The Kepler and harmonic oscillator problems on families of coadjoint orbits
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In R" & R"”, Hamiltonians:

1 « 1
Hi=2p =~ Ho=5 (P +u>7)  (p=1pl. x=Ixl)

What makes these two systems special?

(geometric) answer: dynamical (i.e., symplectic) symmetry groups

Recall:
(M, Q) symplectic manifold, = Lie algebra structure on C>°(M)
G O M Lie group, g*Q =Q Vg € G, + Hamiltonian property
= Moment map p: M — g* = g — C>*(M)
H:M — R, invariant under G < {H,g} =0.
(example: M =R"®R", G =S0(n), {;=xpj—xjpi, H=1/(?)
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Complex coordinates: z; = p; + v/—lwx;

ni = o (22— 5l21205) . Ho = 522
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(C(T75"),{,ta) = (C*(R"®R"), {:,-})
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e—0

A natural generalization: Deform phase space by deforming the structure
constants of the underlying Lie algebra.

Starting point: b, x o(n) (R" & R" is coadjoint orbit)

'Higgs, Peter W. Dynamical symmetries in a spherical geometry. 1. Journal of
Physics A: Mathematical and General 12.3 (1979): 309.
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{lij b} = 0ucljy — diljs + Sjlic — Ojuclis, {4, 1} =0,

Can we understand all possible deformations?

Infinitesimal problem: H2(h, x o(n), b, x o(n))
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Quadratic Casimir invariant + relations /4 = x;p; — x;p;
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Space of global deformations of b, x o(n):

A¥ xdn+1)
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Coadjoint orbits generically invariant under SO(2) x SO(n) :
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Generically: Oz, = SO(n+2)/SO(2) x SO(n)
Hermitian symmetric space =-  natural invariant complex polarization
More suitable: real singular polarization.
Position polarization: g; = x;// ({gi,q;} =0)
(correspond to gnomonic coordinates on the sphere)

Darboux coordinates:

ai

i = pi(1+ 62q2), 0; = Tqu
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Kepler problem:
SO(n + 1)-moment map: pij = Lij, L,j<n

Laplace-Runge-Lenz vector:

qupj + oz—

Hamiltonian:

He == (p* + e2l?) — =

q

N =

More complicated normalization of y,+1, yet possible
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complex singular polarization: z; = m; + v/—1wb;
{zi,z} =0, Q= @ S idzi ANdz
Natural U(n)-action, Moment map: p; = Lz
Ho = f (trp),

H, should specialize to free-motion Hamiltonian

—_

H, = 5 (wtru—etruz)

= Ho+ V(gq,p) (similar to Higgs solution)
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Quantization?
All ingredients to perform geometric quantization
Oy, (real) compact Grassmannian is quantizable
invariant complex polarization (4 two singular ones)
= Borel-Weil theory = (complex) projective embedding
=-  projective geometry of families of quadrics
= symmetries of quadrics

Thank you!
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