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Lecture 1

Clifford Algebras and Related Structures

Definition of Clifford algebras. Examples in small dimensions: complex
numbers, double numbers, quaternions, Pauli’s matrices, Dirac's
matrices. Grassmann algebra. Z,-grading, grade involution, reversion,
Clifford conjugation. Center of Clifford algebra.
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William Rowan Hamilton (1805 - 1865)
Hermann Giinther Grassmann (1809 - 1877)
William Kingdon Clifford (1845 - 1879)

ﬁ W. R. Hamilton, On quaternions, or on a new system of imaginaries in algebra,
Philosophical Magazine, 1844. (letter to John T. Graves, dated October 17, 1843)

ﬁ H. G. Grassmann, Die Lineale Ausdehnungslehre, ein neuer Zweig der Mathematik
[The Theory of Linear Extension, a New Branch of Mathematics], 1844.

ﬁ W. K. Clifford, Application of Grassmann’s Extensive Algebra, American Journal of
Mathematics, I: 350-358, 1878.
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Quaternions

Associative division algebra H:

g=al+ bi+ ¢+ dk € H, a,b,c,d e R,
1 is identity element,
P=pP=kK=-1,

(a1 + b1i 4 c1ij + dik)(az + boi + coj + dok) =
(2132 — b1by — c16p — dida) + (a1ba + braz + c1da — di )i
+(a1c + crap — bidy + diby)j + (a1d> + diar + bicy — c1bo)k.

G:=a— bi — ¢ — dk, lgll := Va3 = V&% + b? + 2 + d?;
1
q#0=3q " = g.
llall?
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o
Real Clifford algebra (74, (with fixed basis)

Linear space E over R, n € N, dim E = 2" with the basis
{e, €, €a03,---,€1..n}, 1<ai<---<a<n
and an operation of multiplication U, V — UV with the following properties:
Q distributivity
UlaV + W) = aUV + BUW, (aU+ BVIW = oUW + VW,
YU,V,W € E, Vo, B € R;

@ associativity
u(vw) = (Uv)w, vU,V,W € E;

@ e is the identity element
Ue=eU=U, YU € E;
Q {e,, a=1,...,n} are generators
€2y -+ €2 = €ay...3;5 1<ar <~ <a <

@ the main anticommutative property

€:€p + epe; = 2nape ‘7 n =||na.|| = diag(1,...,1,-1,...,-1,0,...,0), p+q+r = n.
——— ———— ——

p q r
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-
Alternative definitions of Clifford algebra

5 definitions:

[3] Lounesto P., Clifford Algebras and Spinors, Cambridge Univ. Press (1997).

Clifford algebra as a quotient of the tensor algebra:
We consider a vector space V of arbitrary finite dimension n over the field R. We
have a quadratic form Q : V — R. Consider the tensor algebra

oo k
TV)=PpRV
k=0

and the two-sided ideal /(V, Q) generated by all elements of the form
x @ x — Q(x)e for x € V. Then we called the Clifford algebra C/(V/, Q) the
following quotient algebra

a(Vv,Q) = T(V)/I(V, Q).

& Chevalley C., The algebraic theory of Spinors and Clifford algebras, Springer
(1996).
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Particular cases:

o Nondegenerate Clifford algebra Cf,, 4 := Cp 4.0 (Q is nondegenerate);
(e)? =+e,  e.ep=—epes, a#b;
o Clifford algebra of the Euclidian space R": (¥, := 0,0 (@ is positive

definite);
() =e,  eep=—epes, a#b;

e Grassmann algebra A, :== Cly o, (Q =0);
e, Ne; =0, e, Nep=—ep A e,.

Related structures:
e Complex Clifford algebra C/(C™) (linear space V is over C).
o Complexified Clifford algebra C ® (7, 4.
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Cg p,q.r 2 U= Ue+zuaea+zuabeab+ "l‘ul...nel..An:ZUAeA; up €ER,

a<b A
A=a;...a, |A] = k.
Subspaces of grade k:
_ T k . k . k n!
pqr = @ Cgp,q,r? p q.r Z uaea}, dim Cgp,q,r =C = m
k=0 |A|=k

Z»-grading: Clifford algebra (7, 4, is the direct sum of even and odd subspaces:

k 1 k
Cpar = g & Uiy A= B Upars Lhr = D Do

k=0mod?2 k=1mod2

. 9%  COGE™R = 0,1] dim C©), =dim ci) =27,

CKfJ?ZN is subalgebra of CZ,, 4 .
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Examples in small dimensions

Clp =R U=ue, e*=ceg; (real numbers)

U1 2Re&R U= ue+ e, (e1)? =¢; (double numbers)
Clo1 = C U= ue+ uer, (e1)?> = —¢; (complex numbers)
oo =H U= uve+ ure; + rex + upnern; (quaternions)

(e1)? = (e2)* = —e,

(e12)’ = e1ere, = —ere1020 = —e,

€162 = —€2€61 = €12, €2€12 = —€12€2 = €1,
€126 = —€1€612 = €2,

er — i, e — J, e — k,

Cly = Cl 1 = Mat(2,R) 2 Cloo (see Lecture 3).
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Pauli matrices

/10 (01 (0 —i /10
2= \o 1) *=\10) 27io )0 " 0o a1

0102 = i03, 0203 = i(fl, 03071 = I.(727

2
(JB)T = Oa tI‘(CTa) = 03 (03) = 0o, a= 17 27 33
Oa0p = —0p0a, a#b, a,b=123.

] Cl3 = Mat(2,C) \

e — 0o, eaﬁaa,a:1,2,3, eabﬁoacrb,a<b, €123 — 010203,

{00, 01, 02, 03, o1, oz, o3, iog}.

@ W. Pauli, 1927. [Pauli’s matrices were introduced by W. Pauli to describe
spin of an electron]
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Dirac gamma matrices

10 0 0 0 0 0 1
~lo1 0 o0 0 0 1 0
= Joo -1 0o "o -1 0 0o
00 0 -1 1 0 0 0
0 0 0 —i 0 01 0
o o i o 0 0 0 -1
= 1o i 0 o ?T|l-1 00 o0
i 00 0 0 10 0

YaYb + VbYa = 2773b17 a,b:0,1,2,3, n= ||773b|| :diag(lv_la_]w_l):
try, =0, 'y; = Y0270, a=20,1,2,3.

\cc ® Cl1.3 = Mat(4, C) \ e — 7. a=0,1,23.

@ Dirac P.A.M., Proc. Roy. Soc. Lond. A117 (1928).

[§ Dirac P.A.M., Proc. Roy. Soc. Lond. A118 (1928).
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Operations of conjugation

@ grade involution U:= Ule,——e,,
~ "k n ok K X
U= U= (-1)* v, ve g
k=0 k=0
U=U, OV=0V, AU+pV=A0+uV, YU,V E Upg VA pucR;
@ reversion (anti-involution) U:= U|ealu__,kﬁeakmeal,
k(k—1) k

-~ K K
U= U:Z(—l) z ve C@,’;q;

k=

(<)
>
I

o

U=U, OV=VU A+pV=AU+puV, YU,V E ClhaVucR;

@ Clifford conjugation (anti-involution) = superposition of reversion and grade
involution;

@ complex conjugation in C® Clpq: U:= U|“al---ak—’ﬁa1---ak;
U=U, OV=0V, AU+pV=XU+7aV, YU,V EC® g, Y\ € C;
@ hermitian conjugation in C ® Clp 4 (see Lecture 2).
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Quaternion types 0,1,2,3

W)

p.q

&= P a,

= @ Cézyq

k=jmod2

k=jmod4

:{U€C€p,q|U:

:{U€C€P7Q|U:

(—1Y U}, j =0,1; (even and odd subspaces)

(

~1yUu,U=

(

iU

1)

ji= C€J:,7q is called subspace of quaternion type j = 0,1,2,3.

Upe=0010203,
Che 1O 123
U=2U | +| - | +|-
U=2U |+ |+ |- |-

dim0 =22 42"
dim2 =2"2 _2"%"

CRU,G=00102030i0D1Di20i3.

-1)"= U}, j=0,1,2,3.

CRCpg | 0| 1T |2 |3]i0]i1]|i2]i3
U=U + -+ -+ -+ -
U= [+ [+ [-[-[+]+]-1-
U=2U [+ |+ |+ |+ -1-]-71-

cos%n d|m1—2"2+22 sm%n
cos %n’ dim§:2"7272% sin 2
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Commutator [U, V] := UV — VU, anticommutator {U, V} := UV + VU.

Theorem

We have the following properties:

c2 [i,2cj j=0,1,23 [01c3 [03cl1 I[13co,
CT)? {Y,BIC]? j:07132a37 {jaZCT?a {?v?fcja {jvj}C?

@ D.Sh., “Classification of elements of Clifford algebras according to quaternionic types”,
Dokl. Math., 80:1, (2009), 610-612

@ D.Sh., "Quaternion types of Clifford algebra elements, basis-free approach”, Proceedings of
ICCA9 (Weimar, 2011), arXiv: 1109.2322

@ D.Sh., "Quaternion typification of Clifford algebra elements”, Adv. Appl. Clifford Algebr.,
22:1, (2012), 243-256 , arXiv: 0806.4299

@ D.Sh., “Development of the method of quaternion typification of Clifford algebra elements”,
Adv. Appl. Clifford Algebr., 22:2, (2012), 483-497, arXiv: 0903.3494

Applications: see Lecture 4.
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Theorem
The center of Clifford algebra Cen(Clpq) :={U € Upq| UV = VU, VV € Upq} is

= {ue|lucR} if n is even;
Cen(Clpg) =4 87 L% ’ '
en(Clp,q) { Clp o ® Clp o ={ue+ ur. ner. n|uur.n €ERY, ifnis odd.

Proof U=U94+um yi el i=o,1;
UV =VU,VV e Uy,eUe=eUD k=1,...,ni=0,1.
@ We represent U in the form U® = A©® 4 ¢ B, where A® ¢ CKE,% and
BW ¢ Céf,l,z, do not contain e;. For k =1 we obtain
(A(o) + e B(l))61 = 61(A(0) + e B(l)).

Using A®¢; = s A® and eBMe; = —eye1 B, we obtain BY = 0. Acting
similarly for e, ..., e, we obtain U® = ye.

@ We represent UM in the form U®Y) = AW 4 ¢ B©® where AY) ¢ cef,{?, and
BO® ¢ Céf,?z, do not contain e;. For k =1 we obtain

(A(l) + elB(O))e1 = 6'1(A(1) —+ 618(0)).

Using AMe; = —; A®) and e,B@e; = e16,B®, we obtain A®M = 0. Acting
similarly for e, ..., ek, we obtain UM = 4y ,e1. n in the case of odd n and
U® =0 in the case of even n. B
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Lecture 2

Unitary Spaces on Clifford Algebras

Hermitian scalar product in Clifford algebras. Operation of Hermitian
conjugation and unitary groups in Clifford algebras.
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Trace of Clifford algebra element (projection onto C ® CK?W with e — 1)

Tr(U) = u, U= ue+ Z Uses+ -+ ur.ne1.n € CRUpg.

Properties:
Tr(U + V) =Tr(U) + Te(V), Tr(AU) =2Tx(U), Tr(UV) = Tr(VU),
Tr(UVW) = Tr(VWU) = Tr(WUV), VYU,V,W € C® Up,q, V) € C,
Tr(U W) = Te(V), Tr(U) = Tr(0) = Tr(0) = Tr 0.

Theorem

1
TH(U) = st (4 (V))
272
where .
Mat(22,C), if n is even;

:C Cg — n— n—
V& @ Coa {Mat(221,C)eBMat(221,(C), if n is odd.

is faithful matrix representation of C @ Cl, q (of minimal dimension).

@ D. Sh., Concepts of trace, determinant and inverse of Clifford algebra elements,
Proceedings of the 8th congress ISAAC (2011), arXiv: 1108.5447
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Theorem

The operation U,V e C® C, — (U, V) = Tr((jV) is Hermitian (or Euclidian)
scalar product on C ® Cl,, (or CL,, respectively). (g=0)

Proof We must verify

(U, V)= (V,U), (UAV)=XU,V), (U, V+W)=(U,V)+(U,W),
(U,U)>0, (U,U)=0&U=0 (1)

forall U,V,W € C® Clpq, A € C. To prove (1) it is sufficient to prove that
basis of C ® (¥, 4 is orthonormal:

_ 1 i (i) =0, di)
(e"""“e“”"’)_ﬂ(e'kme"e“me”)_{ 0, if (ityeeesit) # (- di)-

We have
(U,U)ZZUAWZZWAFZO. |
A

A
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Hermitian conjugation of Clifford algebra elements:

UT = U|eal,.,ak‘)e;1?..ak7Ual.“ak‘}r’al.,.ak’ u € C ® Cep’q'
Properties:
utt=u, (W) =Vviut, U+ pW) =XU" +avi,
YU,VeC® Upq, VA peC.
Theorem

The operation U,V € C® T/, — (U, V) := Tr(UTV) is Hermitian (or Euclidian)
scalar product on C ® Clp, 4 (or Clp 4 respectively).

Proof ... (e,-1~~e,-k,e,-1'--e,-k):Tr(eizl...eijle,-l-ne,-k):Tr(e):l. |

[3 N. Marchuk, D. Sh., Unitary spaces on Clifford algebras, Adv. Appl. Clifford
Algebr., 18:2 (2008), 237-254, arXiv: 0705.1641

Real case: the transposition anti-involution in CZ, 4.
@ R. Ablamowicz, B. Fauser, On the transposition anti-involution in real Clifford

algebras I, I1, 11I; Linear and Multilinear Algebra (2011, 2011, 2012).
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Theorem
We have v(U") = (v(U))T, where

Mat(22,C), if n is even;

v:Co Upq— { Mat(2%7(c) ® Mat(g"%l’(c), if n is odd.

is faithful matrix representation of C ® Cl,, 4 such that (not arbitrary!)

(v(ea)) ™t = (v(ea))"-
Unitary group in Clifford algebra (Lie group):

U(22), if nis even;
U ) @ U(2'F), if nis odd.

3 NIz

Ul,, ={UcC® Cﬂp,q|UTU:e}%{

Example: all basis elements e, ., € UCp q.
Unitary Lie algebra in Clifford algebra ul?, ; :={U € C® Clp 4| Ut = —U}.
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Theorem

We have the following formulas:

Ut — (el,,,p)_lgel_“p, if p is odd; Ut — (ep+1,,,n)_1gep+1,,,n, if q is even
(el.,,p)_lljelmp7 if p is even. (ep+1m,,)_1l7ep+1m,,, if q is odd.

Example: 71 = 497270 for Dirac gamma-matrices.

Proof It is sufficient to prove the following formulas:
o +1)k —1 —— . k —1 —
e, i = (-1 €1 pCi..ixE1...ps en il = (-1)° €p11..nCh. ik €p+1...n

Let s be the number of common indices of {i,...,ix} and {1,...,p}. Then

( 1)(p+l)k eTl\_Tkel...p — (—1)(p+1)ke ceee1€, e ey ep —

— ( 1)(P+1)k( 1)kp—seik e = ( 1)k s ey = e’_;il",k.

(~1)% ety 6 Cpi1n = 1)1y Cpi1€i - €nepi1 e =
= (-)H*FI(—1) PN (—1)Te; ey = (1) el =t W
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Lecture 3

Matrix Representations of Clifford Algebras

Cartan'’s periodicity of 8 for Clifford algebras. Faithful and irreducible
representations. Primitive idempotents and minimal left ideals.
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-
Cartan's periodicity of 8.

Theorem (Cartan 1908)

We have the following isomorphism of algebras

Mat(22,R), ifp—qg=0;2 mod 8;
Mat(2"=,R) ® Mat(2"*,R), ifp—qg=1 mod 8;
Up g = Mat(2";1 ,C), ifp—q=3;7 mod 8;
Mat(2"", H), ifp—q=4,6 mod 8;
Mat(2%>,H) & Mat(2"2>,H), ifp—q=5 mod 8.

Proof see next slides.

Theorem

We have the following isomorphism of algebras

n o~ Mat (22, (C), if n is even;
a(c )_{ Mat(2%*,C) ® Mat(2°=,C), ifn is odd.
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Lemma

We have the following isomorphisms of associative algebras:

1)C€p+1’q+1 = Mat(2, C€p,q)7 2)C€p+17q+1 = Cgp’q ® Cglyl,
3)Upg= Ugr1p-1, P21, 4)Upg=Cpsgis, P24

Proof Let ei,...,e, be generators of C/,,, and (e4)? = e, (e_)? = —e (all
generators anticommute).

@ We obtain generators of Mat(2, (/, 4) in the following way:

._>e,-0 ‘1 on _>Oe _)O—e
€ 0 —e ) i=1,...,n ey e 0 ) e_ e 0 .

@ eiere_,i=1,...,n are generators of (/, ; and e, e_ are generators of
(?y 1. Each generator of (¥, 4 commutes with each generator of (75 ;.

@ e, ejer, i =2,...,n are generators of (lgy1,p—1.

Q cererezey, i =1,2,3,4and ¢, j=5,...,n are generators of Clp_4 q14. B

[3 Lounesto P., Clifford Algebras and Spinors, Cambridge Univ. Press (1997).
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-
The table of Clifford algebras

Notations: 2R :=R &R, R(2):=Mat(2,R),...

mp—-qg| -5 -4 -3 -2 -1 0 1 2 3 4 5

0 - - - - - R - - — — —

1 - - - - Cc - R - - - -

2 - - - H - R(2) - R2) - - -

3 - - 2H - C(2) - R(Q)- C(2 - -

4 - H(2) - H2) - R4l - RHA) - HQ2) -

5 C(4) - 2H(2)- CHA) - °R@B - CA - 2H((2)

o C€070 ~ R, C€0,1 =C, @170 “ReR, @072 =~ H, (Lecture 1)
@0_]3%]1‘]1@]1‘]1164)(1,1), elﬁ(’}*i)a e2‘>(j77j)a e3*>(kafk)'

o Lemma ((lpt1,g+1 = Mat(2, Uy 4)) = G171 = Mat(2,R);

o Lemma (Upy1,g+1 = Upq®@ Cl11): n— n+2 = Mat(k,...) = Mat(2k, ...);

o Lemma (g = (Ugq1,p—1) = symmetry w.r.t. the column“p — g =1"

o Lemma ((p g = (lp_4,g+4) = symmetry p—q <> p—q—38.
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Even subalgebras

Let us remind:

av) = P ak,={Ue Uq|U=U}

k=0mod2

Theorem

We have the following isomorphism of algebras

0) ~ : 0) ~ . 0) ~ (0
1)@% = Upg-1, 921 2)@53727 = Ugp-1, P21 3)@2727 = ceg},.
Proof Let ey, ..., e, be generators of (7, .
© Then eje,, i =1,...,n— 1 are generators of Cﬁf,%.
€p1i€ i=1,...,q;
@ Then priCor L= 50 d are generators of (/).
€_q&, j=q+1,...,n—1,
9 1), 2) =3). |
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An algebra is simple if it contains no non-trivial two-sided ideals and the
multiplication operation is not zero.

A central simple algebra over a field F is a finite-dimensional associative algebra,
which is simple, and for which the center is exactly F.

o If nis even, then C/(V, Q) is a central simple algebra.
o If nis odd and F = C, then C/(V, Q) is a direct sum of two isomorphic
complex central simple algebras.
e If nisodd, F=R, and (e;..,)?> = e, then C/(V, Q) is a direct sum of two
isomorphic simple algebras.
e If nisodd, F=R, and (e;..,)?> = —e, then C/(V, Q) is simple with center
~C.
(2= (1 e ={ & HPTIZ00 mody
—e, ifp—g=2,3 mod 4.
[3 Chevalley C., The algebraic theory of Spinors and Clifford algebras, Springer
(1996).
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Primitive idempotents and minimal left ideals

t € C® 4 is said to be Hermitian idempotent if t2 = ¢, tf = t.

o I(t)={U e C® Upq| U= Ut} is the left ideal generated by t.
@ A left ideal that does not contain other left ideals except itself and the trivial
ideal (generated by t = 0), is called a minimal left ideal. The corresponding

idempotent is called primitive.

o If VelI(t) and U e C® UUp 4, then UV € I(t).
@ The left ideal I(t) is a complex vector space with orthonormal basis

T1y ...y Td, d :=dimI(t). We have Hermitian scalar product
(U,V)=Tr(UTV) on I(t), & = 7%, (16, 7) =8}, k, I =1,...,n.
We may define linear map v : C® (¢, o — Mat(d,C) as

U= (U)kmi, (V) = [n(U)il| € Mat(d, ©).

We have v(U)f = (7%, UT)).
Linear map + is representation of Clifford algebra of dimension d:
~(UV) =~(U)y(V). Proof:

YUV = (UV)1ic = U(V7i) = Uniy(V)j = 1) (V)T
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e We have y(UT) = (v(U))".
Proof: Using (A, UB) = (AU', B) and (A, B) = (B, A) for
(A, B) = Tr(ATB), we obtain v(U)k = (UtTk, 7)), 'y(U);( = (7, UT7H).
Transposing, we get (v(U)f)T = (7%, UT7), which coincides with
Y(UNf = (7%, Utn).

@ The choice of t and basis of I(t).

[n/2]—1
1 ) 1 .
t= E(e +i%e) ,(1;[1 E(e + Ibk62k62k+1) ceCo Upy,, 2=t =1t
2= 5 |fp;£0, b, — O7 2k:p’
11, ifp=o. =1 1, 2k#p.

Details:

D N. Marchuk, D. Sh., Unitary spaces on Clifford algebras, Adv. Appl. Clifford Algebr.,
18:2 (2008), 237-254, arXiv: 0705.1641

D R. Abtamowicz, Spinor representations of Clifford algebras: A symbolic approach,
Computer Physics Communications, 115(11), 1998.  (Real case)
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Pauli's fundamental theorem

Theorem (Pauli)

Consider 2 sets of square complex matrices
’Ya) /337 a:17273’4'
of size 4. Let these 2 sets satisfy the following conditions

YaVb + VbYa = 2nab17 n= diag(laflaflaflx
BabBb + BpBa = 2773b1-

Then there exists a unique (up to multiplication by a complex constant) complex
matrix T such that

Ya = T_lﬁa T, a=1,23,4

[3 W.Pauli, Contributions mathematiques a la theorie des matrices de Dirac,
Ann. Inst. Henri Poincare 6, (1936).
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Faithful and irreducible representations

@ inthe case of even n=p+q C® 4 has 1 faithful and irreducible
representation of dimension 23; (C ® (/,, , = Mat(22,C), n is even)

@ inthecaseofodd n=p+q C® 4 has 2 irreducible representations of
dimension 2%;

e inthecaseof odd n=p+q C® {4 has 2 faithful reducible

. . . n—=1 n—1 nt1
representation of dimension 272 +22 =272,

(C® = Mat(2"2,C) & Mat(2"=, C), nis odd)
e Similarly for the real Clifford algebra (7, 4 (results depend on n mod 2 and
p— g mod 8): see next slides
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R
Generalization of Pauli's theorem

Let the set of Clifford algebra elements satisfies the conditions

Ba € Cgp,qa BaBp + BoBa = 2nap€.
Then the set
Y= T7'8,T,  Vinvertible T € T/,
satisfies the conditions

YaVb + VbYa = 2Mabe-
Really,

VYo + e = T BaTT BT+ T3, TT 3, T =
=T (BaBo+ BuBa) T = T ' 2napeT = 2nape.
Our question: if we have v, and 8, = 3T7 algorithm to compute T7
@ D. Sh., Extension of Pauli's theorem to Clifford algebras, Dokl. Math., 84(2), 2011.

@ D. Sh., Pauli theorem in the description of n-dimensional spinors in the Clifford
algebra formalism, Theoret. and Math. Phys., 175:1, 2013.

@ D. Sh., Calculations of elements of spin groups using generalized Pauli’s theorem,
AACA, 25(1), 2015; arXiv:1409.2449
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Theorem (The case of even n)

Consider real Cly, o (or complexified C @ Clp, ) Clifford algebra with even n = p + q. Let
the following 2 sets of Clifford algebra elements ~,, 8., a= 1,2, ..., n satisfy conditions

YaVb + VbYa = 27]abe7 ﬁaﬁb + Bbﬁa = 27]abe-

Then both sets of elements generate bases of Clifford algebra and there exists a unique
(up to multiplication by a real (complex) constant) Clifford algebra element T such that

73:-’-71&7-’ Ya=1,...,n

Moreover, we can always find this element T in the form
T=> BaF(va)"
A

where F is any element of a set

1) {ya, |Alis even} ifB1..n # —V1..n; 2) {va, |Alis odd} ifB1..n # Y1..n

such that corresponding T is nonzero T # 0.
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The case of even n in matrix formalism

Theorem

Let n is even and 2 sets of square matrices v,, 32,2 = 1,2, ..., n satisfy conditions

YaVb + VbYa = 2773[,1, 5aﬂb + Bbﬂa = 2773b1'

o If matrices are complex of the order 22, then there exists a unique (up to a
complex constant) matrix T such that

o If signature is p — q = 0,2 mod 8 and matrices are real of the order 22, then
there exists a unique (up to a real constant) matrix T such that

o If signature is p — g = 4,6 mod 8 and matrices are over the quaternions of

the order 2°%", then there exists a unique (up to a real constant) matrix T
such that

va= T 16,7, a=1,...n
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N
The case of odd n

Example 1: (f 1 ~ Mat(2, R) & Mat(2,R) with generators e;, e, e3. We can take
"= e, T2 = €, 73 = é1€.

Then vavp + VpYa = 21251 Elements 71, y2,73 generate not (¥ 1, but generate
C€2,0 ~ Mat(2, R)
Example 2: (30 ~ Mat(2, C) with generators e, e, e3.

51—01—<(1) (1)>, ﬁ2_02—<? ai), 53—03_<(1) 81)

Va = —0a, a= 172a3'

Then 123 = —123. Suppose, that we have T € GL(2,C) such that
Vo= T 13,T. Then

Yoz = T B TT 1B TT 33T = T 131535 T = Pins

and we obtain a contradiction (we use that 8123 = 0123 = i ( (1) (1) ) =1i1).

But we have element T =1 such that v, = — T3, T.
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Theorem (The case of odd n)

Consider real Clp, 4 (or complexified C ® Clp, ) Clifford algebra with odd
n=p+q. Let the following 2 sets of Clifford algebra elements
Ya, Ba, a=1,2,..., n satisfy conditions

YaYb + Vb YVa = znabe> ﬁaﬂb + ﬂbBa = 2773be~

Then in the case of Clifford algebra of signature p — g = 1 mod 4 elements 1.,
and f31..., equals +e;. , and then corresponding sets generate bases of Clifford
algebra or equals +e and then corresponding sets don't generate bases.

In the case of Clifford algebra of signature p — q = 3 mod 4 elements ~;.. , and
B1..n equals +ey. ., and then corresponding sets generate bases of Clifford
algebra or (only for C® Cl, q) equals +ie and then corresponding sets don't
generate bases.

continue —
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There exists a unique (up to a invertible element of Clifford algebra center) element T

such that

1)
2)
3)
4)
5)
6)

Ya =
Ya
Ya =
Ya =
Ya =
Ya =

T'8.T, VYa=1l,...,n &  Br.n=171.n

~T7'8.T, VNa=1l,...,n &  Brn=—T.n

er AT BT, Va=1,...,n & Bi..n = €1..nV1...,
—e1. 2T '4.T, VYa=1,...,n & Bi..n = —€1..nV1...n,
ier..oT 18T, Ya=1,...,n &  Pi.n=ier oV1.n

_ielu.nT_l,BaT, va: 1,...,'7 - Blmn = _ielmn"ylmm

Note, that all 6 cases can be written in the form v, = (B1..a(71..n) ") T 6. T.
Moreover, in the case of real Clifford algebra C/, 4 of signature p — g = 3 mod 4 we can
always find this element T in the form

Z BAF(’YA)_17

|Alis even

(4)

where F is any element of the set {va | |Alis even} such that corresponding T is nonzero

T #0.

In the case of real Clifford algebra C/, q of signature p — ¢ =1 mod 4 and complexified
Clifford algebra C ® Cfp, ¢ we can always find this element T in the form (4), where F is
one of the elements of the set {ya + 75| |A|, |B]are even}.
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Lecture 4

Lie Groups and Lie Algebras in Clifford Algebras

Spin groups as subgroups of Clifford and Lipschitz groups. Double
covers of the orthogonal groups. Cartan-Dieudonne theorem. Spin
groups in small dimensions. Lie groups in Clifford algebras and
corresponding Lie algebras.
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-
Orthogonal groups

P q
T =N ———
O(p,q) = {AeMat(n7R)|A T]A:n}v p+q:n7 77:dlag(lv"'717_1a'"7_1)7
. Aphn
A€O(p,q) = det A= +1, |AL [ > 1, AT > 1, Ay = — 2o,

SO(p,q) == {A€O(p,q)| det A=1}, SO1,(p,q) :={A € SO(p,q) | A5 > 1}
={A€S0(p,q) AT 1 n 21} = {A€O(p.q) | A1) > LA > 1),

O1(p,q) :={A€O(p,q) A5 2 1}, Ou(p.q) :={A€O(p,q) | ALy h > 1},
O(p, q) = SO+,(p, q) UO+(p,q) LU O, (p,q) LSO(p,q)’, (4 connected components)
O+(p,q) = SO+1(p, ) U O+(p,q)’,  Ou(p,q) = SO+s(p,q) U OL(p,q)’,

SO(p. q) = SO+.(p, q) USO(p, q)".

Examples:
@ Orthogonal group O(n) := O(n,0) = O(0, n), special orthogonal group
SO(n) := SO(n,0) =2 SO(0, n); O(n) = SO(n)LSO(n)’ (2 connected components).
@ Lorentz group O(1, 3), special (or proper) SO(1, 3), orthochronous O+(1, 3),
orthochorous (or parity preserving) O(1, 3), proper orthochronous SO4,(1,3).
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@ Subgroup H C G of group G is normal (H< G) if gHg™* C H Vg € G.

e Quotient group (or factor group) & := {gH |g € G} is the set of all left
cosets (= right cosets, because H is normal).

SO4+.(p,q)<O(p,q), SO(p,q)<O(p,q), ...(all subgroups are normal)
O(p, q) :
——— " =7 X L, Klein four-grou
SOy (pg) 2777 ( group)

O(p,q) _ O(p,g) _ O(p.q) _ SO(p,q)
SO(p.q)  Oulp,q)  Ot(p,q)  SO4.(p,q)
Oy(p;q)  O4(p,q)

~ S04,(p.a) ~ SO1y(p,q)
Example: O(1,1). Four components: 0%(1,1), O/(1,1), SO'(1,1), SO4,(1,1)

coshy  sinh —coshv —sinhy —coshty —sinhy coshp sinh
—sinhy —coshvy )’ \ sinh cosh v >\ —sinhy —coshvy /)’ \ sinhy coshvy )~

O(n)
SO(n)

= Zp = {£1}, =Z,.

P €R, cosh® ¢ = 1 + sinh? ¢, coshy > 1.
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Twisted adjoint representation

the group of all invertible elements
Upg ={Uelpq|V el : UV =VU=e}, dmc;, =2",
Lie algebra: (¥, 4 with Lie bracket [U, V] = UV — VU,

adjoint representation

Ad: Cf = AutClyg, T — Ad7, AdrU = TUT ', U € Clpq.

o kernel of Ad: ker(Ad) ={T € &/, |Adr(U)=U VYU€ Upq} =
Crox if nis even;
P.q’ ;
{ (Cl & Cp )™, if nis odd. (see Theorem about the center of (¢, 4)

twisted adjoint representation
Ad: QX — EndClpg, T — Adr, AdrU = TUT Y, Ue Uy

o kernel of Ad: ker(Ad) = {T € &% |Adr(U) = U YU e g} = CO%.
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@ vector space V = Cﬁlly’q; quadratic form Q(x) = g(x, x) <> symmetric bilinear
form

g0x.y) = 5(Q0x +¥) = QL) ~ QL)) = (o + y)le1, %,y € Oh g

o Statement: Ad : cy — O(p, q) on V. Proof: For v e /%,

1.

x €,
Q(Kavx) = (0xv™1)? = oxv 1oxv ! = x> = Q(x), because x? € as,. m

o Ad, acts on V as a reflection along v (in the hyperplane orthogonal to v):

Adyx = oxv ! = x—(xv+wx)vi= x — 2g(x, V)

x e Clk

1x .
ved P:q’

g(v,v) Vs .’

@ Theorem (Cartan-Diedonné): Every orthogonal transformation on a
nongenerate space (V, g) is a product of reflections (the number < dim V) in
hyperplanes.

@ Group ngq ::,ivlh V| Vi, e, v € C€,1,7Xq}.

o Statement: Ad(l‘%ﬁq) = O(p, q) (surjectivity). Proof: f € O(p,q) =

1 -1

A e ~ ~ —_ —_ —_—
f(x) = Ad,o---0Ad,(x)=Vi---Vixv, 1--~v1 =i vex(ve e v)
= Ady,..(x), forvi,...,vy eV andxeV. R
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|
o Group F},,q ={Ted;,|vxe C€,1,7q TxT e Cgé,q},

@ Norm mapping (norm function) N : Clp, o — Clp q, N(U) := UU.
e Statement: N : I} — (/)%= R*. Proof:

S ~ ~

xeCh, = TxTt=TxT-t=T"1xT=(T)xT,

1
Terpq,

= 7~_TX:X7~_T = %Tekerﬂl:@?ﬁq. [ |
o Statement: N : F}J’q — R* is a group homomorphism:
N(UV) = N(U)N(V), N(U™Y) = (N(U))%, U,V €T} . Proof:
N(UV) = UVUV = VOUV = VN(U)V = N(U)N(V),
e=N(e)=NUU ) =NUNU). &

o Statement: Ad : [ — O(p.q). Proof:

—

N(?):?? T = N(T) = N(T),
N(Ad7(x)) = (? 1= (A)N(x)N(Tj) = N(T)N(x)(N(T))™* = N(x),
N(x)=xx=-x*=-Q(x), Q(Adr(x))=Q(x). m
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Ll 2
o Statement: =

. 2 1 1 2
Proof: We know that I'; , C T .. Let us prove that T, , C T ..
Terl,, = Adr € O(p,q) = 3S € Mg Ads = Adt

= Adysca=id = TS '=Xe,AeR = T=ASc2_. N
p.q

@ Lipschitz group
M, =r,=r, = {Tead@<ual|vxedl, TxT e }
= {vivar v |v,..., % € Cﬁlljz}.

Clifford group I'p g :={T € C;,|Vx € C€},,q TxTle Céz},,q} D Fgﬂ’q;
Ad(riq) =0(p,q), i.e.

VP =||pill € O(p,q) 3T eT%,: Te, T~ = pley.

subgroup F:;q ={Te Céf,?g,x |Vx € C€},7q TxT e Céllm} C I':q_
Ad(T,g) = Ad(TS4) = SO(p, q), ire.

VP = [|pi|| €S0(p,q) 3T el : Te,T L =Te,T7! = ples.
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|
Pin(p.q) = {T € 5, | FT = +e} = {T %, | TT = +e),
Piny(p,q) :={T € F,fq | ?—T = +e}, (Spin groups)
Pin (p,q) :=={T € Tag | TT = +e},
Spin(p, q) = {T €[4 | TT =4e} = {T e[, | TT = +e},

Sping (p,q) :=={T e} ,| TT = tel={Terl},| TT = +e}.

Pin(p, g) = Spiny(p, q) U Piny(p, g)’ U Pin(p, q)’ U Spin(p, q)’, (4 components)
Piny(p, q) = Spiny(p, q) U Piny(p, q)’, Piny(p, q) = Spiny(p, q) U Piny(p, q)’
Spin(p, q) = Sping, (p, q) U Spin(p, q)".
Euclidian case (2 components):
Pin(n) := Pin(n,0) = Pin (0, n), Spin(n,0) = Piny(n, 0) = Spiny(n,0),
Pin(0, n) := Pin(0, n) = Piny(0, n), Spin(0, n) = Pin (0, n) = Spin,, (0, n).
Subgroups are normal (Spin, (p, g) <Spin(p, q), Spin(p, q) <Pin(p,q), ...)
Proof: H = Spin, (p,q), G = Spin(p,q) = gg = +teVg € G, hh=eVhe H

= ghglghg™! = g~ lhgghg ! = +e = ghg ' c H. A
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Theorem

The following homomorphisms are surjective with kernel {£1}:

Ad: Pin(p, g) = O(p, q), Ad Spin(p, g) — SO(p, q),
Ad : Sping (p, q) = SO1y(p,q),  Ad:Piny(p,q) = O4(p, q),
Ad : Piny(p, q) = Oy(p, q).

Te,T-'=pbey,  P=|pbl| €O(p,q), +T € Pin(p,q).

0) ~ (0 . ~ Qs . .
C€§,,2, > C€£”), = Spin(p, q) = Spin(q, p), Pin(p, q) 2 Pin(q, p),
Pin(1,0) = {te,+e1} ¥ Zy x Zp, Pin(0,1) X Z4, Spin(l) = {xe} = Z,.
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Details:

ﬁ Benn I. M., Tucker R. W., An introduction to Spinors and Geometry with
Applications in Physics, Bristol (1987)

ﬁ Lawson H. B., Michelsohn M. L., Spin Geometry, Princeton Math. Ser., 38,
Princeton Univ. Press, Princeton, NJ (1989).
Another proof using Generalized Pauli theorem (not Cartan-Diedonné theorem):

ﬁ D. Sh., The use of the generalized Pauli’s theorem for odd elements of
Clifford algebra to analyze relations between spin and orthogonal groups of
arbitrary dimension, Vestn.Samar.Gos. Tekhn.Univ. Ser.Fiz.-Mat.Nauki, 1(30)
(2013) [in Russian]

ﬁ N. Marchuk, D. Sh., Introduction to the theory of Clifford algebras [in
Russian], Phasis, Moscow (2012) 590 pp.

[@ D. Sh., Lectures on Clifford algebras and spinors [in Russian], Lects. Kursy
NOC 19, Steklov Math. Inst., RAS, Moscow (2012) 180 pp.;
http://mi.mathnet.ru/eng/book1373
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|
Spin groups in small dimensions

Theorem

Condition TxT~' € Cl}, ,,¥x € (L}, . holds automatically in the cases n <5 for
all 5 spin groups, i.e.

Pin(p,q) ={T e QU ) | TT=xe}, n=p+q<5.

Proof TeaQual)=TxTred: oci ad,,

TT=tes TxT 1=+TxT =+TxT = xT e & o ds,,

n=5: suppose TxT 1 =v+ e, s5,veE C€},,q, AeER* =

A= (TxT ety — ver 2)es1 = Tr(TxT ey k) = Tr(xe; 5) = 0. W

1
Example: n=6, T = 7(612 + e3456) S Cé(o)

\/5 6,0’
7-T = e, Te; T 1= —€23456 ¢ Cgé,o.
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Theorem
Spinyy(p, q) is isomorphic to the following groups in the cases n=p+ q < 6:
(o o [ 1 | 2 | 3 | 4 | 5 [ 6 ]
0 6 6 () SU@) | 25U(2) | Sp(2) | SU@)
1 O(1) | GL(L,R) | SU(L1) | Sp(L,C) | Sp(1,1) | SL(2,H)
2 U(1) | SU(,1) | 2SU(1,1) | Sp(2,R) | SU(2,2)
3 SU@) | Sp(L,C) | Sp(%,R) | SL(4,R)
4 2SU(2) | Sp(1,1) | SU(2,2)
5 Sp(2) | SL(2,H)
6 SU(a)

U(1) ~ SO(2),

SU(2) ~ Sp(1),

SU(1,1) ~ SL(2,R) ~ Sp(1, R),

SL(2,C) ~ Sp(1, C).
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Lie

Dmitry Shirokov (dm.shirokov@gmail.com) Introduction to the theory of Clifford algebras

algebras, two-sheeted coverings

The following Lie groups have the following Lie algebras:
Lie group Lie algebra

Clp.q 5 5 Cp.q
. ay e if n is even;
q R '
Clifford group INp ¢ { Cfg .o Cfg .o Cfg v i nis odd.

Lipschitz group r,fq, Mg C€g «® Cﬁf, q
5 spinor groups Pin(p, q), Spin(p, q), . . . C€f, q

Spin groups are two-sheeted coverings of the orthogonal groups.

The groups Spin;, (p, g) are pathwise connected for p > 2 or ¢ > 2. They
are nontrivial covering groups of the corresponding orthogonal groups.
Example: Spiny, (1,1) = {ue + verp | u> — v? = 1} - two branches of

hyperbole (is not pathwise connected).

The groups Spin; (n), n > 3 and Spin; | (1,n — 1) = Spin, (n—1,1), n > 4
are simply connected. They are the universal covering groups of the

corresponding orthogonal groups.
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Other Lie groups and Lie algebras

Lie group Lie algebra dimension

1 (C® Cpg)X ={UEC® Cpgq|3U-1} 0123 & i0123 27T

2 Cfq={UE€ Clpqy|aU1} 0123 2n

3 a®x = queal)|au-1y 02 2n-1

4 (<C®C€( )X ={U€eC® Cpgq|3U~1} 020 i02 2n

5 (P ce(l)) =wed®eial)au-1y 0213 2n

6 GO = {U€eC® Upq| OU = e} 23 i01 2n

7 G12'°3—{Ue<C®ce,,q|f/u_e} 12403 on

8 G20 —(Uue | 0U=e} 20 2n-1

9 G23’23—{U6C®C€pq|UU—e} 23923 2n — 273" sjn Tlrl)
10 G212 — {yeC® ce,,,q |OU = e} 12012 27 — 2" cos Tlnt)
11 G2’2*{UEC®C€P,q|UU*e} 2@ 2 21— 23 cos o0
12 G2l —(Ue ) aial): OU=-e} 291 21— 2"3 cos Tt
13 a2 = (ue d®aial): 0u=e} 293 2lo 2"%i sin T(1)
14 G2, ={U € Upq|OU=e} 23 2n=1 _ 273" sin 7o)
15 G2 = {U € Clpq|UU=e} 12 201 _ 2" cos L)
16 2. ={uead) |0u=e 2 22 _ 2"3% cos T
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U(22), if pis even and g = 0;
U2 )8 U(27), if p is odd and g = 0;

G301 = U(2'z,2"%), if n is even and q # 0;
U(2n;3 , 2n;3) & U(2"%3,2n;3)7 if p is odd and g # 0 is even;
GL(ZH%I,(C)7 if p is even and g is odd.

@ Snygg J., Clifford Algebra - A Computational Tool For Physicists, Oxford University Press,
New York (1997). (c-unitary groups)

@ Porteous I.R., Clifford Algebras and the Classical Groups, Cambridge Univ. Press (1995).

D. Sh., Symplectic, Orthogonal and Linear Lie Groups in Clifford Algebra, Advances in
Applied Clifford Algebras, 25:3 (2015), arXiv: 1409.2452

@ D. Sh., On Some Lie Groups Containing Spin Group in Clifford Algebra, Journal of
Geometry and Symmetry in Physics, 42 (2016), arXiv: 1607.07363

D. Sh., Classification of Lie algebras of specific type in complexified Clifford algebras,
arXiv:1704.03713
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L ecture 5

Dirac Equation

Dirac equation in Clifford algebras. Dirac-Hestenes equation. Spinors in
n dimensions.

Dmitry Shirokov (dm.shirokov@gmail.com) Introduction to the theory of Clifford algebras Varna, Bulgaria 2017 55 / 66



Dirac equation

RLBv XM» N:07172737 n:diag(lv_lv_lv_l)a a/t =TT

ay, RY3 - R, (electromagnetic 4-vector potential),

m>0€R, (massofan electron),

A 4 AR =2n""1,  4* € Mat(4,C), (Dirac gamma-matrices),
¢ :RY — C* (wave function, Dirac spinor)

\ i (0, — iauah) — mip =0 \

[@ Dirac P.A.M., Proc. Roy. Soc. Lond. A117 (1928).

[@ Dirac P.A.M., Proc. Roy. Soc. Lond. A118 (1928).
(p,q) = (3,0): Pauli spinors, ¥ : R® — C?, Pauli matrices o*.
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Gauge invariance

\ iV (Optp — iauah) — mip = o\

a > a, =a,+Ax), Yo = \(x)ER,

iy (Ou" — i ") — m' = iy (Ou(e™) — i(ay + 0u\) (7)) — m(ey) =
= i"(i(0uA) ™) + e™0,0) — iaue™p — i(uN)ep) — mey =

= eMiv"(9ut — iap) — my) = 0.

U(1)={e?*|XeR},  u(l)={ir|)eR]}.
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Relativistic invariance

\ i (O, — i) — mip = o\

xt— xM = phx” P =||pt|| € O(L,3),

Op = 0, =00, a3, =qpa, Q=|lall=P7",

D" = =piy", =i =0,
)" At =k, =Y =Sy, STIMS = phy”,

(0, 4" —id¥'") — my" = in"(q,0,(S¢) — iq;a,S¢) — mSyp) =
= S(iST g S(0, 0 — iayah) — mp) = S(iv" (8¢ — iautp) — myp) = 0.

@ A. Sommerfeld, Atombau und Spektrallinien, Vol. 2, F. Vieweg und Sohn,
Braunschweig, 1951

[3 N. Marchuk, Field theory equations, Amazon, CreateSpace, 2012, 290 pp
(tensor approach)
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-
Dirac equation in Clifford algebra

0.1 2 3
C® Uy 3, {e”,e",e%, e},

1 0 0O
_ 1 0y 1 . 12 0 0 0O 2 . .
t—i(e+e)§(e+le 000 0| 2=l
0 0 0O
v 0 0 0
Y2 0 0 0 7 _
Ve w3 0 0 0 €l(t) = (C® Ul 3)t (spinor space),
e 0 0 O

ie* (O — iay ) — mp = 0.
If nis odd: double spinor space (provides a faithful but reducible representation,
idempotent t + £, where t is primitive).
Similarly for the real Clifford algebra C/,, 4: spinor spaces or double spinor spaces
(if p— g mod 4 =1, see Cartan's periodicity).

[3 Lounesto P., Clifford Algebras and Spinors, Cambridge Univ. Press (1997).
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Weyl spinors
1...n = 1 4
Chirality operator (pseudoscalar): w = { fel-"”’ Z* Z -~ 2’3 mzj 4
w=wl= wT,

1 1
Orthogonal idempotents P, := E(e —w), Pgr:= E(e + w),
P?=P, PA=Pgr,  PPr=PrP =0.
If nis odd, then C ® (7, 4 is the direct sum of two ideals:
C® CUlpg=PL(C® Upg) ®PrR(C® Upy), C& g Mat(2°7,C).
Let us consider the case of even n.
The set of Dirac spinors:  Ep = {9 € 1(t)}, Ep = E;w @ Erw,
left Weyl spinors:  Ejw :={v € Ep : Piip =9}, P =1 < wip = —1,
right Weyl spinors:  Egw = {9 € Ep : Pryp = 0}, Prip = & wip = 1.
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Dirac conjugation

() = +A['e’AL & Ul = AJI0A,, UT=AT10A_, UcC® U,y
nis even: A4, pis odd, g is even: JA,, p is even, q is odd: JA_,
Dirac conjugation : ¢P* = T(AL)™?

Example: (p,q) =(1,3),  oP =910 9P =¢iy1?3,

Bilinear covariants: ji = Py,

The law of conservation of the Dirac current: ‘3u(¢0+ efh) =0 ‘
Proof: ie" (9,1 — iauh) — mp = 0 =1 —i(8,(v)" + ia ol (e) — myt = 0|AT?
= (0, (VP + ia, (WP )Net + m(yP)T = 0y, P+ |ie" (8,9 — iap) — mp =0
= i(YPe! 0, + 0, (VvP+)Tetp) =0. W

@ Benn I. M., Tucker R. W., An introduction to Spinors and Geometry with Applications in
Physics, Bristol (1987)

@ D. Sh., Pauli theorem in the description of n-dimensional spinors in the Clifford algebra
formalism, Theoret. and Math. Phys., 175:1 (2013) (see References)
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Majorana and charge conjugations

)T = +Cle?Cy o UT = C10C,, UT =Cc'0cC.
+ +

nis even: 3C4, n=1 mod4: 3C,, n=3 mod4: 3C_,

(C)T =X Cy, ?lci = Ate,

+1, n=0,1,2 mod 8; +1,
>\+_{ n=4 A__{—l

4

<_
e’ =+B;'e’BL & U

nis even: 1By, p—qg=1 mod4: 3B,

=B 'UB,, U= B:1UB_,

0,6,7 mod 8;
2,3,4 mod 8.

UeC® Upq,
—qg=3 mod 4: 3B_,

UeCq g,

Bl = e1By, EBi = et e, where "«”" is matrix complex conjugation,

+1, p—qg=0,1,2 mod §; +1,
€L = € =
+ -1, p—g=4,56 mod8, ~ -1,

Majorana conjugation : M+ = ¢T(Cy)?!

p_

Example: (p, ) = (1,3), M =¢T(y?3) 7L, M- =i (,02)?

. . —
Charge conjugation : "+ := B, v
—
. — chy __ 013 ch_
Example' (P, q) _(173)a '(/) t=7 w, '(/1
Introduction to the theory of Clifford algebras
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Majorana and Majorana-Weyl spinors

Relation between different conjugations:

B, =AT'C., B,=AC., B.=A"'C,, B_=A'C,

Yot = C (WP = C(WP-)T, - = C_(pP)T = C,(P-)T,
Majorana spinors : Ey := {1 € Ep | "~ = 44}, p—q=10,6,7mod 8,
pseudo-Majorana spinors : Epey := {t € Ep |¢)™ = £}, p—q=0,1,2mod 8,

Proof: Epy : 0 = £B, 0, +B W =9 =+B = te, By 1,

(1—e)p=0, e =1. B Epy: analogously e-=1. N

left Majorana-Weyl spinors : Expyw = {¢ € Eyw | Y- = iy} =
={¢ € Ew |y =4y}, p—q=0mod8,

right Majorana-Weyl spinors : Ermw = {¢ € Epw | ¥~ = 290} =
={¢ € Erw [ = +¢}, p—q=0mod 8,

Proof: Eyy = niseven. Let p— g =2 mod 4, w = iel", Eyy :iel"p = —)
= By (—ieMBL Y = U, By Y = £, = ie " = = Epyy = (71) M
By =+, el =i = B Y% =+ = ()M
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Dirac-Hestenes equation

t= %(e—&—E)(e—iI)

E:=¢€°, | = —e'?, t? =t =tf, it = It, t = Et.

1,3 o1 .2 3
R 5 C®C€1,3, {e,e,e,e},

Theorem. VU € I(t) the equation Xt = U has unique solution X € Cﬁ(log and
unique solution X € C€(11% ’
Proof Orthonormal basis of left ideal I(t):
7= Fit, k=1273,4, F =2eF=2e3F=2"%F=2""¢cd,,
U=(a"+ig)m,  of B eR,

1) Using it = It, we obtain that X = Fi(a* + 18%) € C{%) is solution of Xt = U.
2) Let us prove: if the element Y € Cé(l?% is solution of equation Yt =0, then
Y = 0. We have for element Yt € I(t):
1 . . . .
Yt = S((y = yi2)ms + (=y13 = ivas)72 + (Y03 — iy0123)73 + (yor + iy02)74) = 0.

. . 1) . .
3) Using t = Et, we obtain that X = F,E(a* + 18) € Ci{") is also solution of
equation Xt = U. 4) The proof of uniqueness in this case is-similar. B
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ie" (0,0 — iayp) — mp = 0= (00 — iayp) +imp =0, ¢ €I(t), (5)
Dirac-Hestenes equation:| e#(0,¥ — a,VI)E + mV| =0, Ve Cé(l?% (6)

(«) (6)|t; Et =t, It = it, Vt =1 = (5)
(=) (6), vellt)=>WedO:Vt=y Et=t It=it=
(e"(0W —a,VI)E+mUl)t=0=(6). N

ea?)
[3] Hestenes D., Space-Time Algebra, Gordon and Breach, New York, (1966).

dimI(t) =dimC* =8,  dim C€(1(g =8, (real dimension)
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Thank you for your attention!
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