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What we will do

We will consider:

• The group AutTGTP (and its subgroups) of automorphisms of
the tangent bundle TP covering the identity map of P which
commute with the action of TG on TP .

The group AutTGTP acts on the both spaces:
• The space ConnP (M,G) of connections on the principal
G-bundle P (M,G).
• The space CanT ∗P of �bre-wise linear di�erential one-forms γ
on the cotangent bundle T ∗P , which annihilate the vectors tangent
to the �bres of T ∗P .
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G-principal bundle

• G-principal bundle over a manifold M

G P

M ∼= P/G
?

-

µ

where the free action of G we denote by

κ : P ×G→ P, κ(p, g) := pg

and
κg : P → P κg(p) := pg

κp : G→ P κp(g) := pg
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Action of TG on TP

• TG is a Lie group with the product and the inverse de�ned by
the tangent the product m and to the inverse ι in G:

Tm(g,h)(Xg, Yh) =: Xg • Yh = TLg(h)Yh + TRh(g)Xg, (1)

Tιg(Xg) =: X−1g = −TLg−1(e) ◦ TRg−1(g)Xg (2)

where Xg ∈ TgG, Yh ∈ ThG and Lg(h) := gh, Rg(h) := hg.
For e ∈ G - unit element of G and 0 : G→ TG - zero section of
the tangent bundle TG one has

Xe • Ye = Xe + Ye, 0g • 0h = 0gh, (3)

Xg • Ye •X−1g = (TRg−1(e) ◦ TLg(e))Ye =: AdgYe (4)

So, the Lie algebra TeG could be considered as an abelian normal
subgroup of TG and the zero section 0 : G→ TG is a group
monomorphism.
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Action of TG on TP

The di�eomorphism I : G× TeG→ TG

I(g,Xe) = TRg(e)Xe =: Xg (5)

allows us to consider TG as the semidirect product GnAdG TeG of
G by the TeG, where the group product of
(g,Xe), (h, Ye) ∈ GnAdG TeG is given by

(g,Xe) • (h, Ye) = I−1(I(g,Xe) · I(h, Ye)) = (6)

= (gh,Xe + T (Rg−1 ◦ Lg)(e)Ye) = (gh,Xe +AdgYe).
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Action of TG on TP

Using the above isomorphisms we obtain the action of GnAdG TeG
on the tangent bundle TP as the tangent to κ

Φ(g,Xe)(vp) := Tκg,p((g,Xe), vp) = Tκg(p)vp + Tκp(g)TRg(e)Xe

(7)
.
Applying the above action we obtain the following isomorphisms

TP/T vP ∼= TP/TeG, (8)

TP/TG ∼= (TP/TeG)/G ∼= (TP/G)/TeG, (9)

TM = T (P/G) ∼= TP/TG, (10)

of vector bundles, where we write T vP := KerTµ for the vertical
subbundle of TP .
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Groups of automorphisms of TP

• We consider the group Aut0(TP ) of smooth automorphisms

TP TP

P P

? ?

-

-

µ µ

A

id

A(p) : TpP → TpP is an isomorphism

of the tangent space TpP

depends smoothly on p

• Aut0(TP ) is a normal subgroup of the group Aut(TP ) of all
automorphisms of TP .
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Groups of automorphisms of TP

• The subgroup AutTG(TP ) ⊂ Aut0(TP ) consisting of those
elements of Aut0(TP ) whose action on TP commutes with the
action (7) of TG ∼= GnAdg TeG on TP , i.e.

TP TP

TP TP

? ?

-

-

Φ Φ

A

A

A(pg) ◦ Φ(g,Xe) = Φ(g,Xe) ◦A(p)

• The group AutTG(TP ) acts also on vector bundles TP/G→M
and TM →M .
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Groups of automorphisms of TP

• We de�ne the subgroup AutNTP ⊂ AutTGTP consisting of
A ∈ AutTGTP such that A(p) = idp +B(p), where
B(p) : TpP → T vp P .
From the de�nition of B(p) one has ImB(p) ⊂ T vp P ⊂ KerB(p).
Thus B1(p)B2(p) = 0 for any id+B1, id+B2 ∈ AutNP . So, one
has

(idp +B1(p))(idp +B2(p)) = idp +B1(p) +B2(p). (11)

This shows that AutNTP is a commutative subgroup of
AutTGTP .
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Proposition

One has the following short exact sequence

{0} → AutNTP
ι→ AutTGTP

λ→ Aut0TM → {id} (12)

of the group morphisms,
where ι is the inclusion map
and λ is an epimorphism covering the identity map of M de�ned by

λ(A)(µ(p))(Tµ(p))vp := (Tµ(p) ◦A(p))vp (13)

for vp ∈ TpP .
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Connection form

• A connection form on P is a TeG-valued di�erential one-form α
satisfying the conditions

αp ◦ Tκp(e) = idTeG (14)

αpg ◦ Tκg(p) = Adg−1 ◦ αp (15)

valid for value αp of α at p ∈ P and g ∈ G.
Using α one de�nes the decomposition

TpP = T vp P ⊕ Tα,hp P (16)

of TpP on the vertical T vp P and the horizontal Tα,hp P := Kerαp
subspaces which also satisfy the G-equivariance properties

Tκg(p)T
v
p P = T vpgP, (17)

Tκg(p)T
α,h
p P = Tα,hpg P. (18)
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From the decomposition (16) for any p ∈ P one obtains the vector
spaces isomorphism

Γα(p) : Tµ(p)M → Tα,hp P (19)

such that
Γα(pg) = Tκg(p) ◦ Γα(p) (20)

and

Tµ(p) ◦ Γα(p) = idµ(p), Γα(p) ◦ Tµ(p) = Πh
α(p), (21)

where Πh
α(p) is de�ned by the decomposition

idp = Πv
α(p) + Πh

α(p) (22)

of the identity map of TpP on the projections corresponding to
(16).
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Proposition

A �xed connection α de�nes the injection

σα : Aut0TM → AutTGTP

σα(Ã)(p) := Πv
α(p) + Γα(p) ◦ Ã(µ(p)) ◦ Tµ(p), (23)

where Ã ∈ Aut0TM , the surjection βα : AutTGTP → AutNTP
by βα(A) := Aσα(λ(A))−1, where A ∈ AutTGTP , which are
arranged into the short exact sequence

{idTM} Aut0TM AutTGTP AutNTP {idTP }- - - -σα βα

��
λ ι

inverse to the sequence (12). The map σα is a monomorphism

σα(Ã1Ã2) = σα(Ã1)σα(Ã2)

of the groups and βα satis�es

βα(A1A2) = βα(A1)σα(λ(A1))βα(A2)σα(λ(A1))
−1.
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Proposition

Using the decomposition

A(p) = (idp +B(p))σα(Ã)(p) (24)

of A ∈ AutTGTP , where idp +B(p) ∈ AutNTP and
Ã ∈ Aut0TM ,
one de�nes an isomorphism

AutTGTP −→ Aut0TM nα EndNTP,

where the product of (Ã1, B1), (Ã2, B2) ∈ Aut0TM nα EndNTP
is given by

[(Ã1, B1) · (Ã2, B2)](p) := (25)

= (Ã1(µ(p))Ã2(µ(p)), B1(p)+B2(p)◦Γα(p)◦ Ã−11 (µ(p))◦Tµ(p)).
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Symmetries of the space of connections on a principal G-bundle and related symplectic structures



Action on the space of connections

• Let ConnP (M,G) be the space of all connections on P (M,G).
We de�ne

φA(α)p := αp ◦A(p)−1 (26)

the left action φA : ConnP (M,G)→ ConnP (M,G) of
AutTGTP on ConnP (M,G), i.e. φ satis�es φA1A2 = φA1 ◦ φA1

for A1, A2 ∈ AutTGTP .
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The following proposition shows that one can de�ne the group
AutTGTP in terms of connections space ConnP (M,G).

Proposition

If A ∈ Aut0(TP ) and φA(ConnP (M,G)) ⊂ ConnP (M,G) then
A ∈ AutTG(TP ).

Symmetries of the space of connections on a principal G-bundle and related symplectic structures



The standard symplectic form

• We recall that the standard symplectic form on T ∗P is ω0 = dγ0,
where γ0 ∈ C∞T ∗(T ∗P ) is the canonical one-form on T ∗P de�ned
at ϕ ∈ T ∗P by

〈γ0ϕ, ξϕ〉 := 〈ϕ, Tπ∗(ϕ)ξϕ〉,

where π∗ : T ∗P → P is the projection of T ∗P on the base and
ξϕ ∈ Tϕ(T ∗P ).
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A linear vector �eld

• By de�nition a linear vector �eld on T ∗P is a pair (ξ, χ) of vector
�elds ξ ∈ C∞T (T ∗P ) and χ ∈ C∞TP such that

T ∗P T (T ∗P )

P TP

? ?

-

-

π∗ Tπ∗

ξ

χ

de�nes a morphism of vector bundles. Note here that
Tπ∗(ϕ)ξϕ = χπ∗(ϕ).
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A linear vector �eld

• We will denote by LinC∞T (T ∗P ) the Lie algebra of linear vector
�elds over the vector bundle π∗ : T ∗P → P . The Lie bracket of
(ξ1, χ1), (ξ2, χ2) ∈ LinC∞T (T ∗P ) is de�ned by

[(ξ1, χ1), (ξ2, χ2)] := ([ξ1, ξ2], [χ1, χ2])

and the vector space structure on LinC∞T (T ∗P ) by

c1(ξ1, χ1) + c2(ξ2, χ2) := (c1ξ1 + c2ξ2, c1χ1 + c2χ2).

Let LinC∞(T ∗P ) denote the vector space of smooth �bre-wise
linear functions on T ∗P . Spaces LinC∞T (T ∗P ) and
LinC∞(T ∗P ) have structures of C∞(P )-modules de�ned by
f(ξ, χ) := ((f ◦ π∗)ξ, fχ) and by fl := (f ◦ π∗)l, respectively,
where f ∈ C∞(P ) and l ∈ LinC∞(T ∗P ).
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De�nition

• A di�erential one-form γ ∈ C∞T ∗(T ∗P ) is called a generalized

canonical form on T ∗P if:

(i) γϕ 6= 0 for any ϕ ∈ T ∗P ,
(ii) kerTπ∗(ϕ) ⊂ ker γϕ
(iii) 〈γ, ξ〉 ∈ LinC∞(T ∗P ) for any ξ ∈ LinC∞T (T ∗P ).

The space of generalized canonical forms on T ∗P will be denoted
by CanT ∗P . Let us note here that γ0 ∈ CanT ∗P .
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Proposition

There is
Aut0TP CanT ∗P-Θ

bijection

where
〈Θ(A)ϕ, ξϕ〉 := 〈ϕ,A(π∗(ϕ))Tπ∗(ϕ))ξϕ〉, (27)

for ξϕ ∈ Tϕ(T ∗P ).
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Corrolary

Fixing a connection α one obtains an embedding

ια : ConnP (M,G) ↪→ CanTGT
∗P

de�ned as follows

ια(α′) := ϕ◦Tπ∗(ϕ) +ϕ◦Tκπ∗(ϕ)(e)◦ (α′π∗(ϕ)−απ∗(ϕ))◦Tπ∗(ϕ).
(28)
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• A G-equivariant di�eomorphism

T ∗P P × T ∗eG-Iα

dependent on a �xed connection α

Iα(ϕ) := (Γ∗α(π∗(ϕ))(ϕ), π∗(ϕ), ϕ ◦ Tκπ∗(ϕ))),

where
P := {(ϕ̃, p) ∈ T ∗M × P : π̃∗(ϕ̃) = µ(p)}

is the total space of the principal bundle P (T ∗M,G) being the
pullback of the principal bundle P (M,G) to T ∗M by the projection
π̃∗ : T ∗M →M of T ∗M on the base M .
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T ∗P P × T ∗eG
-Iα

�
I−1α

I−1α (ϕ̃, p, χ) = ϕ̃ ◦ Tµ(p) + χ ◦ αp (29)

is the inverse to Iα.
Because of the group AutTGTP acts on TP , we also can de�ne
the natural right action of AutTGTP on T ∗P

(A∗ϕ)(π∗(ϕ)) := ϕ ◦A(π∗(ϕ))

for A ∈ AutTGTP ,
and the action of G on T ∗P

Φ∗g(ϕ)(pg) = (Tκg(p)
−1)∗ϕ.

Symmetries of the space of connections on a principal G-bundle and related symplectic structures



T ∗P P × T ∗eG
-Iα

�
I−1α

I−1α (ϕ̃, p, χ) = ϕ̃ ◦ Tµ(p) + χ ◦ αp (29)

is the inverse to Iα.
Because of the group AutTGTP acts on TP , we also can de�ne
the natural right action of AutTGTP on T ∗P

(A∗ϕ)(π∗(ϕ)) := ϕ ◦A(π∗(ϕ))

for A ∈ AutTGTP ,
and the action of G on T ∗P

Φ∗g(ϕ)(pg) = (Tκg(p)
−1)∗ϕ.

Symmetries of the space of connections on a principal G-bundle and related symplectic structures



Using Iα we transport above actions to P × T ∗eG:

Λα(A)(ϕ̃, p, χ) := (Iα ◦A∗ ◦ I−1α )(ϕ̃, p, χ) =

= ((ϕ̃ ◦ Tµ(p) + χ ◦ αp) ◦A(p) ◦ Γα(p), p, χ) (30)

and by

Φ∗g(ϕ̃, p, χ) := (Iα ◦ φ∗g ◦ I−1α )(ϕ̃, p, χ) = (ϕ̃, pg, Ad∗g−1χ), (31)

respectively.
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Using I−1α : P × T ∗eG→ T ∗P we pull the generalized canonical
form Θ(A) back to P × T ∗eG, where

〈Θ(A)ϕ, ξϕ〉 := 〈ϕ,A(π∗(ϕ))Tπ∗(ϕ))ξϕ〉, (32)

for ξϕ ∈ Tϕ(T ∗P ).

For A = (idTP +B)σα(Ã) we have

(I−1α )∗Θ(A)(ϕ̃, p, χ) = (33)

= ϕ̃◦Ã(µ(p))◦T (π̃∗◦pr1)(ϕ̃, p, χ)+χ◦αp◦A(p)◦Tpr2(ϕ̃, p, χ) =

= pr∗1(Θ̃(Ã)(ϕ̃, p, χ) + 〈pr3(ϕ̃, p, χ), pr∗2(ΦA−1(α))(ϕ̃, p, χ)〉,

where pr3(ϕ̃, p, χ) := χ.
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The symplectic form corresponding to (33) is given by

d((I−1α )∗Θ(A)) = (34)

= pr∗1(dΘ̃(Ã)) + 〈d pr3 ∧, pr∗2(ΦA−1(α))〉+ 〈pr3, pr∗2(dΦA−1(α))〉.
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