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What is a photon sphere?

Any null geodesic initially tangent to the photon sphere remains tangent
to it.

photon sphere black hole
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What is a photon sphere?

e Region where light can be confined to closed orbits.

e Characteristic of non-rotating black holes and compact objects with
radii smaller than 3M.

o Closely connected to gravitational lensing. Presence of a photon
sphere leads to relativistic images.

o Astrophysically — timelike hypersurface on which the light bending
angle is unboundedly large.
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Mathematical properties

e In static spacetimes the lapse function is constant on the photon
sphere.

e Photon spheres are totally umbilic hypersurfaces with constant mean
and scalar curvatures as well as constant surface gravity.

e Resemblance to event horizons, which leads to the question of
classification of solutions using photon spheres.
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The problem

o Richer class of solutions possessing a photon sphere, compared to
the one with an event horizon (neutron stars with radii smaller than
3M have a photon sphere, but don't have an event horizon).

e Uniqueness theorems have been proven for the static asymptotically
flat solutions to the Einstein equations in vacuum, the
Einstein-scalar field equations and the Einstein-Maxwell equations
possessing a photon sphere.

o Naturally the next question is the classification of the static
solutions to the Einstein-Maxwell-dilaton field equations.
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Equations and staticity

We start with the standard Einstein-Maxwell-dilaton equations,

syyz2wmwwn¢+25ﬁw(Ewﬂﬁ—ngmFm),
NigFu =0,
g (e3P FP) =0,
Evﬁwﬁwz_%e&wEwFW7
and define staticity of the Maxwell and dilaton field in the usual way,

LeF =0,
ﬁg(p = 0.

For static spacetimes we can write the spacetime and the metric in the
form

=R x M3, g=—N2dt* +g.
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Photon sphere and electric potential ®

The photon sphere P3 is defined to be the photon surface of constant N.

We modify this with additional properties: the one-forms (¢ F and dy are
normal to P3.

We will use later the electric field one-form E and the electric potential
®, defined in the usual way:

E=—iF, d®=E.

With this and considering the purely electric case, where tc x ' =0, F'is
given explicitly by

F=—-N7"2¢Add.
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Asymptotic flatness

For asymtotically flat spacetimes the following expansions for the spatial
metric and lapse function hold:

g=0+0(r"1, N=1- % +0(r72).

Next, the asymptotic expansions for the dilaton field ¢ and the electric
potential ® are given by the following:

q _
410:5000_;"1'0(7“ 2)a
]

where we set oo, =0 and ®,, = 0.
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Geometric picture

P3 is the outermost photon sphere.
M3 is a time slice.

M3, is the spatial part of the spacetime £* outside of the photon

sphere. We assume that N regularly foliates M2, .
¥ is the intersection of P? and M3, and is the inner boundary of M2, .

It is a level set of N by definition. All level sets of N are topological
spheres as a consequence of our assumption.
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Reduced field equations

The reduced Einstein-Maxwell-dilaton equations become:

IAN = N7 e 22 97,0 V' ®,
IRi; =20 N0+ N 19V, 9N

+ N72e7299(g,; N, @ VD — 29V, 9V, D),
N (Nt 229 971d) = 0
N;(NNip)=aN " le 29N, dN'D.
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Mass, scalar charge and electric charge

Using the asymptotic expansions of the potentials, the electric charge is
given by

1 )
Q=—-—— [ N le 2 Nipdy,;.
471' »

The mass and the dilaton charge are given by the following:

M = My + $0Q,
q=qo +a®Q.

On the photon sphere we have:
1 .
My = —/ VNI,
4 »

1 .
47 »
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Dependence between the potentials N, ¢ and ¢

Using a new metric ~;; = N2g;; on M3
g Yij Gij

ot and introducing new functions
u, U, ¥ and ®, such that

N2=¢® U=u+ap, U=p—ou &=+1+a2d,

we can rewrite the field equations in the following form:

1 _ I
Rij = 7oz 2DiUD;U - 2 *UD;®D;® +2D;¥D; V),
D;D'U = e 2YD;dD',

D, D'V =0,

Di(e72YD'd) = 0.
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Dependence between the potentials N, ¢ and ¢

From those we can obtain a functional dependence between U and P,

2(M + «aq)
Qo

where Q. = v 1+ a2Q. Introducing yet another potential by

eV —1-9%+ =0,
d¢ =e2Ydd, (=0

we get another functional dependence,

(qo — aMp)¢ — Q¥ =0,

which finally reduces the EMD equations to

2 M? + ¢?
‘YRij = 1 +C¥2 ( Q2 - 1) DzCDJC7
D;D'¢ = 0.
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CMC and CSC; some useful relations

As a photon sphere, P2 is totally umbilic, i. e. its second fundamental
form is pure trace.

Codazzi for P3 «— £* and EMD = P2 has CMC.

Contracted Gauss for P3 < £* EMD, Codazzi for ¥ < M3 and
dependence between N, ¢ and & = P3 has CSC.

We also obtain the following equalities to be used later in the proof:

1 _ _ 1 3
NO = Ee 206<P0N0 lEl%AE — ENO(EVV@)QAZ + QH[V(N)]OAZ;

2[V(N)]0 = N()H
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Theorem 1

Let (£2.,,9, F, ) be a static and asymptotically flat spacetime with
given mass M, electric charge Q and dilaton charge ¢, satisfying the
Einstein-Maxwell-dilaton equations and possessing a non-extremal photon
sphere (i. e. M2+ ¢*> — Q? # 0) as an inner boundary of £2 ,. Assume
that the lapse function regularly foliates £2 ,. Then (£ ,,9,F, ) is

spherically symmetric.
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Outline of the proof — case 1
Here M? + ¢®> > Q2 and we consider the potential

A= \/(M;-gﬁ _ 1) H_lazg“ and the following inequalities:

/ D' [Q7 Y (I'D;x — xDiI)] yAd®z > 0
MS

ext

and

L

ext

D' (Q7'Dyx) yAd’z > / D' [Q ' (I'Dyx — xDil')] y/Ad?z,
M3

ext

I

where x = (yYD;,I'D;T)*, T' = — tanh(\) and @ = —

cosh?(\) "

We can show that these transform into an equality,

(dlrcll()\N)>0 _ _% coth(Xo).
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Outline of the proof — case 1
This leads to a vanishing Bach tensor, i. e. R(7);jx = 0, which means
that R(g)ijk =0.

Finally, considering the surfaces of constant N in M3,
(Xn,0) = (M3, g) we can write the spacetime metric in the form:

g = —N2dt? + p?dN? 4 o 4pdz?dz?,

since N foliates M3, regularly. Calculating R(g):jxR(g)"* = 0 explicitly
we can conclude that

1
hi% = §HZNO-AB7 aAP = 0)

i. e. the space geometry is spherically symmetric.
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Outline of the proof — case 2

Here M? + ¢?> < Q% and we consider the potential

r= (- )

We use the same inequalities but with different functions I' and (2,

I'=—tan()\), Q=cos ?(\).

The two inequalities lead to an equality,

(dh;(AN))O _ _%cot(/\o)-

The same arguments as in case 1 hold and the spacetime is again
spherically symmetric.
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Theorem 2

The second theorem gives an explicit classification of the static and
asymptotically flat Einstein-Maxwell-dilaton spacetimes possessing a
photon sphere. We can introduce a new parameter M, = M + aq and

the following formula:

1
1+ a?

M?>+¢*> - Q%= Mi—Qi—i—(q—on)2 .

We now consider 2 cases.
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Theorem 2 —case 1
Here M? + ¢®> > Q2. The dimensionally reduced field equations are
Ri; = 2D;AD;,
D;D'\ = 0.

These can be solved for spherically symmetric space,

2k_1_2\/M2+q2_Q2

e =
r

yijdrtda? = dr? 4 e**r?(d6* + sin® 0d¢?).

The spacetime metric is thus
ds* = —N?dt*> + N2 [dr? + e**r*(d6? + sin® 0d¢?)]

2
and we can obtain explicit expressions (3 classes depending on 17) for

N, ¢ and @, since we know .
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Theorem 2 — case 2
Here M? + ¢? < Q2. The dimensionally reduced field equations are

’YRij = —2Di>\Dj>\,
D; D'\ =0.

These can be solved for spherically symmetric space,

\/W
A = arctan (Qq) ,

r
Yij = dr? + (1 + Q% — M? — ¢*)(d6? + sin® 0do?).
The spacetime metric is thus
ds® = —=N?dt* + N7 [dr® + (r? + Q* — M? — ¢*)(d6? + sin” 0d¢?)]
and we can again obtain explicit expressions for N, ¢ and ®.
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Discussion

Assumptions:

The lapse function regularly foliates M2 . In general this assumption
cannot be easily dropped.

Some of what remains is:

Higher dimensional EMD gravitation and/or similar results for stationary
spacetimes.

What else has been done:

Static spacetimes with conformal scalar field. Perturbative approach for
the static vacuum case.
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