Lecture 3: CMC compact surfaces with boundary

Q1. Does the geometry of the boundary impose restrictions on the
geometry of the surface?

Question. Given a closed curve C and H € R, is there a
H-surface spanning C?

Example: C is a circle of radius r > 0.



Flux formula: X = a is a constant vector field, S and @ two
surfaces with 9S = 9Q and W < R3 with W = SU Q.
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Div(é’):0:>/s<N,§>—|—/Q<NQ,§> —o.
A(x,3d) =div (V(x,a)) =2H(N,3d) = —/85<V,§> = /52H<N,§'>.

If H is constant,

_/85@,5):2H/5<N,5>.



Theorem (Flux formula 1)
[ wmar=24 [ No.3
as Q

Z(p)=(px d) x N~ divZ=-2(N,3)

—/65<Z,V>=—2/S<N75>:i,/85<”’5>

Theorem (Flux formula I1)

/65@,5) - —H/as<a x o, 3).



Corollary
If 0S = 0D = C is planar (Q = D, 3 orthogonal to D),

/ (v,a) = (£)2H Area(D)
oS

IH| < Length(C).
2 Area(D)
Corollary
If C = SY(r) then
1



Spherical caps show that all values of possible H are attained.

» For graphs:

Du

Du
div:2H:>/diV:/2H
1+ |Dul? p /14 |Dul? D

2|H|area(D) =

Du
Lot i | 1= ooy

» For constant contact angle: drop in D x R: (N,n) =sin~:

2|H|area(D) = cosyL(0D)



Problem:

Find examples of planar curves where not all values m,
O0<H< ﬁ, exist H-surfaces bounded by C.

C= ellipse? If a, b > 0 are the half-axis,

T V/a2sin t2 + b2 cos t2 dt

15
H|l <
Al < 2mwab




Theorem
If C =S and |H| =1, then S is a hemisphere.

flux formula:
27 > / (v,a) = (£)2H Area(D) = £2r
oS

~ (v,d)=1~v=3 Letaxa' =3 Thus H=—1. Along C:
(v,@)?+ (N, 3)* = 1.

(N,3) =0= (N, 3) = —011(c, &) — 012(v, 3) = —012.

Then 012 = 0 ~» « is a line of curvature.

k1 = on1=—(N,a)=(N ")y =—(N,a)=—(a xv,a)
= —<1/,§> =—-1=H.



:>I€2:2H*I<L1:*1
K1 = K2.

~» C s a curve of umbilical points.
On a non-umbilical H-surface, the set of umbilical points

U={peS:rip)=r2p)}

is formed by isolated points [< U is the zeroes of a holomorphic
2-form|

~ the surface is umbilical.



Theorem

Let S be a compact minimal surface spanning two planar curves Cy
and C, contained in planes Py and P,. If S makes constant angle
with P; along C;, then Py and P, are parallel.

If P; =< 3+ >, flux formula:
/(V,5>:—H/<oz><o/,5>z>0:/ 1/1—|—/ V.
C C G G

v1 = (v1,a1)ar + (vi,n)m

= cosyiay + sinying.

/ ulzcosq// 51+sin71/ n1:c057/ ar.
C1 C1 C1 Cl

~ 0= C0571’C1‘51 +C0572|C2‘52 = 51”52



Theorem
CMC embedded surface.

C is convex + S transverse to P along C = S C PT.

—/as<y,§):2H/S<N,5>:—2H/D(ND,5).



Plateau problem. Given a closed curve C and H € R,
find a H-surface spanning C with least area and given
volume.

Find a surface X : D? ¢ R?2 — R3 such that

AX =2H X, x X,

‘XU|2 - |XV|2 =0 = (Xy, Xv)

Xjop : 0D — T is a parametrization of
Minimize the functional

2H

D(X) :/ |VX|2+/ (Xy x Xy, X)
D 3 Jb

for any immersion X ...

Theorem
IfT C By H|(O), there is a solution (with |X| < 1/|H|).



Theorem
If OM = St and M C By/1(0O), then S is a spherical cap.
If there is a contact point v’

On the contrary, move B so BN P = S(1/H).
Moving up/down, M is included between two small spherical caps

[{vm, 3| < (vs, a).

‘/Mw,av

— onlH| = '/Sws,a




Conjecture 1 Planar discs and spherical caps are the only
compact CMC surfaces with circular boundary that are
topological discs

Given C = S! and H € R, the area A of a CMC disc with
boundary C satisfies L2 — 47A + H?A% > 0.

AgA_:%(l—\/l—W)

or

A2A+:%(1+\/1—H2>



Theorem
Let S be a CMC topological disc, 9S = St. If

AgA_:2—7r<1—\/1—H2>,

H2

then the surface is a spherical cap.

n%+/€§:1:>n§:17<N7a>2:17<y,§>2.

sz:—/C<u,5> = (2rH)? = (-/C<y,5>>2§27r/c<y,@2

 orH? < /@,@2.

27T:/K+/ /iggAH2+//<cg§27r—27r 1—H2+/ng,
s st c c



472(1— H2) < (/C/ig>2§27T/C/£2:27T/C(1—<V,§'>2).

/<y, 3)? < 2mH?
C

2rH? < / (v, 3)% < 21 H?.
C



