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Introduction and motivation

In [Ablowitz M J and Musslimani Z H 2013 Integrable nonlocal
nonlinear Schrodinger equation, Phys. Rev. Lett. 110, 064105],
Ablowitz and Musslimani introduced the nonlocal nonlinear Schrodinger
equation and got its explicit solutions by inverse scattering. Quite
a lot of work were done after that for this equation and other equa-
tions:

» M.J. Ablowitz and Z.H. Musslimani, Inverse scattering
transform for the integrable nonlocal nonlinear Schrodinger
equation, Nonlinearity 29, 915-946, (2016).

» M. Gurses and A. Pekcan, Sym, Diff Eq and Applic 266, 27,
(2018).

» Fokas A S Integrable multidimensional versions of the

nonlocal nonlinear Schrodinger equation, Nonlinearity 29,
319-324, (2016) and et.all
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1. (141)-dimensional nonlocal complex modified
Korteweg-de Vries equation

Nonlocal complex modified Korteweg-de Vries system of equation
has the form

Gr(x, t) + o (X, t) — 6q(x, t)r(x, t)gx(x, t) =0,
re(x, t) + fooc (X, t) — 6q(x, t)r(x, t)r(x, t) =0,

where g(x, t) is a complex function. Under the symmetry reduc-
tion r(x,t) = 0qg*(—x —t),0 = F1 we can get nonlocal cmKdV
equation [Ablowitz M J and Musslimani Z H, Nonlinearity 29 915
(2016), M. Gurses and A. Pekcan, Sym, Diff Eq and Applic 266, 27,
(2018)].
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2. Ablowiz-Musslimani type of reduction

(1+1)-dimensional

Reverse space-time: r(x,t) = cq*(—x, —t), o = F1
Reverse time: r(x,t) = o0q*(x, —t), 0 = F1
Reverse-space: r(x,t) = 0q*(—x,t), 0 = F1

(2+1)-dimensional

Reverse space-time: r(x,t) = oq*(—x, —y, —t), 0 = F1
Reverse time: r(x,t) = cq*(x,y, —t), 0 = F1
Reverse-space: r(x,t) = 0q*(—x, —y,t), c = F1

Gaukhar Shaikhova, Guldana Bekova Nonlocal complex modified Korteweg-de Vries equation



3. (241)-dimensional nonlocal complex modified
Korteweg-de Vries equation

Nonlocal complex modified Korteweg-de Vries system of equation
has the form

iq: + iqxxy —vq+ i(Wq)x =0, (]-)
Vi = 2i0(q, (—x, =y, —t)g — q"(=x, =y, —t)gx) =0,  (2)
wy —26(qq" (—x, =y, —t))y =0,  (3)

where g(x, y, t) is a complex function, v(x, y, t), w(x, y, t) are real
functions. The symbol " " denotes the complex conjugate. Local
(classical) system was presented in work: Symmetry 7(3) (2015)
1352-1375. by Ratbay Myrzakulov, Muthusamy Lakshmanan and
et.all.
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4. Lax pair

Nonlocal complex modified Korteweg-de Vries system of equations
is integrable and admits a Lax pair. The corresponding Lax pair of
equations (1)-(3) reads as

¥, = AY, (4)
¥, = 4A%Y, + BY, (5)

where
A= —iAos+ Ay, B =AB;+ By,

and ¥ = (P1(A, x, y, t), P2 (A, x, y, t)) T is the vector eigenfunction
and T denotes the transpose of the matrix.
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The matrices Ag, 03, By, By are given by

_ _i 0 —Qqxy — Wq
Bi = iwos+ 2i0’3A0y,

_ (0 g
Ao = (—r O) '
b (L0
s = o 1)

and r = 6q*(—x, —y, —t), § = £1.
The compatibility condition of equations (4)-(5) is
Ai — B, +[A B] —4A%A, =0,
where [A, B] = AB — BA. By direct calculation of above equa-

tion, we can yield the (2+1)-dimensional nonlocal cmKdV system
of equations.
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5. Nonlocal reductions

Case 1: r(x,y,t) = dq™(x,y, t)
The (241)-dimensional local cmKdV system reads as

Gt + iGxy — vq + i(wg)x =0, (6)
Vx — 2i8(q5, (x, ¥, t)q — g" (X, y, t)qxy) = 0, (7)
wx —26(qq*(x,y,t)), = 0. (8)

Case 2: r(x,y,t) =dq*(x,y, —t)
The (2+41)-dimensional nonlocal reverse time cmKdV system reads

as
iqe + iqxy — vg +i(wq)x =0, (9)
Vi = 2i6(qy, (X, ¥, —t)qg — q"(x, ¥, —t)ax,) =0, (10)
wx —26(qq*(x,y, —t)), = 0. (11)
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Case 3: r(x,y,t) =0q"(—x, —y, t)
The (2+1)-dimensional nonlocal reverse space cmKdV system reads
as

1t + iGxxy — vq + i(Wq)X =0, (12)
Vi = 2i6(q (—x, =y, t)g — q"(=x, =y, t)ax) =0,  (13)
wx — 20(qq™(—x, —y, t)), = 0. (14)

Case 4: r(x,y, t) = 0q"(—x, —y, —t)
The (2+1)-dimensional nonlocal reverse space-time cmKdV system
reads as

1t + iGxxy — vq + i(Wq)X =0, (1)

Vi — 2i5(qf;y(—x, -y, —t)g—q*(—x, —y,—t)gy) =0, (16)
wy — 20(qq™(—x, —y, —t)), = 0. (17)
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6. Darboux transformation

Firstly, one consider the transformation about linear function ¥ by

Y = TY = (Al - S)Y¥, (18)

_ [s11 s12 (1 0
S_<521 522)’ /_(O 1>'

where
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The DT (18) transforms the original Lax pair (4)-(5) into a new Lax
pair. The new function ¥’ satisfies
Y, = AY, (19)
Y, = 4A%Y, +B'Y, (20)
where A" and B’ depend on ¢’, v/, w’ and A.
In order to hold equation (19)-(20), the T must satisfies the system

T.+TA = AT, (21)
T:+TB = 4A°T,+B'T. (22)
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By substituting the expressions A’, B’, A, B and T in to the equation
(21)-(22) and collecting the different powers of A’ of the equation
(21) we obtain the following set of identities

AP S = A)S — SA, (23)
AL AL = Ag+i[S, 03], (24)
A2 ilog = o3l (25)

The equation (22) gives us the following relations

A . -5, =SBy — B}S, (26)
Al . By = By+ B;S—SB, (27)
A® . 4S, =B - Bi. (28)
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Finally, after some calculation from systems (23)-(25) and (26)-
(28) we can obtain the first iterated DT for the (2+1)-dimensional
nonlocal cmKdV system as:

ql = q— 21.512, (29)

I’l = r— 21'521, (30)

vl = v+4(siar, — sn1qy + 2is11511y + 2is215120),  (31)

wo= w-— 4i511y =w+ 4i522y, (32)
and additionally have sp1 = —s{,(—x, —y, —t), s22 = s{71(—x, —y, —t).
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We now assume that

S=HAH T,

i & A 0
H - , A — % ,
<f2 g2> ( 0 —A1>

where

where (i, £)7 = (Y1(x,y,t), ¥a(x,y,t))7 is a solution to equa-
tion (4)-(5) with A = A; and

(g1.82)7 = (—=93(—x, —y, —t),¥i(—x, —y, —t)) is the solution
when A = —A7J.
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Hence, the new solutions are written as

"= q—2isp, (33)
Vi = v +A4(siar, + sihqy + 2is11511, — 2isi5512y),  (34)
W/ = W—4i511y, (35)
where
o = MPipi(=x —y, —t) = Aigagp3 (—x, —y, —t)

11 — A 1

_ M A3 (—x, —y, —t)

512 — A .
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7. Exact solutions

Having the explicit form of the DT (33)-(35), we are ready to con-
struct exact solutions of the nonlocal cmKdV (1)-(3). We assume
trivial seed solutions as

g=v=w=0.
Solving linear system (4)-(5) under the zero background, we can get

the following solution:

lljl — efi/\1x+i;41y+4i)\%]41t+c, (36)

¢2 — ei)xlx—iyly—4i)\%y1t—c. (37)
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Then, the exact solutions of the (2+41)-dimensional nonlocal cmKdV
system (1)-(3) are obtained by substituting the expression (36)-(37)
in (33)-(35) with A = a3 +iB1, 4 = 1+ iv1, c = cr + icy as:

qd = 2B1e*% sec[2x1],
vio= 16,31(0611/1 + ,31171) sec? [2}(1],
w' = —8Biv1sec®[2x1],

01 = Pix—viy — (8marfr +4vi(af — B1))t + cr,
X1 = —aix—+ny+ (4771(0(% — ,3%) — 81/1&1[%1)1‘ =+ ¢y.
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Conclusion and (some) open problems

Lax pair of the nonlocal cmKdV is presented.
Darboux transformation is constructed.
Other type solutions?

Properties for solutions?

Conservation laws?
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Thank you for your attention!
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