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1. Intro |

m Deformation quantization is a way to construct
noncommutative geometry, which is first introduced by Bayen,
Flato, Fronsdal, Lichnerowicz and Sternheime

m Several ways of deformation quantization were established by
De Wilde-Lecomte, Omori-Maeda-Yoshioka, Fedosov,
Kontsevich

m Deformation quantizations of Kahler manifolds were provided
in Moreno, Cahen.

m Deformation quantization with separation of variables to
construct noncommutative Kahler manifolds is introduced by
Karabegov



1. Intro Il

m The deformation quantization is an associative algebra on a
set of formal power series of C* functions with a star product
between formal power series.

m One of the advantages of deformation quantization is that
usual analytical techniques are available on them.

m On the other hand, when we consider physics on N.C.
manifolds given by deformation quantization, physical
quantities are given as formal power series, and there are
difficulties to understand them from a viewpoint of physics.

A typical way to solve the difficulties is to make a representation of
the noncommutative algebra.



1. Intro Il

The purpose is to construct the Fock representation of
noncommutative Kahler manifolds.

m A Fock space is spanned by a vacuum and states obtained by
acting creation operators on this vacuum.

m The algebras on noncommutative Kahler mfs are represented
as those of linear operators acting on the Fock sp.

m In my talk, creation operators and annihilation operators are
not Hermitian conjugate with each other, in general.

m The bases of the Fock space are not the Hermitian conjugates
of those of the dual vector space. In this case, we call the
representation the twisted Fock representation.



Intro IV

Main result: Functions - Fock operators Dictionary
Table: z/,z' (i =1,--- N) are local complex coordinates. ® is a Kahler
potential and H is defined by e®/h = Z H,;,;,z’ﬁiﬁ, where

ZM = zMz" . -z for m = (my, my,--- , my)
Functions \ Fock operators
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talk plan

Section 2: we review several facts of deformation quantization with
separation of variables which are used in this talk.

Section 3: a twisted Fock representation is constructed on a chart
of a general Kahler manifold.

Section 4: transition maps between the twisted Fock
representations on two local coordinate charts are constructed.
Section 5: the Fock representations of CV, CPN and CHN are
given as examples.

Section 6: Summary



2-1. What's "Deform. Quantiz."? |

Definition (Deformation quantization (weak sense))

Let M be a Poisson manifold and F be a set of formal power
series: F = {f ’ f=>, fkhk, fi € C“(M)}. Products are
defined by star products;

frg=3 CGilf.g)" (1)
k

such that the products satisfy the following conditions.
x is associative. f x1 =1xf = f, Cy is a bidifferential op.
Co and ( are defined as

Go(f.g) = fg, Gi(f,g) — Gi(g,f) = i{f,g}. (2)



2-2. Defo. Quant. with S of V |

As a special case of deformation quantizations of Kahler manifold
M, Deformation Quantization with Separation of Variables is
introduced by Karabegov

Definition (A star product with separation of variables)

x is called a star product with separation of variables when

axf =af (3)
for a holomorphic function a and

fxb=1b (4)

for an anti-holomorphic function b.



2-3. Notation of Kahler Manifolds |

Let M be an N-dimensional complex Kahler manifold,
® be its Kahler potential and w be its Kahler 2-form:

- k o gzl 0*¢
w = igdz" NdZ', g7:= 3,%551" (5)
Here g is the Kahler metric and z/,2/ (i,j =1,---, N) are local
coordinates on an open set U C M.
The g*! is the inverse of the metric 87
&"'81m = Ot (6)

In the following, we use the following abridged notations

0 0



2-4. Karabegov's Deform. Quant. |

Karabegov constructed a * product with S of V for Kahler mfds.
There exists a differential operator Lf such that

Lig="fxg. (8)

Ls is given as a formal power series in i

Le =Y A, (9)
n=0
where A(" is a differential operator which contains only partial
derivatives by z' (i =1,---, N) and has the following form
(n _ (1K) pi ... pi
A =% & Dh - DR, (10)

k>0



2-4. Karabegov's Deform. Quant. Il

where ) _
D' =g"0;, (11)
(

and each a{f.k-iz is a C* function on M. Note that the differential
operators D’ satisfy the following relations,

[D', D] =0, [D',8:0] = 6. (12)
Karabegov showed the following theorem.
Theorem (Karabegov)
L¢ is uniquely determined by requiring the following conditions,

Lel=fx1=f, (13)
[Lfv al_(b + ha}] = 07 (14)



2-5.Commutation Relations

The left star product by 9;® and the right star product by &;¢ are

Lo = ho; + 0;0 = he~®/"0;e®/", (15)
Ro.o = hos + 0:0 = he™ ®/"d:e®/". (16)

From the definition of the star product, we easily find
1 . S
[ﬁ&-d), 2] = 0y, [z', Z]. =0, [0i®, 0;9]. =0, (17)
i 1 S5
7, 500) =65, 2 Fl. =0, [59, 0] =0, (18)
where [A, B]l, = Ax B — BxA.

Hence, {z/,9;®} and {Ei,f)di} constitute 2/V sets of the creation

and annihilation operators | But, Note that operators in {z/,9;®}
does not commute with ones in {2’,8j¢}, eg.,z'xz —Zxz' #£0.



2-6. Examples

Deformation quantization of CPN

inhomogeneous coordinates z' (i =1,2,---, N)
Kahler potential of CPN : & =In (1+]z[?),
metric :

ds® = 2g;dz'dZ,
(1+|2]2)5; — 22

(T+1[z2)2 7
gl = (1+ |z|2) (5,-j + zjii) .




Deformation Quantization of CPN

x-products between the coordinates
2wz =27,
Zixz = ziij,
Zixz =7'7,
2«2 =227 + hoy(1+ |2)?)oF1 (1,11 — 1/h; —|2]?)

+ %?zj(l + |z|2)2F1 (1, 2,2 —-1/h; —|z|2) ,

oF1 : Gauss hypergeometric function.



Deformation Quantization of CHN |

CHN is similar to CPN
Kahler potential and the metric :

®=—1In(1-|z]%), (19)
(1—1z|?)8; + 22
" 1=z
g =(1~1z%) (65 - 2'7). (21)




Deformation Quantization of CHN 11

x-products between the coordinates

Zi * Zj :ZiZj,

Z'x 7 :z"Ej7

w7 =27,

2 w2 =2'7 + hoy(1 — |z*)oFy (1,114 1/h; |2|?)
h

1+h

2'2(1— |z|?)2F1 (1,2;2 4 1/h; |2)) .



Twisted Fock rep. of N.C. Kahler mfds

In this section we introduce
the Twisted Fock Representation
on anopenset UC M .



3-1. Heisenberg-like algebra

As mentioned in Section 2, {zi,ajd) | i,j=1,2,--- N} and
{2’,(%13 | i,j=1,2,---, N} are candidates for the creation and
annihilation operators

: 1 : 1
a,T =z, a = ﬁa,-(b, ai =2z, QIT = ﬁ&,—d). (22)
They satisfy the following commutation relations
3, all. =065 [af, all.=0, [a, al.=0,  (23)
[ai, al]. =65, [al, all.=0,  [a;, a].=0.  (24)
but slightly different !
[21. 4[] and [a;, 3], (25)

do not vanish in general.



3-2. Fock Space |

The Fock space is defined by a vector space spanned by the bases

which is generated by acting a,T on |0)
) = I o) = (@)@ o (ap) [0), (26)
where |0) = |0, - - - ,0) satisfies a; % |[0) =0 (i=1,---,N) and

— —\ - . . -
(A)7 stands for Ax ---x A. ¢1(r) is a normalization coefficient.
Here, we define the basis of a dual vector space by

(| = (m, - mu| = (0] % (ag) %+ (an) M ea(),  (27)

and (0| * a:-r =0 (i=1,---,N), where cp(m) is also a
normalization constant.



3-2. Fock Space Il

The underlines are attached to the bra vectors in order to
emphasize that (m| is not Hermitian conjugate to |m). In this
article, we set the normalization constants as

alf) = 7= ali) = = (28)

where il = nilno! -+ nyl.



3-3. Twisted Fock representation |

Definition
The local twisted Fock algebra (representation) Fy is defined as a

algebra given by a set of linear operators acting on the Fock space
defined on U:

Fu={>_ Asslf) (M| | Asm € C}. (29)
7,m
and products between its elements are given by the star product .

In the remaining part of this section, we construct concrete
expressions of functions which are elements of this local twisted
Fock algebra.



3-3.Vacuum states |

Lemma

For arbitrary Kahler manifolds (M, w), there exists a Kahler
potential ®(z*,...,zN z1, ... ZN) such that

®(0,...,0,z%,...,2N) =0, o(z%,...,ZY,0,...,0)=0. (30)



3-3.Vacuum states I

Proposition

Let (M,w) be a Kihler manifold, ® be its Kahler potential with
the property (30), and x be a star product with separation of
variables given in the previous section. Then the following function

0Y(0] := e~ ®/", (31)

satisfies

=0, [0)(0]*al =0, (32)
(19)01) « (8)(01) = e=®/" x e=®/" = e=®/" = [6)(D].  (33)



3-3.Vacuum states |l

Overview of Proof
We define the following normal ordered quantity,

; N [%S)
e Zi a; 3; : H E
i=1. n=0

Here H,N 1, is defined by H,N 1 f = f1 * fo % -k fy.

It is easy to show that a; * Y 2 0 n, ( T)* * (a )2 =0, in the
same way as in the case of the ordinary harmonic oscillator.
Therefore, all we have to do is to show

* (27):- (34)

Ce i af 3, = e ¥/, (35)



3-3.Vacuum states IV

This can be done as follows:

. N
R G AtE

— 7l
—1)lnl -
=3 CUZ s ooyt (36)
— flplnl
We use the following notation: for an N-tuple A; (i =1,2,--- ,N)
and an N-vector ii = (ny, na, -+, ny),
(A)F = (AT # (A)P2 % - = (An)IM, (37)

il = nylmp!- - npl, \n\:Zn;. (38)



3-3.Vacuum states V

By using (2)7 = (2)7 = (z')™ --- (zV)™ and (16), (36) is recast as
> 1 o(z.2) *(z,2)

S Lo
n1!n2!~--nN! N
ny,ng,...,ny=0

_9(z,2) #(0,2)

= e h e h

P(z,2)
= e_ h

(39)

Here, the final equality follows from the condition (30). O



3-3.Dictionary |

Lemma
e~®/" = |0)(0| satisfies the relation
0Y(0| % f(z,2) = e~ ®/" % f(z,2) = e~ */"£(0, 2) = |0)(0|£(0, 2),
(40)
f(z,2) % [0)(0] = f(z,2) x e~ = f(z,0)e=*/" = £(z,0)]0)(0].
(41)

for a function f(z,z) such that f(z, w) can be expanded as Taylor
series with respect to z' and W/, respectively.



3-3.Dictionary Il

We expand a function exp ®(z,z)/h as a power series,

®(z,z)/h _ ZHrT"lr_i 1?1 ﬁ (42)

where (2)7 = (z1)™ ---(zN)™ and (2)" = (2})™ - (2V)™. Since
exp ®/h is real and satisfies (30), the expansion coefficients Hz, 5
obey

Hai = H s (43)
756 = 056 (44)

Using this expansion, the following relations are obtained.



3-3.Dictionary IlI

Proposition

The right x-multiplication of (a)7 = (8¢/h)* on
the right x-multiplication of (a)7 = ()7 on |0)

10) (0] * a)"—n'ZHﬁm (0] * (a)?. (45)

n |0 0)(0] is related to
(0| as follows,

Similarly, the following relation holds,

(ah)7 % ]0)(0 ﬁ'ZH~~ (at)™ % |0)(0].

(46)



3-3.Dictionary IV

Corollary

00« (@ = 3 HH00 « @7, @)
@100 = 3 Heh (™= B0, (48)



3-3.Dictionary V

We introduce bases of the Fock representation as follows,

—

1 o 1 . 1
PN (R — tym n_ m,—®/h, [ =
(3] = ) P0) O = () (00 )
(49)
By using (45), the bases are also written as
o= ! M —®/h (5\k
1) (7] = ) 2 S Hy () e/ s (2)F
i N
=\ = D Hag(2)7(2) e M (50)



3-3.Dictionary VI

The completeness of the bases are formally shown as

Z|ﬁ>@=ZH m(2)7(2)"e /"
i
_ e¢/he—¢/h
=1. (51)
The x-products between the bases are calculated as

-

m) (A * |k :éT’?’*qq* iy (21K % 10Y(0] * ()]
|m) (A = k) /] \/m(a )+ #[0){0] = (2)7 = (a'); = |0) (0] = (a)s

glm) (- (52)



3-3.Dictionary VII

The creation and annihilation operators a:-r,g,- act on the bases as

follows,
a; * |m)(f| = v/m; + 1|m + &) (7], (53)
a; x |m) (A = /mj|m — &) (i, (54)
| ) (A + a] = /il M) (7 — &], (55)
|m) (7|« a; = /n; + 1|m) (i + €], (56)

where €; is a unit vector, (&); = 6;;. The action of a; and g:f is
derived by the Hermitian conjugation of the above equations.



3-3.Dictionary VIII

The creation and annihilation operators can be expanded with
respect to the bases,

al = Zw; 1|7+ &) (A, (57)
a = Z Vo T 1) i + &, (58)
il s
ai= D\ m Haghels A7, (59)
.7,k
= P
af =\ = (ki + D Ho g M 1) G (60)



4. Transition maps |

m Let M = U,U, be a locally finite open covering and
¢, : U; — CN. Consider the case U, N Uy, # 0.

m Denote by ¢, the transition map from ¢,(U,) to ¢p(Up).

The local coordinates (z,z) = (z,---,zN, 2L, --- ,z2N) on U,
are transformed into the coordinates

(w,w) = (wt, .-, wN, wt - wN)on Uy, by

(w, w) = (w(z), w(2)), where w(z) = (wl(z2), - ,wl(2)) is
a holomorphic function and w(z) = (w}(2), -+, w"(2)) is an

anti-holomorphic function.

m f %, g and f %, g : the star products defined on U, and Up,
respectively.

In general, there is a nontrivial transition maps T between two star
products i.e. f*x, g = T(f)*, T(g). But the transition maps are
trivial in our case.



4. Transition maps Il

Proposition

For an overlap U, N Uy, # 0,
f*p g(W7 M_/) = ¢:,b f*, g(W7 W) (61)
Here ¢ ,, is the pull back of Gap.

Proof
The Kahler potentials ®,(z,z) on U, and ®p(w, w) on Uy satisfy,
in general,

q)b(Wv W) = (Da(Z, 2) + ¢(Z) + (5(2)7

where ¢ is a holomorphic function and ¢ is an anti-holomorphic
function. We define a differential operator L ¢ by Lprg :=f xp g



4. Transition maps Il

on Up. Similarly, we use gl';j , D[’; etc. as the metric on Uy,
differential operator D' on Up, etc. As mentioned in Section 2,

Lbf—Zh"‘;, Db—zh"z 205 D5 Dfs (62)
= k>0

is determined by

0Py

(Lo s Rboo,) = [Lbf 901 T

h%] =0 (63)

On the overlap U, N Up,

o, = 2% o, (64)



4. Transition maps IV

ow' ow’
ozk oz! 78
operators DtI) contain only differentiation with respect to

From the fact that differential

because g” =

holomorphic coordinates w', DZ) commutes with anti-holomorphic
functions, then we obtain

Lo =312 (57) 0] (69

n=0

n

w . . . .
where <_> is an anti-holomorphic function

ow i own  Ow'
<8z> ; 0zh 0zk (66)



4. Transition maps V

0dy, d
|:Lbf7 oW ’+h8v‘v’]

b ' o 02 (00, oo d
lzh 0% > a5+ 38 +h)]

0zk 0zk
N LAY L S
8W, [Zh . (a)jDé’aszrhazk]O’ (67)
and thus we obtain
ow H
=220 55 Vo, G
J

which satisfies the condition [L, ¢, Rs9.0,] = 0.



4-2. Trans. maps for Twisted Fock rep. |

As a next step, we consider the transition function between twisted
Fock reps. we can choose $,(z,z) and ®p(w, w) s. t.

$,(0,2) = d,(2,0) =0, ®,(0, W) = bp(w,0)=0.  (69)
Using these Kihler potentials, |0),,(0] is defined as
’6>PP<6‘ = e—¢p/h7 (P =4, b)?

and |m)p,(fi| are defined by




4-2. Trans. maps for Twisted Fock rep. Il

Let us consider the case that on the overlap U, N U, the
coordinate transition function w(z), w(z), and the functions
exp(¢p(w)/h) and exp(¢(w )/h) are given by analytic functions.
Then the products (w(z))¥ exp —(¢(w)/k) and

(w(2))% exp —(¢(W)/h) are also analytic functions;

(W(Z a —p(w)/h _ an )

(w(2)) a e (W)/h _ an—ﬁ (70)



4-2. Trans. maps for Twisted Fock rep. Il

After some calculations, we obtain trans. between the bases,

T Fy, — Fu,, (71)
as
)b =D Toz"]i)aa(l, (72)
i
where

T‘}i'f \F\EZH C’”)ZC"Hal. (73)

Using this transformation, the twisted Fock representation is
extended to M. We call it the twisted Fock representation of M.



. Example-1 |

Some examples of the Twisted Fock reps. are given.
Example 1: Fock representation of C"

The first example is CNV. The Kahler potential is given by

N .
don = |2
i=1

The star product is easily obtained as

e}

hn
frg=) Féklh o 85 (O - 0 F)(On -+ O18).
n=0 '
We put
1—i =i 1 i
aj-:Z" éi:ﬁza aj = ) Q}L:*Z

(74)



5. Example-1 1l

Then they satisfy the commutation relations:

(25, 3fl =0, [ai, alle = oy (76)
and the others are zero. The basis of the twisted Fock algebra is
given by

)] = () e (2 (77)
hll/ml Al '

These are defined globally, so the trace operations for the twisted
Fock algebras given by

IR O S\
Tren|m) (] == N [CN dx?P|m) (| = 6. (78)

These results coincide with well known facts for N.C. R2N.



5. Example-2 |

Example 2 : Fock representation of N.C. CPV

Let denote ¢? (a=0,1,...,NN) homogeneous coordinates and
UUs (Us={[¢O: ¢ : - ¢N]}|¢2 # 0) an open covering of
CPN. We define inhomogeneous coordinates on U, as

o ¢° a1 Jatl _ S oo ZN = ﬂ (79)

a_Ea"'7Za _Ca7a C_,-a’ aza_Ca

V4

We choose a Kahler potential on U,
¢, =In(1 + |z|?), (80)

where |z,|? = 37, |z1|2. A star product on U, is given as

fxg= Z cn(R)gjk, *** 8jokn (Dj1 e Dj"f) Dk ...Dkng  (81)
n=0



5. Example-2 Il

where

D' = g7j8j, D' = gijé)j. (82)

MN1—n-+1/h)

cn(h) = nf(1+1/h)

On U,, creation and annihilation operators are given as

A N P A F N PAE

and a vacuum is

10)2a(0] = &~/ = (1 + |za|*) /", (83)

The bases can be explicitly written as

B M(1/n+1)
VA1 /h—|n| + 1)

—

|m)aa (A

(z)"(22)"e /" (84)




5. Example-2 Il

Hpa,s s.t. e®/h = > Hm,ﬁ(za)'ﬁ(?)ﬁ is obtained as

F(1/h+1)
AIT(L/h— |m| + 1)

(85)

Hzi = 0m 5

The transformations for the coordinates and the Kahler potential
on U Up are

i Z . 1
zh = ;g, (i # a), zb = = (86)
b b

S, =0, —Inz; —InZ}. (87)



5. Example-2 IV

Thus, |M)aa(A| is written on U, () Up as

r(1/n+1) o= s/l
VAR (1/h — |n| +1)
X (20)™- - (Z5 )t ()M ()M (2T e (2
x (Z0)m-- (22t () gy (2 ) () e (2,
where
m= (mo,...,ma,l,maH,...,mN), (88)
n= (no,.. ey Ng—1,N541, .. .,nN). (89)

We should treat (z2)Y/"=Iml and (22)Y/"=I"l carefully, because if

they are not monomials some trick is needed to express them as
the twisted Fock representation.



5. Example-2 V

A function f(z,z)e~®/" is expressed as the Twisted Fock algebra
when f(z,z) is given as a Taylor expansion in z and z. For
simplicity, we consider the one dimensional case. When a
non-monomial function z9 of some complex coordinate z with a
nonpositive integer g is given, z9 should be Taylor expanded
around the some non-zero point p € C to express it as a twisted
Fock algebra:

q(q — 1) q—2

27 =pTtapT Nz —p)+ P (2P (90)

Then they are written by using the Twisted Fock rep.



5. Example-2 VI

To avoid the complications concerning (z2)*/"~Iml and (z2)/"~Inl,
we can introduce a slightly different representation.
Let us consider the case

1/h=LeZ, L>0, (91)
Then, we define F- on U, as a subspace of F,,

{ZA alM)aaliil | As € C, [m| <L, |n] <L} (92)

The bases on U, are related to those on U, as,

(L—fnD)t oy (L= 1DY S
(L—|m|)|| )aa (| (L— ‘m")‘ m’)pu{n’l, (93)



5. Example-2 VII

where
m = (m07"' amaflaL_ |m|7ma+17"' yMp—1,Mpy1,- - 7mN)a
(94)
n = (n07'” 7n3—17L_ |n|7n3+17"' y Mb—1, Np+1, "+ 7nN)- (95)

Using the expression of (93), we can define |m),,(i| on the whole

of Up. Therefore, the operators in F‘,,L can be extended to the
whole of CPN .



6. Example-3 |

Example 3 : Fock representation of noncommutative CH"
We choose a Kahler potential

¢ = —In(1 - |zP),

where |z|? = va |z'|2. A star product is given as

feg= ch(h)gjll?l gk (D7t ... Dirf) Dk ... pkng,
n=0

where

D7 :g7j8j7 D :gij&

T .

(n+1/h)’

(96)

(97)

(98)



6. Example-3 I

The creation and annihilation operators are given as

T ate P
T M1 —zP)

ARE-y T

. (99)
and a vacuum is

0)(0

= e ¥ = (1 |22/ (100)
Bases of the Fock representation on CHV are constructed as

L (FD)IT@/n+ |n)) AVP(3Vi(1 _ [£|2)1/5
e = e @ e e o

These are defined globally.




6. Example-3 Il

For CHN, trace density is given by the usual Riemannian vol.

1
"o T 1o

The trace is given by the integration

L MN(1/A o
Tyl ] = s [ a2l = 5. (103



6. Summary |

m Twisted Fock reps. of N.C. Kahler manifolds are constructed.
The N.C. Kahler manifolds are given by deformation
quantization with separation of variables. Using this, the
twisted Fock representation which constructed based on two
sets of creation and annihilation operators was introduced with
the concrete expressions of them on a local coordinate chart.

m The dictionary to translate bases of the twisted Fock reps into
functions is given.

m They are defined on a local coordinate chart, and they are
extended by the transition functions. This extension is
achieved by essentially the result that the star products with
separation of variables have a trivial transition function.

m Examples of the twisted Fock representation of Kahler
manifolds: CN, CPN and CHN.



6. Summary Il

Thank you for your attention.
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