
The Kepler and harmonic oscillator problems on families of coadjoint orbits
(Work in progress, joint with J. Mostovoy)

Varna, Bulgaria
June 10th, 2015

1 / 14



In Rn ⊕ Rn, Hamiltonians:

Hk =
1

2
p2 − α

x
Ho =

1

2

(
p2 + ω2x2

)
(p = ‖p‖, x = ‖x‖)

What makes these two systems special?

(geometric) answer: dynamical (i.e., symplectic) symmetry groups

Recall:

(M,Ω) symplectic manifold, ⇒ Lie algebra structure on C∞(M)

G � M Lie group, g∗Ω = Ω ∀g ∈ G , + Hamiltonian property

⇒ Moment map µ : M → g∗ ⇒ g ↪→ C∞(M)

H : M → R, invariant under G ⇔ {H, g} = 0.

(example: M = Rn ⊕ Rn, G = SO(n), `ij = xipj − xjpi , H = `2)
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Moment maps

Kepler problem:

µij = `ij , i < j ≤ n,

Ai = −
n∑

j=1

`ijpj + αxi/x (Laplace-Runge-Lenz vector)

Normalization: µin+1 = 1√
−Hk

Ai

Harmonic oscillator: Re(µij) = `ij , i < j ≤ n,

Im(µ) = 1
ω

(
S − 1

n tr(S)I
)
, Sij = pipj + ω2xixj (Fradkin tensor)

Complex coordinates: zi = pi +
√
−1ωxi

µij = 1√
−1ω

(
zi z̄j − 1

n |z |
2δij
)
, Ho = 1

2 |z |
2
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1979 P. Higgs:1

Kepler and harmonic oscillator on Sn (+ quantizations).

Observation: In suitable coordinates, the commutation relations of a basis
of the (extended) algebra of observables of Sn are linear.

(C∞(T ∗Sn), {·, ·}Ω) ∼= (C∞(g∗)/I, {·, ·}LP)

This is the characteristic feature of coadjoint orbits

lim
ε→0

(C∞(T ∗Sn), {·, ·}Ω) = (C∞(Rn ⊕ Rn), {·, ·}Ω)

A natural generalization: Deform phase space by deforming the structure
constants of the underlying Lie algebra.

Starting point: hn o o(n) (Rn ⊕ Rn is coadjoint orbit)

1Higgs, Peter W. Dynamical symmetries in a spherical geometry. I. Journal of
Physics A: Mathematical and General 12.3 (1979): 309.
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Physics A: Mathematical and General 12.3 (1979): 309.
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Commutation relations of hn o o(n) :

{xi , pj} = δij I ,

{xi , xj} = 0, {pi , pj} = 0,

{xi , I} = 0, {pi , I} = 0,

{`ij , xk} = δikxj − δjkxi , {`ij , pk} = δikpj − δjkpi ,

{`ij , `kl} = δik`jl − δil`jk + δjl`ik − δjk`il , {`ij , I} = 0,
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Deformation to the n-sphere (and hyperbolic n-space):

{xi , pj} = δij I ,

{xi , xj} = 0, {pi , pj} = ε2`ij ,

{xi , I} = 0, {pi , I} = ε2xi ,

{`ij , xk} = δikxj − δjkxi , {`ij , pk} = δikpj − δjkpi ,

{`ij , `kl} = δik`jl − δil`jk + δjl`ik − δjk`il , {`ij , I} = 0,

Can we understand all possible deformations?

Infinitesimal problem: H2(hn o o(n), hn o o(n))
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Lemma: The space of global deformations is 3-dimensional:

{xi , pj} = δij I + ε3`ij ,

{xi , xj} = ε1`ij , {pi , pj} = ε2`ij ,

{xi , I} = ε3xi − ε1pi , {pi , I} = ε2xi − ε3pi ,

{`ij , xk} = δikxj − δjkxi , {`ij , pk} = δikpj − δjkpi ,

{`ij , `kl} = δik`jl − δil`jk + δjl`ik − δjk`il , {`ij , I} = 0,

We are interested in coadjoint orbits of dimension 2n (minimal).

Quadratic Casimir invariant + relations I `ij = xipj − xjpi
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Space of global deformations of hn o o(n):

8 / 14



Coadjoint orbits generically invariant under SO(2)× SO(n) :

9 / 14



Generically: O2n
∼= SO(n + 2)/SO(2)× SO(n)

Hermitian symmetric space ⇒ natural invariant complex polarization

More suitable: real singular polarization.

Position polarization: qi = xi/I ({qi , qj} = 0)

(correspond to gnomonic coordinates on the sphere)

Darboux coordinates:

πi = pi (1 + ε2q
2), θi =

qi
1 + ε2q2
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Free motion

Geometric characterization?

Over Rn ⊕ Rn : H0 = 1
2p

2

Quadratic invariant of E (n) = Rn o SO(n)

Over T ∗Sn : H0 =
1

2

(
p2 + ε2l

2
)

Quadratic Casimir invariant of SO(n + 1)

µij = `ij , µin+1 = pi

SO(n + 1)-action, µ still makes sense over O2n ⇒ H0 does too.
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Kepler problem:

SO(n + 1)-moment map: µij = `ij , i , j ≤ n

Laplace-Runge-Lenz vector:

Ai = −
n∑

j=1

`ijpj + α
qi
q

Hamiltonian:

Hk =
1

2

(
p2 + ε2l

2
)
− α

q

More complicated normalization of µin+1, yet possible
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Harmonic oscillator:

complex singular polarization: zi = πi +
√
−1ωθi

{zi , zj} = 0, Ω =
√
−1
2

∑n
i=1 dzi ∧ dz̄i

Natural U(n)-action, Moment map: µij = 1
ω zi z̄j

Ho = f (trµ) ,

Ho should specialize to free-motion Hamiltonian

Ho =
1

2

(
ω trµ− ε trµ2

)
= H0 + V (q, p) (similar to Higgs solution)
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Quantization?

All ingredients to perform geometric quantization

O2n (real) compact Grassmannian is quantizable

invariant complex polarization (+ two singular ones)

⇒ Borel-Weil theory ⇒ (complex) projective embedding

⇒ projective geometry of families of quadrics

⇒ symmetries of quadrics

Thank you!
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