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Abstract & Keyword

@ Abstract Gauss map is one of interesting smooth maps on a
submanifolds of Euclidean and pseudo-Euclidean space, which
describes how the immersion behaves in the ambient space. In
this talk, we introduce how the Gauss map plays a role to
classify or characterize ruled submanifolds in Euclidean space
or Minkowski space related to the Laplace operator and the
Cheng-Yau operator.
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Gauss map
Gauss map of a submanifold in Euclidean space

@ M : an n-dimensional submanifold of Euclidean space E™.

¢ G:M — G(n,m), G(p) =(e1 ANex A ...A en)(p), G(n, m):
the Grassmannian manifold consisting of all oriented n-planes
through the origin of E™ and ey, ..., en, €ni1,..., €m an
adapted local orthonormal frame field in E™.

@ G(n,m): a unit hypersphere in EN, N = ,,,Cy..

In particular, if M is a hypersurface of E™, the Gauss map G is
obviously identified with a unit normal vector field on M.
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Gauss map
Gauss map of a hypersurface in Euclidean space

@ M : an n-dimensional oriented hypersurface of Euclidean
space EntL,
AG = ||Ag|[2G +nVH. (U. Dursun, Taiwanese J. Math.
(2007))
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Cheng-Yau operator
Ly-operator

@ M : an n-dimensional oriented hypersurface of Euclidean
space EntL,

A: the shape operator of M and 1, Kp, ..., kK, the principal
curvatures
@ ok :R™ — R the elementary symmetric function defined by

ox(X1, ..., Xn) = E Xi; ot Xiy
ip<o<ik

Hy: the k-th mean curvature defined by

n

Cy

JHi = sk

(0 <k <n), where sg = 1.
fk=1Hi =1/ ,;xi=H
@ When k is even, Hy is intrinsic.
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Cheng-Yau operator
Ly-operator

@ Py :x(M) = x(m), po =1,
P = sl —SoPp 1= L‘ JHl—SoPr 1, k=12, ... 1.

Py = Z}(:O(—l)lskfjs] = Z}(:O(_l)]( ” )kajs).

Lx : C*(M) — C*®(M) defined by

Lk (f) = trace(Pyx o V2f).

L; =0 : Cheng-Yau operator
0G = —VK —nHKG.
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Gauss map Cheng-Yau operator Ruled Submanifold Rec W B-scroll Generalized B-scroll BS-ruled submanifold

Ruled submanifold

Definition

A submanifold M of the Minkowski space L™ is ruled if M is
foliated by codimension one totally geodesic submanifolds of L™
over a curve, i.e.,

T
X = X(S,tl,tg, ...tT) = (X(S) aF Ztiei(s), sel, t el
i=1

where I; are some open intervals fori=1,2, ..., and

Span{e1, e, ...,e.} = E(s, r) which is the linear span of linearly
independent vector fields e;(s), ex(s), ..., e:(s) along the curve «,
where E(s, 1) is either non-degenerate or degenerate for each s
along o. We call E(s, 1) the ruling and « the base curve of the
ruled submanifold M.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Ruled submanifold

o If the base curve « is null, then E(s, r) is degenerate for each
s € I so that the defined ruled submanifold M is
non-degenerate. Such a ruled submanifold M is called a ruled
submanifold of the null scroll type or simply a NS-ruled
submanifold.

Young Ho Kim Submanifolds and Gauss map related to some differential operatc



Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

B-scroll

«(s) : a null curve in L3 with & = A(s) satisfying

(A,A) = (B,B) =0,(A,B) =—1,(C,C) =1,(A,C) = (B,C) =0

and x = A, A =%(s)C, B =woC (wp:a nonzero constant),
C =wpA +k(s)B. ({A, B, C} : Cartan frame along v.)
x(s,t) = «(s) + tB(s) defines B-scroll of L3.

B-scroll is flat iff k = 0.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

B-scroll

e In 1979, L.K.Graves, Math.Ann.
i:L2 — L3 isometric immersion,
To(x) = Ker(Ax) = {X € TkM|(AX)x = 0},
Ay : the shape operator at x (the relative nullity space at x).

Theorem (Graves)

Let i: L2 — L3 be an isometric immersion and Tg(x) be
degenerate. Then, i is a B-scroll immersion. There are various
types of B-scrolls which are flat or non-flat.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

B-scroll

e In 1979, L.K.Graves, Math.Ann.
i:L2 — L3 isometric immersion,
To(x) = Ker(Ax) = {X € TkM|(AX)x = 0},
Ay : the shape operator at x (the relative nullity space at x).

Theorem (Graves)

Let i: L2 — L3 be an isometric immersion and Tg(x) be
degenerate. Then, i is a B-scroll immersion. There are various
types of B-scrolls which are flat or non-flat.

\

Theorem (Alias, Ferrandez, Moreno, 2002)

Let M be a null scroll in L3 satisfying AG = AG for some
3 x 3—matrix A. Then, M is part of a B-scroll.

\
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

B-scroll

Theorem (Kim - Kim, 2003)

Let M be a null 2-type timelike surface in a Lorentz space form.
Suppose there is a point p of M such that the shape operator A is
not diagonalizable at x. Then, M is locally a B-scroll.

@ Complex circle of radius «
c+id =k € C with ¢2 —d? = —1.
C? = B3 with (x1 + ix3, x2 + ixq)—(x1, X2, X3, X4),
ds?2 = dx% + dx% — dx% — dxﬁ.
Define x : C — C2 by z — k(cosz, sinz) where z = 1y + ius
= (uz,us), x defines a non-minimal flat timelike surface into
H3 (anti-de Sitter space-time).
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Generalized B-scroll (Kim, Kim, Yoon)

Let «(s) be a null curve in L™.
Consider a null frame {A(s), B(s), C1(s), -+, Cin_2} along o« such
that

(A,A) = (B,B) = (A, Ci) = (B, Ci) =0,
(A,B) =—1,(C, G) = 5} =0.

X(s) = (A(s)B(s)Cl(s) e Cm,g(s)) . a square matrix of degree m
displayed as column vectors of A, -, Cy,_2. Then,

XYs)EX(s) =T
— 0-1 0
WhereE:< ! O>,T: -10 )
(0) In1 (9] I
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Generalized B-scroll (Kim, Kim, Yoon)

Consider a system of O.D.E

X =XM
where
0 0 —a 0 0
0 0 —ki(s) —ko(s) <o —km—2(s)
—ki(s) —a  wa(s) 0 —z23 -+ —Zam-2(s)
M = —kg(s) 0 (,U3(S) Z23 0 ce 0
: : : : 0 0
—km-2(s) 0 wm2(s) z2m-2 0]}
ac R, ky, -, K2, W1, -+, Wm—_2, and
zij(2 <i<m—3,3 <j<m—2) are some functions, and Oy a
zero matrix of degree 1l € {1,2,--- ,m — 3}.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Generalized B-scroll (Kim, Kim, Yoon)

Given a initial condition
X(0) = (A(0)B(0)C(0) - - - Crn—2(0))

satisfying X*(0)EX(0) = T, there exists a unique solution X(s) to
X = XM. Since T is symmetric and MT is skew-symmetric,
%(XtEX) =0 and so Xt(s)EX(s) = T. Using such solution, we
define

M : x(s,t) = as) + tB(s).

Then, M is a timelike surface which is called a generalized B-scroll
in L™.
In particular, M is called an extended B-scroll if z;; = w; = 0.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Generalized B-scroll (Kim, Kim, Yoon)

(1) By choosing appropriate unit spacelike vector fields

Ca(s), -, Cmn—2(s), we may assume zi; = 0.

(2) Let G be a Gauss map of a generalized B-scroll.
Then, A%G = 2a?AG, AG #0.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

Generalized B-scroll (Kim, Kim, Yoon)

(1) By choosing appropriate unit spacelike vector fields

Ca(s), -, Cmn—2(s), we may assume zi; = 0.

(2) Let G be a Gauss map of a generalized B-scroll.
Then, A%G = 2a?AG, AG #0.

Theorem (Kim, Kim, Yoon, 2002)

Let M be a null scroll in L™. Then, M has finite type Gauss map
iff G is 1-type or null 2-type, that is, M is an extended B-scroll or a
generalized B-scroll.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

BS-ruled submanifold

@ Let 0 = «(s) be a null curve in L™ and let
A(s),B(s), Ci(s), -+, Cim_2(s) be a null frame along «
satisfying
(A,A) = (B,B) = (A, C;) =(B,Cy) =0,
(A,B) =—1, (S G B, o/ (s) = A(s)

for 1 <1i,j < m—2. Let X(s) be the matrix

(A(s) B(s) Ci(s) --- Cm_2(s)) consisting of column
vectors of A(s), B(s), C1(s), -+, Crn_2(s) with respect to the
standard coordinate system in L™.

X' (s)EX(s) =T.
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

BS-ruled submanifold

where M(s) =
0 0 V2 v3 e Vr 0 e 0
0 0 up us oo Uy Urgl -0 Ume1
u W 0 0 oo 0 Z2r+1l  Z2me1
uz  v3 0 0 e 0 Z3r41 ' Z3;m—1
e Wy 0 0 e 0 Zrr4l 0 Zrm—1
Wy 0 —zory1 —23r41 0 —Zrrgl 0 oo 0
Urp2 0 —z2:402 —2Z3r42 0 —Zrry2 0 "o 0
Un-1 0 —2zom-1 —23m-1 -+ —Zrm-1 0 0
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Ruled Submanifold B-scroll Generalized B-scroll BS-ruled submanifold

G-kind ruled submanifold

If one of vy, ...v; is nonzero constant, we define

(BS-kind Ruled submanifold)

X(Syt1t2|"' ytT‘) ( +tB +Ztl iy

where 2 <r<m— 2.

v

(G-kind Ruled submanifold)

x(s, t,t2, -+, tr) = (s) + tB(s +Zt1 o

where 2 <r<m—2.
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Recent W
Pointwise 1-type Gauss map

Definition
M C L™ is said to have pointwise 1-type Gauss map

if AG = f(G + C) for some smooth function f and a constant
vector C. In particular, if C =0, then it is said to be of pointwise
1-type Gauss map of the first kind. Otherwise, it is said to be of
the second kind.
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Recent W
Pointwise 1-type Gauss map

Theorem (Choi-Yoon-Kim), 2009

Let M be a ruled surface in Minkowski 3-space E3 with pointwise
1-type Gauss map. Then, M is an open part of a Euclidean plane,
a Minkowski plane, a hyperbolic cylinder, a Lorentz circular
cylinder, a circular cylinder of index 1, a cylinder of an infinite
type, a helicoid of the first kind, a helicoid of the second kind, a
helicoid of the third kind, the conjugate of Enneper’s surface of the
second kind, a rotational ruled surface of type | or type Il, a
transcendental ruled surface, or a B-scroll.
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Recent W
Pointwise 1-type Gauss map

Theorem (Kim-Kim), J.Geom.Phy. 2012

Suppose that M is a minimal ruled submanifold in L™ with
Lorentzian rulings. Then, there exists an orthonormal basis
{E1, -+ ,Em} in L™ such that M is part of one of the following
submanifolds (up to cylinders, built on those submanifolds):
(1) an (n+ 1)—dimensiona| Minkowski space L™ 1.

(2) X(s, t1,t2, - =Y " tiei(s) + bsEany1, where

e1(s) =sinh alsEl + cosh aisks and for i > 2,

ei(s) =sinaisEzi_1 + cosaisEri. Here E; is timelike and

Eo, - -, Eon1 are spacelike.
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Recent W
Pointwise 1-type Gauss map

Theorem (Kim-Kim-Jung), 2013

Let M be an (r+ 1)-dimensional non-cylindrical ruled submanifold
with non-degenerate rulings in the Minkowski m-space L™. Then,
M has finite type Gauss map G if and only if either M is part of an
(r -+ 1)-dimensional plane or the Gauss map G is of finite rank k for
some k (1 <k<r).
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Recent W
Pointwise 1-type Gauss map

Theorem (Kim-Kim-Jung), 2013

Let M be an (r+ 1)-dimensional non-cylindrical ruled submanifold
with non-degenerate rulings in the Minkowski m-space L™. Then,
M has finite type Gauss map G if and only if either M is part of an
(r -+ 1)-dimensional plane or the Gauss map G is of finite rank k for
some k (1 <k<r).

Theorem (Kim-Kim-Jung), 2013

Let M be a ruled submanifold in L™ with degenerate rulings. M
has finite type Gauss map if and only if M is an open portion of a
generalized BS-kind ruled submanifold or a G-kind ruled
submanifold.
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Recent W
Pointwise 1-type Gauss map

Definition

An (r + 1)-dimensional cylindrical ruled submanifold M is called a
generalized circular cylinder Z, x E™~ 1 if the base curve « is a
circle and the generators of rulings are orthogonal to the plane
containing the circle «, where Z is a circular cylinder S1(a) x R in
E3.
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Recent W
Pointwise 1-type Gauss map

Definition

Suppose B = B(s) is a circle on the unit sphere centered at the
origin. Let ap, a3, ..., a; be orthonormal constant vectors satisfying
(B'(s),ai) = (B(s),ai) =0foralli=2,3,...,r and s. A ruled
submanifold M parametrized by

x(s,t1,t2, .. te) =t1B(s) + ) _tiai+D (1)
i=2

is called a generalized right cone Cy x E™1, where Cq is a right
cone in E3, D a constant vector and t; € I; for some open intervals
Ii and i = 2, 3, o T

v
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Recent W
Pointwise 1-type Gauss map

Theorem (Kim-Turgay, (2013)

Let M be a helicoidal surface in E3. Then, M has C-pointwise
1-type Gauss map of the second kind if and only if M is an open
part of a plane, a right circular cylinder, a right circular cone or a
surface which is locally congruent to the rotational surface
satisfying certain differential equations.
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Recent W
Pointwise 1-type Gauss map

Theorem (Kim-Turgay, (2013)

Let M be a helicoidal surface in E3. Then, M has C-pointwise
1-type Gauss map of the second kind if and only if M is an open
part of a plane, a right circular cylinder, a right circular cone or a
surface which is locally congruent to the rotational surface
satisfying certain differential equations.

Theorem (Kim-Kim-Jung-Yoon), 2014

The only ruled submanifold M of Euclidean space E™ with
pointwise 1-type Gauss map of the first kind is an open part of a
generalized circular cylinder or a generalized helicoid.
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Thank You! )
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