEA
j(κ̄)

dκj

dt
, Ω̂[λ̄]A = rEA

j(λ̄)
dλj

dt
,

or, in canonical terms:

T =
3∑

A=1

1

2IA(1)
Ŝ[κ̄]A

2 +
1

2

3∑
A=1

1

2IA(2)
Ŝ[λ̄]A

2,

Ŝ[κ̄]A = IA(1)Ω̂[κ̄]A, Ŝ[λ̄]A = IA(2)Ω̂[λ̄]A.
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Poisson brackets are obviously:{
Ŝ[κ̄]A, Ŝ[κ̄]B

}
= −εABCŜ[κ̄]C ,{

Ŝ[λ̄]A, Ŝ[λ̄]B

}
= −εABCŜ[λ̄]C .

In quantized theory:

Ŝ[κ̄]A =
~
i
rEa

A(κ̄)
∂

∂κa
, Ŝ[λ̄]A =

~
i
rEa

A(λ̄)
∂

∂λa
.

Ŝ[κ̄]A, Ŝ[λ̄]A acting on coefficients are as follows:[
C l

km
s
nr

]
7→
[
SlkpC

l
pm

s
nr

]
,[

C l
km

s
nr

]
7→
[
SsnpC

l
km

s
pr

]
.
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Kinetic energy operator acts on the C- matrices on the left, through multiplication
by:

3∑
A=1

1

2IA(1)
Ŝl[κ̄]2A,

3∑
A=1

1

2IA(2)
Ŝs[λ̄]2A.

When the tops are spherical:[
C l

km
s
nr

]
7→
[
~2 (l(l + 1) + s(s+ 1))C l

km
s
nr

]
. (1)

Also some gyroscopic coupling is possible in T :

T =
3∑

A=1

1

2IA(1)
Ŝ[κ̄]A

2 +
1

2

3∑
A=1

1

2IA(2)
Ŝ[λ̄]A

2 +

+
3∑

A,B=1

1

2IAB(1, 2)
Ŝ[κ̄]AŜ[λ̄]B,
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In the four-dimensional language:

T =
1

4I

(
M ·M +N ·N

)
,

where
MA = Ŝ[κ̄]A + Ŝ[λ̄]A, NA = Ŝ[κ̄]A − Ŝ[λ̄]A.

But there is also fourth-order Casimir(
M ·N

)2

(in SO(4,R) there are two of them).
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The possibility:
T =

1

4I

(
M ·M +N ·N

)
+

1

4K
M ·N,

is to be rejected, because M ·N is a pseudoscalar.

But one can try to assume:

T =
1

4I

(
M ·M +N ·N

)
+

1

4L

(
M ·N

)2
,

-forth order kinetic energy.
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Appendix - Bertrand model

ξ = R tan
r

2R
, n̄ =

r̄

r
=
ξ̄

ξ
.

Conformal mapping:

ds2 =
4

(1 + ξ2/R2)2

(
dξ2 + ξ2

(
dϑ2 + sin2 ϑdϕ2

))
,

i.e.,
ds2 =

4

(1 + ξ2/R2)2

(
dξ2 + ξ2dn̄ · dn̄

)
,

or in tensorial language:

g =
4

(1 + ξ2/R2)2

(
dξ ⊗ dξ + ξ2δAB dnA ⊗ dnB

)
.

53



The projective mapping:

θ = 2 tan
k

2
,

shows that there are two Bertrand potentials:

Vosc = 2κ tan2 k

2
, Vco = −α

2
cot2 k

2
,

and of course
V = const.
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Thank you !
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