
Lecture 4: The Dirichlet problem

Problem: Given a domain D ⊂ R2, H ∈ R and ϕ a continuous
function on ∂Ω, : Does a graph exist on Ω, with constant mean
curvature H and boundary values ϕ?

div
Du√

1 + |Du|2
= 2H on Ω

u = ϕ along ∂Ω



Theorem (Serrin)

If Ω is convex with κ(∂Ω) > 2H > 0, YES for any ϕ.

Assuming ϕ = 0:

1. YES for small values of H.

2. If ∂Ω in convex with κ(∂Ω) > H > 0, YES.

3. If Ω is convex and area(Ω)H2 < π
2 , YES.

4. If Ω is an unbounded convex domain

YES ⇔ Ω ⊂ strip of width 1/H.



For t ∈ [0, 1]{
Qt [u] = (1 + |Du|2)∆u − uiujui ;j − t(1 + |Du|2)3/2 = 0 in Ω
u = 0 on ∂Ω

A = {t ∈ [0, 1] : ∃ut ,Qt [ut ] = 0, ut |∂Ω = 0}.

1 ∈ A?

I A 6= ∅: 0 ∈ A.

I A is open. If t0 ∈ A, ∃ε > 0: (t0 − ε, t0 + ε) ⊂ A.
Define T (t, u) = Qt [u]: t0 ∈ A if and only if T (t0, ut0) = 0.
Prove (DQt)u at the point ut0 is an isomorphism, then apply
Implicit Function Theorem.
⇔ for any f ∈ Cα(Ω), ∃1v Lv = (DQt)u(v) = f in Ω and
v = 0 on ∂Ω.

Lv = (DQt)uv = aij(Du)vi ;j + Bi (Du,D2u)vi ,

If is a linear elliptic operator where the standard theory
applies.



I A is closed in [0, 1]: {tk} ⊂ A, tk → t ∈ [0, 1], t ∈ A?
For each k ,∃uk : Qtk [uk ] = 0 in Ω and uk = 0 in ∂Ω.

S = {u : ∃t ∈ [0, 1],Qt [u] = 0, u|∂Ω = 0}.

Then {uk} ⊂ S. If S is bounded in ’some’ Banach space
–C 1,β(Ω–  Schauder theory  S is bounded in C 2,β(Ω)  
S is precompact in C 2(Ω).
∃{ukl} ⊂ {uk} → u ∈ C 2(Ω) in C 2(Ω). Since
T : [0, 1]× C 2(Ω)→ C 0(Ω) is continuous,
 Qt [u] = T (t, u) = liml→∞ T (tkl , ukl ) = 0 in Ω. And

u|∂Ω = lim
l→∞

ukl |∂Ω = 0

 u ∈ C 2,α(Ω) t ∈ A.



A is closed if ∃M independent on t ∈ A:

‖ut‖C1(Ω) = sup
Ω
|ut |+ sup

Ω
|Dut | ≤ M.

If t1 < t2, ti ∈ [0, 1], i = 1, 2. Then Qt1 [ut1 ] = 0 and

Qt1 [ut2 ] = (t2 − t1)(1 + |Dut2 |3/2) > 0 = Qt1 [ut1 ] = 0.

ut1 = ut2 on ∂Ω⇒ ut2 < ut1 in Ω.



C 0 estimates  height estimates
Boundary gradient estimates ⇒ Interior gradient estimates
If u = 0 on ∂Ω, then boundary gradient estimates ⇔ estimates of
the slope of the graph

1 = 〈N, a〉2 +〈ν, a〉2 =
1

1 + |Du|2
+〈ν, a〉2 ⇒ 〈ν, a〉 =

|Du|√
1 + |Du|2

.

〈ν, a〉 ≤ C < 1⇒ |Du| < C√
1− C 2

.



Theorem

If Ω is a convex domain with κ > H > 0, then there is a solution
of the Dirichlet problem.

Problem: find M such that |u| < M, 〈ν, a〉 < C < 1 along ∂Ω.
Key point: the circle of radius R = 1/H satisfies a rolling
condition.
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Theorem

If Ω is convex and L <
√

3π/H2, there is a solution with u = 0.

h ≤ AH

2π
<

1

2H
.


