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What we will do

We will consider:

e The group AutpcTP (and its subgroups) of automorphisms of
the tangent bundle T'P covering the identity map of P which
commute with the action of TG on T'P.

The group AutrgT P acts on the both spaces:

e The space ConnP(M,G) of connections on the principal
G-bundle P(M, G).

e The space CanT* P of fibre-wise linear differential one-forms ~
on the cotangent bundle T P, which annihilate the vectors tangent
to the fibres of T*P.
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G-principal bundle

e G-principal bundle over a manifold M
G

P

i
M = P/G
where the free action of G' we denote by

k:PxG— P, k(pg):=npg

and
kg: P — P kqe(p) := pg

kp:G— P kp(g) :==pg
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Action of TG on TP

e T'G is a Lie group with the product and the inverse defined by
the tangent the product m and to the inverse ¢ in G:

Tm(g»h) (Xg, Yn) =1 Xy oY, =TLy(h)Y, +TRp(g9)Xyg, (1)

Tig(Xg) =: X, ' = —TL,-1(e) o TR,-1(g) X (2)
where X, € T,G, Y, € T),G and Ly(h) := gh, Ry(h) := hg.
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Action of TG on TP

e T'G is a Lie group with the product and the inverse defined by
the tangent the product m and to the inverse ¢ in G:

Tm(g»h) (Xg, Yn) =1 Xy oY, =TLy(h)Y, +TRp(g9)Xyg, (1)

Tig(Xg) =: X, ' = —TL,-1(e) o TR,-1(g) X (2)

where X, € T,G, Y, € T),G and Ly(h) := gh, Ry(h) := hg.
For e € G - unit element of G and 0 : G — T'G - zero section of
the tangent bundle T'G one has

XEOY;:X6+}/Q, Og.OhZOgh7 (3)

XyoY. 0 X, = (TRy-1(e) o TLy(e))Ye =: AdgY.  (4)

So, the Lie algebra T.G could be considered as an abelian normal
subgroup of T'G and the zero section 0 : G — T'G is a group
monomorphism.
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Action of TG on TP

The diffeomorphism I : G x T,.G — TG
I(g,Xe) =TRy(e)Xe =: X, (5)

allows us to consider T'G as the semidirect product G' X 44, T.G of
G by the T.G, where the group product of
(9,Xe), (h,Ye) € G X a4, TG is given by

(g, Xe) @ (h,Ye) =171 (I(g, X.) - I(h, Ye)) = (6)

= (gh, Xe + T(Ry-1 0 Ly)(€)Ye) = (gh, Xe + AdyYe).
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Action of TG on TP

Using the above isomorphisms we obtain the action of G x 44, TcG
on the tangent bundle TP as the tangent to k

(I)(g,Xe)(Up) = T’{g,p((gy Xe), Up) = T“g(p)vp + T“p(g)TRg(e)Xe

(7)
Applying the above action we obtain the following isomorphisms
TP/T'P = TP/T.G, (8)
TP/TG = (TP/T.G)/G = (TP/G)/T.G, (9)
TM = T(P/G) = TP/TG, (10)

of vector bundles, where we write TV P := KerT i for the vertical
subbundle of T'P.
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Groups of automorphisms of T'P

e We consider the group Auto(TP) of smooth automorphisms

P —A L 7p
" { J "
p 4. p
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Groups of automorphisms of T'P

e We consider the group Auto(TP) of smooth automorphisms

P —A -~ Tp
A(p) : TP — T,P is an isomorphism
I { J Iz of the tangent space T, P
depends smoothly on p
p —4. p

e Auty(TP) is a normal subgroup of the group Aut(TP) of all
automorphisms of T'P.
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Groups of automorphisms of T'P

e The subgroup Autrq(TP) C Auto(TP) consisting of those
elements of Auto(TP) whose action on T'P commutes with the
action (7) of TG = G x 44, T.G on TP, i.e.

TP A TP
s
TP A TP
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Groups of automorphisms of T'P

e The subgroup Autrq(TP) C Auto(TP) consisting of those
elements of Auto(TP) whose action on T'P commutes with the
action (7) of TG = G x 44, T.G on TP, i.e.

P —A .+ Tp
Alpg) o @(y.x,) = P(g.x.) © Alp)
q{ Jcp
TP —A . TP

e The group Autpa(TP) acts also on vector bundles TP/G — M
and TM — M.
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Groups of automorphisms of T'P

e We define the subgroup AutyT P C AutpqT P consisting of

A € AutpgTP such that A(p) = id, + B(p), where

B(p) : T,P - T!P.

From the definition of B(p) one has ImB(p) C T, P C KerB(p).
Thus By (p)Bz2(p) = 0 for any id + By, id+ By € AutyP. So, one
has

(idp + B1(p))(idp + Ba(p)) = idy + Bi1(p) + Ba(p). (11)

This shows that AutyT P is a commutative subgroup of
AutrcTP.
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Proposition

One has the following short exact sequence
{0} = AutNTP % AutrgTP S AuteTM — {id}  (12)

of the group morphisms,
where ¢ is the inclusion map
and A is an epimorphism covering the identity map of M defined by

AA) () (Tu(p))vp = (Tp(p) © A(p))vp (13)

for v, € T, P.

Symmetries of the space of connections on a principal G-b



Connection form

e A connection form on P is a T,G-valued differential one-form «
satisfying the conditions

ap o Tky(e) =idr.g (14)

g © T'hg(p) = Adg-1 0 ay (15)

valid for value o, of v at p € P and g € G.
Using « one defines the decomposition

T,P =T, P& T"P (16)

of T, P on the vertical 7)) P and the horizontal Tﬁ"hP = Kera,
subspaces which also satisfy the G-equivariance properties

Try(p)T, P =Ty, P, (17)
Try(p)Tg"P = Tos" P. (18)



From the decomposition (16) for any p € P one obtains the vector
spaces isomorphism

Lo(p) : TupyM — TP (19)

such that
La(pg) = Tky(p) o T'a(p) (20)

and
Tu(p) o Ta(p) = idygy, — Talp) o Tu(p) =T15(p),  (21)
where T1” (p) is defined by the decomposition
i, = I13,(p) + I (p) (22)

of the identity map of 7}, P on the projections corresponding to
(16).
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Proposition
A fixed connection « defines the injection

oo : AutgTM — AutrgT P

oa(A)(p) =14 (p) + Ta(p) 0 A(u(p)) o Tuu(p),  (23)

where A € AutoT M, the surjection B, : AutrgTP — AutnyTP
by Ba(A) := Ao (N(A))~L, where A € AutpT P, which are
arranged into the short exact sequence

Ua (0% o
{idTM}*AutoTM — AutpcTP LAutNTP*{ZdTP}
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Proposition

A fixed connection « defines the injection
oo : AutgTM — AutrgT P

oa(A)(p) =14 (p) + Ta(p) 0 A(u(p)) o Tuu(p),  (23)

where A € AutoT M, the surjection B, : AutrgTP — AutnyTP
by Ba(A) := Ao (N(A))~L, where A € AutpT P, which are
arranged into the short exact sequence

Ua (0% o
{idTM}*AutoTM f)\i» AutraTP BfT’AutNTP*{ZdTP}

inverse to the sequence (12).
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Proposition
A fixed connection « defines the injection

oo : AutgTM — AutrgT P

oa(A)(p) =14 (p) + Ta(p) 0 A(u(p)) o Tuu(p),  (23)

where A € AutoT M, the surjection B, : AutrgTP — AutnyTP
by Ba(A) := Ao (N(A))~L, where A € AutpT P, which are
arranged into the short exact sequence

Ua (0% o
{idTM}*AutoTM f/\i’ AutraTP BfT’AutNTP*{ZdTp}

inverse to the sequence (12). The map o, is a monomorphism
O'a(AlA2) = 0'04(1211)0'04(;12)

of the groups and (3, satisfies
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Proposition

Using the decomposition
A(p) = (idy + B(p))oa(A) () (24)

o~f A € AutpgTP, where id, + B(p) € AutyT P and
A € AutgTM,
one defines an isomorphism

A’U,tTgTP - AthTM KaEndNTP,
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Proposition

Using the decomposition

Alp) = (idp + B(p))oa(A)(p) (24)

o~f A € AutpgTP, where id, + B(p) € AutyT P and
A € AutgTM,
one defines an isomorphism

AutTgTP - AthTM KaEndNTP,

where the product of (fll, By), (flg, Bs) € AutgT M o EndNTP
is given by . )
[(A1, B1) - (A2, B2)](p) = (25)

= (A1 (1u(p)) A2(11(p)), B1(p) + Ba(p) o T (p) 0 AT (1(p)) 0 Tra(p)).-
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Action on the space of connections

e Let ConnP (M, G) be the space of all connections on P(M,G).
We define
pala)p :==apo A(p)_l (26)

the left action ¢4 : ConnP(M,G) — ConnP(M,G) of
AutpcTP on ConnP(M,G), i.e. ¢ satisfies ¢4, 4, = P4, © P4,
for Ay, Ay € AutraTP.
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The following proposition shows that one can define the group
AutrcT P in terms of connections space ConnP (M, G).

Proposition

If A€ Auto(TP) and ¢p4(ConnP(M,G)) C ConnP(M,G) then
Ae AutTg(TP).
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The standard symplectic form

e We recall that the standard symplectic form on T*P is wg = do,
where g € C°T*(T*P) is the canonical one-form on 7™ P defined
at o € T*P by

<'70<p: 5@) = <<P7 TW*(‘P)£<,0>7

where 7 : T*P — P is the projection of T*P on the base and
£ € T, (T*P).
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A linear vector field

e By definition a linear vector field on T* P is a pair (£, x) of vector
fields £ € C°T(T*P) and x € C®TP such that

mp — & T(T*P)
* Tr*

P

TP

defines a morphism of vector bundles. Note here that
TT(9)p = Xnr()-
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A linear vector field

e We will denote by LinC*T' (T P) the Lie algebra of linear vector
fields over the vector bundle 7* : T*P — P. The Lie bracket of
(&1,x1), (&2,x2) € LinC*T(T*P) is defined by

[(§1,x1)s (62, x2)] = ([€1, &2, [Xx15 x2])

and the vector space structure on LinC>T (T P) by

c1(&1, x1) + c2(&2, x2) = (c1&1 + 282, c1x1 + c2x2).

Let LinC*°(T™* P) denote the vector space of smooth fibre-wise
linear functions on T P. Spaces LinC*°T(T*P) and
LinC>(T* P) have structures of C°°(P)-modules defined by

f(&,x) == ((fom*)&, fx) and by fl:= (f o7*)l, respectively,
where f € C*°(P) and | € LinC*>(T*P).
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Definition
e A differential one-form v € C°T*(T*P) is called a generalized
canonical form on T*P if:
(i) v # 0 for any p € T*P,
(i) kerTm*(p) C ker 7y,
(iii) (y,&) € LinC>®(T*P) for any £ € LinC*T(T*P).

The space of generalized canonical forms on T* P will be denoted
by CanT™*P. Let us note here that v € CanT*P.
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There is o)

AutyTP biiecti CanT*P
1)ection
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There is o)
AutyTP biiecti CanT*P
1)ection
where
(©(A)p, &) = (p, A(*(0)) T ())E0) (27)
for &, € T, (T*P).
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Corrolary

Fixing a connection « one obtains an embedding
to : ConnP(M,G) — CanpgT*P
defined as follows

ta(a') = @oTm*(p) + wo Ty (€) 0 (a;*(w) — Qpn(p)) 0T ().
(28)

o’
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e A G-equivariant diffeomorphism

P > PxT:G
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e A G-equivariant diffeomorphism

I _
TP = - P x T*G

dependent on a fixed connection «

Io(0) = (T (m*(9)(©), T (), @ © Thipe())),
where
P:={(¢,p) € T"M x P: 7() = u(p)}

is the total space of the principal bundle P(T*M, G) being the
pullback of the principal bundle P(M,G) to T*M by the projection
7 T*M — M of T*M on the base M.
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I, _
T*P = ~  PxT'G
It

I7H@,p,x) = @ o Tu(p) + x o ay (29)

is the inverse to I,,.
Because of the group AutpaT P acts on TP, we also can define
the natural right action of AutpgTP on T*P

(A" ) (1" () 1= p 0 A(T"(¢))

for A € AutrqTP,
and the action of G on T*P

D% (0)(pg) = (Trg(p) ")
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Using I, we transport above actions to P x T*G":
Aa(A)(@,p. X) = (Lo 0 A" 0 I77)(8,p, x) =

= ((¢ o Tu(p) + x 0 ayp) o A(p) o T'a(p), p, X) (30)

and by

O5(@,p,X) = (a0 ¢y 0 1,)(@,p, X) = (&, 09, Ad},-1x),  (31)

respectively.
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Using I;1: P x 17 G — T*P we pull the generalized canonical
form ©(A) back to P x TG, where

(O(A), &) = (@, AT (0)) T ())&0), (32)
for &, € T,(T*P).
For A = (idrp + B)oa(A) we have
(151 ©(A)(@,p,x) = (33)

= @o A(u(p)) o T(7* opr1) (@, p, X) +x° 0 A(p) o Tpra(@,p, x) =
= pri(O(A) (3, p,X) + (pra(,p, X), r3(® a-1 () (@, 0, X)),
where pr3(@,p, x) = x-
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The symplectic form corresponding to (33) is given by
d((I31)*0(4)) = (34)

= pri(dO(A)) +(d prs & pri(®a-1(a))) + (prs, pri(d® 4-1())).
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