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Introduction
Previous results

In the paper ,,]—tangent affine hypersurfaces with an induced
almost paracontact structure” (submitted) | studied affine
hypersurfaces f: M — R2™2 with an arbitrary J~—tangent transversal
vector field, where J is the canonical paracomplex structure on R2"+2.
Such a vector field induces in a natural way an almost paracontact
structure (¢, &,n) as well as the second fundamental form h. It was
proved that if (¢, &, n, h) is an almost paracontact metric structure then
it is a para a-Sasakian structure with & = —1. Moreover, the
hypersurface must be a piece of a hyperquadric.
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Introduction
Affine immersions

Let f: M — R""1 be an orientable connected differentiable
n-dimensional hypersurface immersed in the affine space R™! equipped
with its usual flat connection D. Then for any transversal vector field C
we have

Dx Y = f(VxY)+ h(X,Y)C (Gauss’ formula)
and
Dx C = —£.(5X) + 7(X)C, (Weingarten’s formula)

where X, Y are vector fields tangent to M. Here

@ V — torsion free connection called the induced connection,

@ h — tensor of type (0,2) called the second fundamental form,
e S — tensor of type (1,1) called the shape operator,

°

7 — 1-form called the transversal connection form.
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Affine immersions

We have the following

Fundamental equations, [Nomizu, Sasaki]

For an arbitrary transversal vector field C the induced connection V, the
second fundamental form h, the shape operator S, and the 1-form 7
satisfy the following equations:

R(X,Y)Z = h(Y,Z)SX — h(X,Z)SY, (1)
(Vxh)(Y,Z)+7(X)h(Y,Z) = (Vyh)(X,Z) +7(Y)h(X,Z), (2)
(VxS)(Y) = 7(X)SY = (VyS)(X) — 7(Y)SX, (3)
h(X,SY) — h(SX,Y) = 2d7(X, Y). (4)
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Centro-affine hypersurface

Let o be a point of the affine space R"T! chosen as origin. An immersion

f of an n-manifold M into R™1\ {o} such that C = —of(xi for every
x € M is always transversal to f. TM is called centro-affine hypersurface.
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Blaschke hypersurface

We say that f is nondegenerate if the second fundamental form h is
nondegenerate.

For a nondegenerate (orientable) hypersurface there exists a (global)
transversal vector field C satisfying the conditions:

Vo =0, 0 = wp,

where wy, is a volume element determined by h

Wh(Xa - Xn) = | det[h(Xi X)) j=t...]
and @ is an induced volume element on M
0(X1,...,Xp) == det[f. Xq,..., Xy, C].

A transversal vector field satisfying these conditions is called the affine
normal field or the Blaschke normal field. It is unique up to sign. A
hypersurface with the transversal Blaschke normal field is called the
Blaschke hypersurface.
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Affine hyperspheres

A Blaschke hypersurface is called an affine hypersphere if S = A\l, where
A = const.

If A\=0, f is called an improper affine hypersphere, if X\ # 0, f is called a
proper affine hypersphere.
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Affine hypeersurfaces with a J-tangent transversal vector

field

From now on we are interested in (2n + 1)-dimensional hypersurfaces
f: M R22 We assume that R?"*2 is endowed with the standard
paracomplex structure J, that is

J(Xl7' s Xn+1, Y1, - - ~a)/n+1) — (ylv"‘ 7)/n+17X17~-,Xn+1)-

Definition 1.

A transversal vector field C will be called J-tangent, if JC € £,(TM).
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The biggest J invariant distribution on M we denote by D. That is

Dy = £ (A (TM) N J(£(TM)))
for every x € M. We have that dim D, > 2n. If for some x the
dimD, = 2n+1 then D, = T,M and it is not possible to find JN-tangent
transversal vector field in a neighbourhood of x. Since we study only
hypersurfaces with a J-tangent transversal vector field we always have
dim D = 2n. The distribution D is smooth, since dim D is constant and is
an intersection of two smooth distributions.
A vector field X is called a D-field if Xy € Dy for every x € M. We use
the notation X € D for vectors as well as for D-fields.
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Almost paracontact structures

A (2n + 1)-dimensional manifold M is said to have an almost
paracontact structure if there exist on M a tensor field ¢ of type (1,1), a
vector field £ and a 1-form 1 which satisfy

P*(X) = X = n(X)¢, (5)

n(§) =1 (6)

for every X € TM and the tensor field ¢ induces an almost paracomplex
structure on the distribution D = kern, that is the eigendistributions

DT, D~ corresponding to the eigenvalues 1, —1 of ¢ have equal
dimension n.
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Induced almost paracontact structure

Definition 2.

Let f: M — R?""2 (dim M = 2n+ 1) be a hypersurface with a
J-tangent transversal vector field C. Then we define a vector field &, a
1-form 1 and a tensor field ¢ of type (1,1) as follows:

€ o= ]C,
nlp =0 and n(§) =1,
¢lp = Jp and p(€) = 0.

A structure (p,&,n) is called an induced almost paracontact structure on
M.
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Induced almost paracontact structure

Theorem 1.

Let f: M — R2""2 be an affine hypersurface with J-tangent transversal
vector field C. If (p,&,n) is an induced almost paracontact structure on
M then the following equations hold:

n(VxY) = h(X, oY)+ X(0(Y)) +n(Y)r(X), (7)

p(VxY) = VxeY —n(Y)SX = h(X, Y)E, (8)

n([X; Y1) = h(X,¢Y) = h(Y, oX) + X(n(Y)) = Y(n(X)) ~ (9)
+n(Y)T(X) = 0(X)7(Y),

o([X, Y]) = VxeY — VypX +n(X)SY —n(Y)SX, (10)
n(Vx§) = 7(X), (11)
n(SX) = —h(X,¢) (12)

for every X, Y € X(M).
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Proof. For every X € TM we have
JX = X +n(X)C.
Furthermore
J(DxY)=J(VxY +h(X,Y)C) = J(VxY)+ h(X,Y)JC
=o(VxY)+n(VxY)C+ h(X,Y)E
and
DxJY = Dx(¢Y +n(Y)C) = DxpY + X(n(Y))C +n(Y)DxC
=VxeY + h(X,oY)C+ X(n(Y))C +n(Y)(=SX + 7(X)C)
= VxpY = n(Y)SX + (h(X, oY)+ X(n(Y) +n(Y)7(X))C.
Since Dx Jy = J~(DX Y'), comparing transversal and tangent parts, we
obtain (7) and (8) respectively. Equations (9)—(12) follow directly from
(7) and (8).
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Affine hypersurface of codimension two

Let f: M — R"™2 be an immersion, and AN': M 3 x — N, be a
transversal bundle for the immersion f. Immersion f together with the
transversal bundle N we call an affine hypersurface of codimension two
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Para-complex affine hypersurfaces

Para-holomorfic hypersurface

Let g: M2" — R2"2 be an immersion and let J be the standard
paracomplex structure on R?™"2. We always identify (R?"*2, J) with
C"*1, where C is the real algebra of para-complex numbers.

We assume that g.(TM) is J-invariant and J]g*(TX M) is a para-complex

structure on g (T« M) for every x € M. Then J induces an almost
para-complex structure on M which we will also denote by J. Moreover,
since (R2"+2) J) is para-complex then (M, J) is para-complex as well. By
assumption we have that dg o J = Jo dg that is

g: M?" — R?+2 =~ C"*1 is a para-holomorphic immersion.

Since para-complex dimension of M is n, immersion g is called a
para-holomorphic hypersurface.
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Para-complex affine hypersurfaces

Let g: M?" — R2™2 be an affine hypersurface of codimension 2 with a

transversal bundle A/

If g is para-holomorphic then it is called affine para-holomorphic
hypersurface. If additionally the transversal bundle N is J-invariant then
g is called a para-complex affine hypersurface.
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Para-complex affine hypersurfaces

Let g: M?" — R2™2 be a para-holomorphic hypersurface. We say that g
is para-complex centro-affine hypersurface if {g, Jg} is a transversal
bundle for g.

Let g: M?" — R2"t2 be a para-holomorphic hypersurface. Then for
every x € M there exists a neighborhood U of x and a transversal vector
field ¢: U — R2"2 such that {¢, JC} is a transversal bundle for g|y.
That is g|y considered with {(, JC } is a para-complex affine
hypersurface.
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Proof. Indeed, let Ny be any vector space transversal to g.(TxM). If Ny
is J-invariant then it must be a para-complex vector space so we can find
vector v € L\IX such that {V,]V} is a basis for N,. If Ny is not J-invariant
then N, N JN, must be 1-dimensional. In this case we can choose v € N,
such that v € N, N JN,.. Now vector Jv is transversal to g«(TxM) and
linearly independent with v. That is {v, J~v} is a para-complex transversal
vector space to gi(TxM).

Summarizing at x we can always find a transversal vector v such that
g«(TxM) @ span{v, Jv} = R2"+2,

Hence in a neighborhood of x we can find a transversal vector field ¢
such that {¢, J(} is a transversal bundle for g in this neighborhood.
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Para-complex affine hypersurfaces

Now, let g: M?" — R2"t2 be a para-holomorphic hypersurface and let
¢:U— R2"2 be a local transversal vector field on U C M such that
{¢, JC} is a transversal bundle to g.

So for all tangent vector fields X, Y € X(U) we can decompose Dx Y
and Dx( into tangent and transversal part.

That is we have

Dx &Y = g.(VxY) + hi(X, Y)C+ ha(X, Y)JC  (formula of Gauss)
Dx ¢ = —g«(SX) + (X)) + Tz(X)]C (formula of Weingarten)

where V is a torsion free affine connection on U, h; and hy are
symmetric bilinear forms on U, S is a (1, 1)-tensor field on U and 71 and
T2 are 1-forms on U.
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Para-complex affine hypersurfaces

Using the fact that DJ = 0 and the formula of Gauss by straightforward
computations we can prove the following

VJ=0, (13)
m(X,JY) = h(JX,Y) = hy(X,Y), (14)
ho(X,JY) = hy(X,Y). (15)

We say that a hypersurface is nondegenerate if h; (and in consequence
hy) is nondegenerate.
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Para-complex affine hypersurfaces

Now assume that {Z, ]5} is any other transversal bundle on U. Then
there exist functions ¢, on U and Z € X(U) such that
(=l + I+ g2

Since {Z, Jf} is transversal the above formula implies that p? — 1% # 0.
Indeed, we have

pC—JC = (¢° — V) + g Z — g Z.
If 9 —¢? =0 then p¢ — ¥ J¢ € TU, but since {¢, JC} is transversal we
obtain ¢ = 1) = 0 what is impossible because ( is transversal.

Zuzanna Szancer Centro-Affine hypersurfaces with an induced a. p. s.



Para-complex affine hypersurfaces

By the formulas of Gauss and Weingarten with respect to C we obtain
the objects V h1, h2, 5, 71, T2 which satisfy the following relations

Lemma 2
(X, Y) = oh(X, Y) +¢ha(X, Y), (
ha(X, Y) = phi(X, Y) + oha(X, Y), (
UxY =VxY + m(X,Y)Z + ho(X,Y)JIZ, (
©SX +hSX — VxZ = SX — 71(X)Z — 7(X)JZ, (19
PT1(X) + ¥72(X) = X(p) + p7(X) + Y72(X) + hi(X, Z), (20
Y71(X) + o72(X) = p72(X) + X(¥) + ¥7(X) + ho(X, Z), (21
h~1 _ hlsg - /721/)7
p? — 12
A(X) = 2X(nlg? — 42]) + m(X)

iw(sohl(x, Z)—vh(X,2)).  (23)

+
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Proof. Formulas (16) to (21) are straightforward. Formulas (22) and (23)
follow at once from (16), (17), (20) and (21).
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On U we define the volume form 6, by the formula

0c(X1, .., Xon) == det(gu X1, . . ., &Xon, C, JC)
for tangent vectors Xj, i = 1,...,2n. Then, consider the function H; on
U defined by
He = det[h1(Xi, Xj)]ij=1..2n
where Xi,..., X, is a local basis in TU such that 0¢(Xy, ..., X2,) = 1.

This definition is independent of the choice of basis.
Moreover, we also have

Vxbe = 211 (X)fe.

Zuzanna Szancer Centro-Affine hypersurfaces with an induced a. p. s.



Para-complex affine hypersurfaces

If {E, jZ} is other transversal bundle on U then we have the following
relations between 95, HZ and 0¢, H¢

0z = (¢* — ¥*)c, (24)
1
e He. (25)
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Proof. Formula (24) is straightforward. So, we only prove (25). Let
{X1,JX1,...,Xn, JX,} be a local basis on TM. Then

0c(X1, IX1, - - s Xny IXn) = @
where v # 0 (so either o < 0 or o > 0). Now let X; := \% then

= ~=> ~ ~ «
0c(X1, X1, X, JXa, ..., Xny IX5) = ol

So we can choose the basis {Xl,JNX;l, . 7Xn,JNX,,} such that
0c (X1, IX1, -+ -, Xn, IXn) = 1.
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Let Y= —2Xi— fori=1,...,n. Then
|2 —1p2|2n
Hg(Yl,...,JY,,):(wz—wz)QC(Yl,...,JYn)
1
2 2
=(p" =) 5 0c( X1, .., Xon
(¢ ) 22— 97 g )

= sgn(¢? — ?)0c(Xq,. .., Xon) = £1,
SO
Hz = det [hl(Y,-, Yj)]
1

= (g et [/i(x,-,xj)} .
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We also compute

d m(X, X)) hm(XeJX)| 1 h (X, X1) b (Xe, IX))
et | ~ ~ ~ = — 5 det .
h1(Xm, Xi)  h1(Xm, JX)) 0= h1(Xm, Xi)  h1(Xm, JX))
The above implies that
1 1

H- =

R R

and eventually

1
H- =

¢ (2 — §p2)nt2 - He.
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Affine normal vector fields

Definition 4.

When g is nondegenerate there exist transversal vector fields ( satisfying
the following two conditions:

’HC‘ =1,

71 = 0.

Such vector fields are called affine normal vector fields.

Proof. Let {(, ]C} be an arbitrary transversal bundle for g. Since g is
nondegenerate we have H; # 0 so we can find functions ¢ and 1 such
that ¢? — ¢ # 0 and

(9® = 9?)"2| = |H]. (26)

Let Z:: ©C + ¥ + Z where Z is an arbitrary vector field on M. Lemma
3 (formula (25)) and formula (26) imply that |HZ’ =1.
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We shall show that we can choose Z in such a way that Z is an affine
normal vector field.

By Lemma 2 (formula (23)) we have
~ 1

71(X) = 5X(n 0* —?]) + 11(X) +
Now using Lemma 1 we obtain

A(X) = 2 X(n [ = 42) + m(X) +

M(m(x, Z) - vh(X, 2))

1 ~
m (X, 0Z —2pJZ).
Since h; is nondegenerate we can find Z such that 71(X) = 0 for all
vector fields X defined on U. In this way we have shown that on every

para-holomorphic hypersurface one may find (at least locally) an affine
normal vector field.
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Let g: M2" R2™2 be a nondegenerate para-holomorphic hypersurface
and let , C U— ]R2”+2 be two affine normal vector fields on U C M.

Then C ¢ + ¢JC where |@? — ?| = 1.

Proof. Since (, Z are transversal there exist functions ¢, € C*°(U) and

a tangent vector field Z € X'(U) such that ¢ = ¢ + ¥ J¢ + Z. Since

|He| = |HZ| = 1 the formula (25) implies that |¢? — 12| = 1. Now, due to
the fact that 74 = 73 = 0 and by formulas (23) and Lemma 1 we obtain
0= phi(X, 2)~vha(X, Z) = phi(X, Z)=phi(X, JZ) = (X, 0Z 0 JZ)

for all X € X(U). Since h; is non-degenerate and ¢? — 1)? # 0 the last
formula implies that Z = 0. The proof is completed.
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Para-complex affine hyperspheres

Definition 5.

A nondegenerate para-complex hypersurface is said to be a proper
para-complex affine hypersphere if there exists an affine normal vector
field ¢ such that S = al, where a € R\ {0} and 7, = 0.

If there exists an affine normal vector field ¢ such that S =0 and » =0
we say about an improper para-complex affine hypersphere.
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Examples of para-complex affine hyperspheres

Example 1 Let g: R> — R* be given by the formula

COs X cosy
1| sinx 1| siny
gxy) = 2| cosx| T2 —cosy |- (27)
sin x —siny

It easily follows that g is an immersion. Moreover JNgX = g« and

Jg, = —g, so g is a para-holomorphic hypersurface. If we take ( := —g
then {¢, J~C} is a transversal bundle for g. By straightforward
computations we obtain

1 1
hl — |:2 ?:| ) h2 = |:(2) 01:| ; S = |d7 1 = T2 = 0
2

relative to the canonical basis {0y, 0y }.
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Moreover, since

1
Gg(axuay) = dEt[nggy7C7JC] = 5

one may easily compute that H; = 1 that is g is a proper para-complex
affine sphere.
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Para-complex affine hypersurfaces

Example 2 Let g: R? — R* be given by the formula

cosh x cosh y
1 [ sinhx 1| sinhy
g(xy) = 2 | coshx | T2 —coshy |~ (28)
sinh x —sinhy

Exactly like in the previous example we have that g is an immersion and
Jgx = g« and Jg, = —g, so g is a para-holomorphic hypersurface. Again
taking ¢ := —g we obtain that {C,]C} is a transversal bundle for g. We
also have

1 1
-1 0 -1 0
hlz{ 2 }, hgz[ 2 ], S=id, m=7m=0

0 -3 o 1

relative to the canonical basis {0y, 0y }.
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Moreover, since

1
Gg(axuay) = dEt[nggy7C7JC] = 5

we easily compute that H; = 1 that is g is a proper para-complex affine
sphere.
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Para-complex affine hypersurfaces

Example 3 Let g: R? — R* be given by the formula

cosh x cos y
1| sinhx 1| siny
gxy) = 2 | —coshx + 2 | cosy (29)
—sinh x siny
It easily follows that g is an immersion and J~gx = g« and J~gy = —gy SO

g is a para-holomorphic hypersurface. If we take ¢ := —g then {{,]C} is
a transversal bundle for g.
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Example 4 Let g: R> — R* be given by the formula

X y
1| 1x2 1 ly2
=12 ~| 2 ) 30
sboy) =51 [ *32| &, (30)
X2 -3y
It easily follows that g is an immersion and ]gx = gx and ]gy = —gy SO

g is a para-holomorphic hypersurface. Let ¢ := (0,0,0, 1)7 then
J¢=1(0,1,0,0)7 and {¢,JC} is a transversal bundle for g. We compute

1 1
1o 1o

m—[21y m—[21y $=0, m=7=0
OE 0§

relative to the canonical basis {0, 0, }.
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Since 1
QC(aX) 8}/) = det[gxa gya C) J<] = _5
then H; = —1 that is g is an improper para-complex affine sphere.
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Lemma 5.

Let F: | — R2" be a smooth function on interval I. If F satisfies the

differential equation _
F'(z) = —JF(2), (31)

then F is of the form
F(z) = Jvcosh z — vsinh z, (32)

where v € R?".

Proof. It is not difficult to check, that functions of the form (32) satisfy
differential equation (31). On the other hand, since (31) is a first order
ordinary differential equation, the Picard-Lindelof theorem implies that
any solution of (31) must be of the form (32).
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Theorem 3

z |

Let f: M — R?"2 pe a centro-affine hypersurface with a J-tangent
centro-affine vector field. Then there exist an open subset U C R?", an
interval | C R and an immersion g: U — R?"t2 such that f can be
locally expressed in the form

f(x1,...,xon,2) = JNg(xl, ..., Xap)coshz — g(x1,...,xon)sinhz  (33)

for all (x1,...,xon,2) € U X I.

Proof. Denote C := —f. Since f is centro-affine hypersurface with
J-tangent transversal vector field then we have JC = —Jf € £,(TM).
Therefore for every x € M there exists a neighborhood V of x and a map
Y(x1,...,%2n,2) on V such that

0

fg JC.
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That is f can be locally expressed in the form f(x, ..., X2, ), where
f, = —Jf. Now using the Lemma 5 we obtain the thesis.
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Theorem 4.

Let f: M — R2"2 be an affine hypersurface with a centro-affine
]—tangent vector field C = —of . If distribution D is involutive then for
every x € M there exists a para-complex centro-affine immersion

g: V — R?"2 defined on an open subset V. C R?" such that f can be
expressed in the neighborhood of x in the form

f(x1,...,xon,2) = ]g(xl, ..., Xxap)coshz — g(x1,...,xon)sinhz.  (34)

Moreover, if g: V — R?"t2 s a para-complex centro-affine immersion
then f given by the formula (34) is an affine hypersurface with a
centro-affine J-tangent vector field and involutive distribution D.
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Proof. Let (¢,&,1n) be an induced almost paracontact structure on M
induced by C. The Frobenius theorem implies that for every x € M there
exist an open neighborhood U C M of x and linearly independent vector
fields Xi,. .., Xon, Xony1 = § € X(U) such that [X;, X;] = 0 for
i,j=1,...,2n+ 1. Forevery i =1,...,2n we have X; = D; + «;§ where
D; € D and «; € C*(U). Thus we have
0= [th] [Dlag] (Oé,)

Now (9) and (12) imply that [D;, ] and &(«;) = 0. We also have

0 = [Xi, Xj| = [Di, Dj] = Dj(ai)§ + Di(aj)§
fori=1,...,2n.
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Since D is involutive the above equality implies [D;, D;] = 0 for

i,j=1,...,2n. Of course the vector fields Di, ..., Do, & are linearly
independent, so there exists a map ¥(x, ..., x2n,2) on U such that
0 0
— = —=D;, i=1,...,2n
0z 57 6X,' : "
Now applying the Lemma 5 we find that f can be locally expressed in the
form
f(x1,...,xon,2) = ]g(xl, ...yXap)coshz — g(x1,...,x2p)sinh z

where g: V — R?"2 is an immersion defined on an open subset
V C R2". Moreover, since -2 - € D we have that

f. = JgX,. cosh z — gy, sinh z € £,(D).

i
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Since £,(D) is J invariant we also have
J~fX,. = g, coshz — jgxi sinh z € (D).

The above implies that gy, € f,(D) for i =1,...,2n. But, since {g,} are
linearly independent they form basis of f,(D) (dim f.(D) = 2n) so

f*(D) = Span{gxla cee 7gX2n}‘

Since £,(D) is J-invariant we also have that

]gx,- € f.(D) = span{gx,,-- -, 8xp }
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that is J~gX,. =Y «a;gx, where aj € C*°(U). Since g do not depend on
variable z the functions «; also do not, thus a; € C*°(V). In this way we
have shown that for g: V — R2"+2 the tangent space TV is J-invariant
(we can transfer J from g.(TV) to TV). Since J|¢ (py is para-complex
and £.(D) = spancee(){8xs - - -+ 8xn } SO Jis para-complex on TV.
Finally g is para holomorphic. Since f is immersion {gy, ... ,gX2n,J~g}
are linearly independent. Moreover, since f is centro-affine we also have
that g is linearly independent with {g,. .. ,gXZn,]g} that is {g,]g}
forms J-invariant transversal bundle to g«(TV). Thatis g is a
para-complex affine immersion.
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In order to prove the second part of the theorem note that since g is

centro-affine para-complex affine immersion then {f,...,f,,, fz,f} are

linearly independent. It means that f is an immersion and is centro-affine.
- R ~

Moreover, f is J-tangent since J(—of) = —gcoshz + Jgsinhz = f;. In

particular g is para holomorphic that is we have Jg,, = 21221 aijjgx; for

i=1,...,2n. Now by straightforward computations we get

S ajhy = Jf for i=1,...,2n. That is Jf, € span{fy,...,fy,}. In

this way we have shown that span{f, ..., f,,} is Joinvariant and since
its dimension is 2n it must be equal to 7. (D). Now it is easy to see that
D= {6%1, e %} is involutive as generated by canonical vector fields.
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JN-tangent affine hyperspheres

There are no improper ]—tangent affine hyperspheres.

Proof. We have n(5X) = —h(X, &) for all X € X(M). Thus, if S =0,
h(X,&) = 0 for every X € X(M), which contradicts nondegeneracy of h.
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Classification of JN—tangent affine hyperspheres

Theorem 6.

Let f: M — R?"2 pe a .T—tangent affine hypersphere with an involutive
distribution D. Then f can be locally expressed in the form:

f(x1,...,xon,2) = ]g(xl, ..., Xop)coshz — g(x1,...,xop)sinhz  (35)

where g is a proper para-complex affine hypersphere. Moreover, the
converse is also true in the sense that if g is a proper para-complex affine
hypersphere then f given by the formula (35) is a J-tangent affine
hypersphere with an involutive distribution D.
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Proof. (=) First note that due to Theorem 5 f must be a proper affine
hypersphere. Let C be a J-tangent affine normal field. There exists

X € R\ {0} such that C = —\f. Since C is J-tangent and transversal
the same is %C = —f. Thus f satisfies assumptions of Theorem 4. By
Theorem 4 there exists a para-complex centro-affine immersion

g: V — R?""2 defined on an open subset V C R?" and there exists an
open interval / such that f can be locally expressed in the form

f(x1,...,xon,2) = Jg(xl, ..., Xap)coshz — g(x1,...,xon)sinhz  (36)

for (x1,...,xn) € Vand z € /.
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Let ¢ := —|A|%g and let V, hy, ha, S, 71, 72 be induced objects on V by
(. Using the Weingarten formula for g and { we get
Dax,- ¢= _g*(saxi) + Tl(axi)g + 7—2(8Xi)~j€'
On the other hand, by straightforward computations we have
243
Daxy. C = 8x,(g) = _|>‘| 2"+4g*(8xi)'
Thus we obtain

2n+3

S= ‘)\|2"+4I, 1=0, m=0. (37)

Zuzanna Szancer Centro-Affine hypersurfaces with an induced a. p. s.



Centro-affine hypersurfaces with an induced a. p. s.

Now, to prove that ( is an affine normal vector field it is enough to show
that |H¢| = 1. Since g is para-holomorphic, without loss of generality, we
may assume that

— Jo,

i

aXn+i
fori=1...n. Let
a:=0c(Dxgs- - Oy, JOsys - - -, JOs).
Then 1 N
58X1,8X2,...,8XH,J0X1,...,J8XH

is a unimodular basis relative to 0.
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Now
hl(axlﬂ 8X1) h1(8X17 8X2) h1(8X17 8in)
1 h1(8X2a 8X1) h1(8X2, 8X2) h1(8X2, 8X2,,)
a : . . .
h1(8X2n7 6X1) h1(8X2n’ aX2) T h1(8X2n’ aX2n)

By the Gauss formula for g we have
8xix; = 8+(Vo, 0x) + h1(0x, 0x)C
+ (D, D) IC (38)
= £(Va, d) — [\ h1(0x 05 )g — A7 ha(Ds. 0 ) g (39)
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Let V and h be an induced connection and the second fundamental form
for f. By the Gauss formula for f we have

fax = JNgX,.XJ. cosh z — gyx; sinh z
= f(Va,,0x) (40)
— Mh(Ox;, axj)(]g cosh z — g sinh z). (41)

Applying (38) to (40) we get
f*(ﬁaxi ;) — Ah(Ox;, 8)9.)(.7g cosh z — g sinh z)

= JNg*(Vaxl, Oy;) cosh z — g.(V, ;) sinh z
— Al nia (h1(0x;, 8Xj)J~g + h2(0x;, Ox;)g) cosh z
+ ‘)"%ﬁ(hl(ax, axj)g + h2(0x;, 8)9)J~g) sinh z

= £(Va, 0x) — |)\\2n+4h1(8x,8&)(choshz—gsmh z)
— \)\]2n+4 ha(0x;, Ox;)(g cosh z — Jg sinh z)

— £.(Va, d) — N5 (0, D) - F

2n4-3 ~
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Since £,(Vg, Ox;) as well as JF are tangent we immediately obtain

~Ah(Dy;, D) = —IAI%M(@X/,@XJ)-

By the Gauss formula for f we also have

1
h zyUz) — —+
(0:.0) = 3
and
h(0z,0x) = h(0x;,0;) =0
fori=1...2n.
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Hence

deth: = : : . : :
h(ax2n7 8Xl) h(ax2n7 8X2) e h(8X2n7 8X2n) 0
o I

1 1 1 2n+3
= _X det[h(axn 8&)] = _X ’ (X : ‘)“2'714 )2n det[hl(axn an)]

1 n
=3 |75 22 H,
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Now

(wn)? = |det h| = |X| 752 22| H| (42)
On the other hand we have
wh = 0(Oxgs -+, 0x,,07) = det[fy, ..., Fy,, fz, C]

=-A det[JNgX1 coshz — g, sinhz,...,Jg, coshz — g, sinhz,

J~g sinh z — g cosh z, J~g cosh z — gsinh z].
Since determinant is (2n + 2)-linear and antisymmetric and since
8x,.: = Jgx for i = 1...n eventually we obtain
wp = —Adet[gx,, - - - ,gxn,]gxl, e ,]gxn,g, ]g]
= “ANFH) 2 detlg (0); -+ 8D, G, IC]

2n+3 2n+3

==X (A7 72)0:(0xqs - -+, Oxy) = —A - (JA|” 772 )a.
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Using the above formula in (42) we easily obtain

He| = a2\ ™7 - X2 A" 77 a2 = 1.
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("<") Let g: U — R?"*2 be a proper para-complex affine hypersphere.
Since g is a proper para-complex affine hypersphere there exists a # 0
such that ¢ = —ag is an affine normal vector field. Without loss of
generality we may assume that o > 0. Of course both g and Jg are
transversal thus {g, .-, 8, &, J~g} form the basis of R?"*2. The
above implies that

frUxI3(x,...,x00,2) — f(xi,..., %0, 2z) € R22
given by the formula:
f(x1,...,xon,2) = JNg(xl, ..., Xxap)coshz — g(x1,...,x2p)sinh z
is an immersion and C := —a% - f is a transversal vector field.
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~ ~ 2n+4
Field C is J-tangent because JC = aﬁ f». Since C is equiaffine it is
enough to show that wp = 6 for some positively oriented (relative to 6)

basis on U x I. Let Oy, ..., 0x,,, 07 be a local coordinate system on
U x I. Since g is para-holomorphic we may assume that 0, , = JO\, for
i=1...n.

Then we have
2n

O(Dxys -« Drs 02) = det[frqs .. Fugy, Fr — 2013 ]
= —qn det[J~gX1 coshz — g, sinhz, ..., J~gX2n cosh z — g,,, sinh z,

+ JNgsinhz — g cosh z, JNg cosh z — g sinh z]

2n+4 ~
= —a23 det[gi(0x ), - - -, 8x(0x,, ), &5 JE]
2n+4 ]_

= —@2n+3 - QGC(({%Q’ .. 76X2n)

2n+2

= —q 2n+3 94(8X17 e ,8X2,,).

Zuzanna Szancer Centro-Affine hypersurfaces with an induced a. p. s.



Centro-affine hypersurfaces with an induced a. p. s.

In a similar way, like in the proof of the first implication we compute

2n+4
deth = O[_2ni3 . (

>2ndet hy

2n+4
v 2n+3

_ 2n+4 __2n
= qa 203 - 203 det hy

—4n—4
= o 203 det hy.
The above implies that
(wp)? = | det h| = a 25 | det hy).

Since
|det h]_| = |H<|[0<(8X17 s 7aX2n)]2

we obtain s
(wh)2 = (¢ 2n+3 |HCH0C(8X17 SR ain)]z'

Finally, using the fact that |H:| = 1, we get wp = |6(0x;, - - -, Ox,p» O2)]-
The proof is completed.
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Thank you!
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