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Supplement 1. The Remaining Structure Constants of sp(6)

A basis for the Lie algebra sp(6) is given by 1) and its structure constants are as

follows

[E1, E4] = E4, [Er, Es] = —Es, [E1, E¢] = Es, [E1, E7] = —E7

[E1, Erol = Evo, [Ers Eni]l = —En, [Er, Ea] = 2E14, [Er, Ei5] = —2E;s
[E1, Ew6] = Ee, [E1, Er17] = —Ev7, [E2, E4] = —E4, [Es, Es] = Es

[E2, Eg] = Eg, [Ea, Eg] = —Ey, [E, E12] = 2E12, [E2, E13] = —2E)3
[E2, Er6] = Ere, [E2, E17] = —Ev7, [E2, E18] = Eis, [E2, E19] = —Eg
[E3, E¢] = —E¢, [E3, E7] = E7, [E3, E3] = —Es, [E3, E9] = Eo

[E3, Er0l = Evo, [E3, Eni]l = —En, [E3, Ei3] = Eis, [E3,E19] = —Elg
[E3, Exol = 2E00, [E3, E21] = =2E2, [Es, Es] = Ey — E», [Es, E7] = —E9
[E4, Es] = Eg, [Es4, E11] = —E19, [E4, E12] = Ere, [E4, E15] = —E17

[E4, E16] = 2E14, [E4, Ev7] = —2E13, [Es, E13] = Evo, [Es, E¢] = Eg
[Es, E9]l = —E7, [Es, Evo]l = E1s, [Es, E13] = —E17, [Es, E14] = Ej6

[Es, Ei6]l = 2E12, [Es, Ev7] = —2E}s, [Es, E19] = —Eqy

[Es, E7] = E| — E3, [E¢, E9] = E4, [Eg, E10] = 2E14, [E6, E11] = —2E2
[Ee, E1s] = —E11, [Ee, E17]1 = —E19, [E6, E18] = Ei6, [E6, E20] = Ejo
[E7, Eg] = —Es, [Eq, Ev0]l = 2Ex0, [E7, En1] = =2E)5, [E7, E14] = Eqo
[E7, E16] = Ers, [E7, Ev0] = —E7, [E7,E21]l = —En, [Eg, Eo]l = E> — E3
[Es, E10] = Eve, [Es, E13] = —Eh9, [Es, E17] = —E11, [Es, E13] = 2E12
[Es, Er9] = =2E31, [Es, Exol = Ers, [Eg, E11] = —E17, [E9, E12] = Eig
[E9, E16] = Evo0, [E9, E18] = 2E»0, [E9, E19] = =2E13, [E9, E21] = —Ej9

[Evo, E11] = Ey + E3, [Ero, E1s] = E7, [Evo, E17] = E9, [E10, E19] = E4
[Ev0, E21] = E6, [E11, E14] = —E6, [E11, E16] = —E3, [E11, E13] = —Es
[E11, Exl = —E7, [E, E13] = E2, [En, E17] = Es, [En, E19] = E3
[E13, E16] = —E4, [E13, E18] = —E9, [E14, E15] = Ey, [E14,E17] = E4
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[Eis, E16] = —Es, [E6, E17] = E1 + E, [Ev6, E19] = E6, [E17, E18] = —E7
[Eis, E19] = E» + E3,[E18, E21] = Eg, [E19, Exol = —Ey, [Ex, E21] = E3.

Supplement 2. The Recurrence Relation of V , = [Up, Vo]

In the isospectral problem studied in Section 2.1, by choosing the spectral matri-
ces (2) and (3), the stationary zero-curvature equation Vp , = [Up, Vo] yields the
following recurrence relation

ay = ujl — upk + usq — ugp + u7s — ugr
by = u30 — ugm + u7s — ugr + uou — ujot
Ccy = url — usk + uou — uyot + up1w — UV
dy = Ui — ugr + uss + u70 — ugp — ujok
ey = —upt + u3s — ugr + u7q — ugm + ugl
fx

8&x = U1q — upv — ugk — ugt + ugs + uyl

umw —uyp + I/tsl + u7u — uor — upk

hy = —upr + uzu + u7l + uow — uygm — ujot

Jx = U1S — uat — ugk + ug9o — ujov + U u

kx = 2/lk—u1a—ulc—u5g—u7j—u9d—u11f

Iy = =2l + upa + upc + ugf + ugh + ujpe + uing (S2)
my = 2Am — 2uzb — 2uze — 2ugh

0x = =240 + 2uyb + 2ugd + 2u1j

Px = Z/lp - 2Lt1f - 2u5a - 2M7d

gx = —2Aq + 2urg + 2uga + 2uge

ry =2Ar —urh — uzd — use — uya — u7b — ug f

Sy = =248 + upj + uge + ugd + uga + ugbh + ujog

ty =21t —uje —u3j — usg — ugb — ugc — u11h

Uy = —2Au + upd + ush + ug f + u10b + ujoc + U1 j
Vy = 2Av = 2u18 — 2u9j — 2ujic

Wy = =2Aw + 2up f + 2uioh + 2u;c.

Supplement 3. The Leading Terms of (S2)
Take the initial values

ap = a, by = B, co=7, dy=ey=--=vop=wy=0.



Soliton Hierarchies Associated with Lie Algebra sp(6) 3

From (S2), the first few sets of a, ..., w in Section 2.1 can be computed as follows

ay=b1=c; =0, dy = %a_l(ululo + uqu7 + usug)(B — @)
e = %a_l(uzb@ + uzug + ugu7)(@ — )

= %6_1@1”12 + ugus + uuio)(y — @)

81 = %6_1(’41”6 +upury + ugug)(@ — )

hy = %5_1@2”7 + uzuyo + uou12)(y — )

J1= %5_]@1148 + ugug + uour)(B —y)

1 1
ki = Eul(a +7), I = 5“2(0/ +7)

my = uzf, 01 = usp, D1 = usa, q1 = usx

1 1
r = §u7(oz +f3), s1 = EMS(CY +B)

1 1
h=§w$+w, ln=?mw+w

V1 = U1y, w1 = upy

1 1 _
ky = Zulx(a’ +vy)+ Zu95 Yuguro + ugug + usug)(B — @)

1 _
+ Z”“a Yuyurg + upus + ugu10)(y — @)

1 _

+ Zusa Yuyug + uauyy + ugug)(a —y)
1 _

+ Zu75 Yuyus + ugug + uour)(B —y)

1 1 _
L= - Z”Zx(“ +y)+ Zuloa Nugug + uzug + ugur)(a — )

1 _
+ Zuéa Yugurn + upus + ugu10)(y — @)

1 _
+ Zulza Nuyus + uauyy + ugug)(a —y)

1 _
+ Zusa Yugur + uzuro + ugurn)(y — )

1 1 _
my = §u3x,3 + §u73 Nuguo + uzug + ugur)(a — B)

1 _
+ 5”95 Yugur + uzuyo + uour)(y — )
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0) =

P2 =

q92 =

I =

§2 =

=

uy =

1 1 _
- §u4xﬁ + 5“85 Yuguio + ugug + usug)(B — )

1 _
+ 5”108 Yuyug + ugug + uour)(B —y)

1
§u5xa/ + EIM@ 1(141141() + uquy + u5ug)(ﬂ - a')

1 _
+ Eula Yugury + upus + ugui0)(y — @)

1 1
- Eu(,xa/ + Eugﬁ_l(uzug + usug + ugu7)(@ — )

1 _
+ 120 Yuyug + uauyy + ugug)(a —y)

1 | R

Zuu(af +pB)+ Zu33 Yururo + uaur + usug)(8 — @)
1

+ Zusa_l(uzug + usug + ugu7)(@ — B)

1 _
+ Zu93 Yuyurg + ugus + uzu10)(y — @)

1 _
+ Zula Yugug + uzuro + ugu1n)(y — B)

1 1 _
— qus(@+p) + Jucd Nuguro + ugug + usug)(B — @)

1
+ —ugd (uautg + usug + ugur)(a — )

— s

-1
+ —u100” (urue + usuil + ugug)(a —y)

— s

+ Zuza_](ulus + ugqug + uiour1)(B —y)

1 1 _
Zu9x(,8 +y)+ Zula Yuquo + usug + ugur)(a — )

| B
+ qu0 uyug + uauyy + ugug)(a —y)

1 _
+ Z““a Nugur + usuyo + uour2)(y — B)

| S
+ 2”36 Yuyug + ugug + uour))(B —y)

1 1 _
- Zumx(ﬁ +y) + Zuza Yuyuro + ugug + usug)(B — )

1 _
+ Zusa Yugurg + ugus + ugu10)(y — @)



Soliton Hierarchies Associated with Lie Algebra sp(6) 5

1 _

+ Zu4(’) Yugur + uzuyo + uour)(y — )
1 _

+ Zulza Yuyug + ugug + uour)(B —y)

1
v2 = Sy + 5”15 Nuyug + uoury + usuo)(a —y)

1 _
+ 5”93 Yuyug + ugug + uour)(B —y)

1 1 _
Wy = = Suiy + 5”23 Yugury + upus + ugur0)(y — @)

1 _
+ 5”105 Yugug + uzuro + uguin)(y — B)

Supplement 4. The First Integrable System Induced by the Hierarchy (4)

Below is the integrable system induced by the integrable hierarchy (4) for the case
n=1.

1 1 _
Uy = Eulx(a +y)+ 5”95 Nuyuro + ugng + usug)(B — )

1 _
+ 5”115 Yugurn + upus + ugu10)(y — @)

1 _
+ 5”55 Yuyug + uauyy + ugug)(a —y)

1 _
+ §M75 Yuyug + ugug + usour)(B —y)

1 1 _
Uy = Euzx(a +y) - 5”105 Yugug + uzug + uguz)(a — B)

1 _
- 5”68 Yy + uaus + ugu10)(y — @)

1 _
- §M126 Yuyug + uauyy + uguo)(a —y)

- %Msa_l(uzm + uzuyo + uou2)(y — B)

U3 = U3+ u70” (uguto + uzus + uu7)(e — )
+ uod ™ (uau7 + uzrg + uot12)(y — B)

Uy = ugf3 — ugd(ururo + ugny + usug)(B — @)
— w100 (urug + usuo + uyou1)(B - y)

-1
us; = usx@ + 70" (uuio + uguy + usug)(f — @)
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-1
+u10” (urui2 + usus + u7u1)(y — @)
-1
Ugr = Uex — ug0d ™ (Uaug + uzug + ugit7)(a — )

— urd " (urute + upyy + uguo)(@ — )
1 1 _
uy = §u7x(a +pB)+ §u35 i + ugur + usug)(B — @)
1
+ Eusa’l(uzm + uzug + uguz)(a — )

1 _
+ 5”95 Yuyurg + upus + ugu0)(y — @)

1 _
+ 5”15 Yugur + uzuro + uou12)(y — B)
1 1 a
ug; = EMSX(CY +pB) - 5”65 Yuyuro + ugng + usug)(B — )

1 _
— ~us0 N (uaug + usug + ugur)(@ — )

2
1 _
- 5”10a Yuyug + uauyy + ugug)(a —y)
1 _
- Euza uyug + ugug + usour)(B —y)
1 1 _
g, = Sug(B+y) + 5110 Nuaug + uzus + ugur)(@ — ) (S3)

1 _
+ §M75 uyug + upuyy + uguo)(a — )

1 _
+ Euna Yuguy + uzuro + uguin)(y — B)

1 _
+ 5”33 Yuyug + ugug + uour)(B —y)

1 1 _
uor = EMIOx(ﬂ +vy) - 51425 Nururo + uguy + usug)( — @)

1 _

- Eu[S]é Yugury + upus + uguio)(y — @)
1 _

- §u46 ugur + usuyo + uourn)(y — B)

1 _
- 5”123 Yurug + ugug + urourn )8 - y)

iy = urnyy + w0 (g + wpuyy + uguo)(@ —y)
+ 190 (urug + usy + wrou11)(B - y)

12 = Upayy — w20 (Ui + uauis + uzur0)(y — @)
— 1100 (upu7 + uzuro + uour2)(y — B).
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Supplement 5. The Recurrence Relation of V. = [U;, Vo]

In the isospectral problem studied in Section 2.2, by choosing the spectral matri-
ces (5) and (3), the stationary zero-curvature equation Vp, = [Uj, Vo] yields the
following recurrence relation

o — 1) [ ]
ay =u\g—uyf +uiq—ugp + uje —ugd
I N ’ Loy
b, = U0 — uym — ule + uSd + ugu — ujt
— ’ [P ’ o
Cx = —uig + ulf +ugu — u f +upw—uj,v
_ AN oy 3
dy =2Ad + u} j— uyr + ugs — uja + usb — )k
_ 7 A [ ’
ex = —2de — uyh + uys — ugr + uga — ugh + ugl
_ o ’ ’ 3 A SN
Jx =24f —uwja + e+ ugl + wih — ) yr —ul,k
gx = —2Ag + uhya — uhc — ugk — ug j + ugs + uf !

— ’ ’ ’ o o
hy = —uje + uju + ug f + ugw — ujym — u',t

~.
=
|

7 ’ ’ ’ 7 ’
= uyd — uyt — uhg + ugo — U,V + uju

=~
=
Il

uyv+uhp —uig +ut —uod —u | f

Iy = —uiq —uyw + ug [ — ugu + uje + u',8 (S4)
my = =2Am — 2uib + 2ugr — 2ugh

0x =240 + 2uyb — 2uls + 2 j

Px =24p + 2ulk - 2uia + 2ur

qx = —24q = 2ujl + 2uga — 2ugs

ry = ujt —uid — uge + uim + ugp — ug f

Sy = —upu + uye + ugd — uhq — ugo + uj g

tx = =24t + uhr — ujj + ugk — ugb — uje — uy h
Uy = 2Au — us + uyh — ull + ul b+ ufyc + uj,j
Ve = =24v + 2ubk — 2uy j — 2u) ¢

wy = 24w = 2ull + 2u yh + 2u,c.

Supplement 6. The Leading Terms of (S4)
Take the initial values
ap = «, bo =B, co =7, do=ey=--=vo=wp=0.

From (S4), the first few sets of a, ..., w in Section 2.2 can be computed as follows

L, L, L,
ap=by=c; =0, di= §M7(CY—,3), el = Eug(a'_ﬁ)’ fi= Eul(a_y)
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1 ’ 1 — ’ 7 ’ 7 s
g1=zpla=y), =30 N + il + 1) (B = )

ji= - %a—l(u;u; iy + gl B~ )

b = 507 i + iy~ iy +)

I = %6‘1(—14’114’6 + uhuy, + uguyp)(@ + ), my = —uyf

o1 = —uyp, p1 = usa, q1 = uga

1 = 597 a4 e+ )

1= 207 ity iy — g+ B 1= S8+ y)
up = — %u'm(ﬂ + %), Vi = —uyyy, Wi = Uy

1 , 1 7 a— 7 7 77 ’ /
dy = Ju (@ = B) + 7110 Nty + iy + 161 )B = )

1 _
n Zu’ma Y=y + bl — whul)(a +y)

1,
+ JU40 N—uug — uyy + uug)(a + B)

[
_ Zuga (uhuyy + uyug — ugul)(a + B)

1 , ] / q— 77 77 ’r 7
er= = gug(a—p)— 710 N + ity + 1) (B~ )

1 _
+ Z”éa Ny ufy + ubud), + ugudl )@ +y)

1
- gu:‘a_l(—u'lué — uzus + usug)(a + B)

1 , _1 YA} 77 77
+ Zu35 (le/llo + 1/!4”8 - M6M7)(a +ﬁ)

1, Lo, vy '
fo= e —y) - g0 g + wuy + UGy )(B =)

1 _

o™ iy s~ e+
1,

- Zuga Y= ul + ubud), + ugu )@ +y)

1 _
+ Zu’ma =i uy — ity + ) (a + B)
’

1 , 1 ’ a— ’ 77 ’ ’
82= — qup (@ =)+ Jugd Ny + uuy + 1o B =)
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1
-1
- Zuéa (—ujuy, + ujug — wug)(a +y)

1 -
+ iy 07 (g + iy + U )@ + )

4
1 , _1 YA} YA 4 7
+ Zuga (uyuyo + uyug — uguy)(a + B)
1, L, ’ ’
my = Suz S+ Sugd " (—uyug — Uz + usug)(a + )
1 , _1 YA} YA ’ 7
- 51496 (uyug + uszuy o + ugtt,))(B —y)
_ 1 , 1 12 a_l ’ 7 77 ’ ’
0y = — §u4x'8 + 5”10 (u2u7 + uyug + uloull)(ﬁ =)
1
-1
+ 5u;a (uhuyy + uyug — ugul)(a + )
1
-1
P2 = U, = Ul (—uudhy + bl — i) (e + )
1, -
- Eu;a =y uy — uhuy + wul) (@ + B)
_ 1 , 1 ,6_1 77 ’ 7 ’ 7
Q= — §u6xa - Euz (_uluﬁ T Uity + u8u10)(a +7)

1
- Euéa_l(uéulo + uyug — ugy)(a + )
1 L,
= Sl B )+ S0 iy s s+ )
1
- 4—1u’118—1(u’1u§g + Uity + ugu},)(B —y)

1 _
+ Zu;a b, + uyuly + ugu B~ )

1
+ Zu’za_l(—u'lué — uzus + usug)(a + f)

1 1 1., ’ ’
up = — Zu’lox(ﬁ +y) = Zuz&a N + i + ugu) (B — )

1 _
+ Zu'lz(? by + uuy + g u B~ y)

1
+ Zu;a_l(—u'lué + Ui, + ugu )@ +y)

1
+ Zu’l(’)_l(uéu'm + uyutg — ugus)(a + )

1,1,
_ —1 7 ’ -
V2= Syt 5”28 (—uyuyy + uus — uzug) (@ +y)



10 Yanhui Bi, Yugi Ruan, Bo Yuan and Tao Zhang

1 ra=1,7 7 ’ ’
+ sug0™ (Uyuy + uyug + ujouy (B =)

2
1 ’ 1 ’ —1,. 7 7 s 7
W2 = T MY T E”lo‘9 (U + uzttyo + tgtty) (B =)

1 _
+ Eu’la 1(—u'lu'6 + Uiy, + ugu )@ +y)

Supplement 7. The Integrable System Induced by the Hierarchy (6)

Below is the integrable system induced by the integrable hierarchy (6) for the case
n=1
’ 1 ’ 1 I YA ’ ’
up, = Eulx(a/ -y - §u78 () ug + uzu' o + ugtt),)(B —y)

1 _
+ Eu'lza 1(—u'1u’11 + ubus — uug) (e +y)

1,
- Euga 1(—u'lug + upu, + uguyp)a +y)

1
+ 5”,108_1(_”,1 ug — usiy + usug) (e + fB)

1 |
U, = Eu'zx(a -y) - Euéﬁ (uhul, + uyug + i1y (B =)
1
+ —uéa_l(—u'lu'“ + uhus — usug)(a +y)

2

1
- Eu’lla_l(—u’lug + uhut), + ugu) (@ + )

1
— Zug0 (uhuyy + uyug — ugus)(a + )

2
uy, = —uy B+ %uéc’)il(—u'] ugy — uius + usug)(a + B)
+ uéc’)_l(u'l ug + uiuy + uguy)(B —y)
= B o s+ iy + i B )

+ 150 (g + uhuiy — ugus)(@ + )
us, = Ug, @ — T R G TATANE wyus — usug)(a +7y)
— b0~ (~uufy — uhuly + wuf)(@ + B)
Ug, = Ug, O — %uéa_](—u’lu'ﬁ +upu, + uguo)(a +y)
+ ué(’)_l(uéu'lo + uyug — ugus)(a + )
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1 1
/ / B W ’ ’
Ug = 5“7)((0', -B)+ 5”15 (upu7 + uyuiy + uyuy (B =)
1
-1
+ 5”,108 (—ujuyy + uhus — whug)(a +y)

1 _
+ Eu;ﬁ 1(—u’1u'9 — uiul + usug)(a + B)

|
- Euga (uhuyy + uyug — ugus)(a + f5)

’ 1 , 1 / q— ’ 7 ’ 7 ’ 7
g, = Sug (@ =)+ Suy0 Nl + W + ugud ) (B~ )
1

- Euéa_l(—u’lué + upu, + ugup)a +y)

|
+ Zuy 0 (—ujug — uiul + usug)(a + B)

2
1
- Euga_l(u'zu'lo + uyug — ugus)(a + B)
’ 1 , 1 / a— 77 77 ’ 7
ug, = = g (B+7y) = Jugd Ny + uhus — ujug)(a +)

1 _
+ Eu'“é? l(u'lué + uju + ugiy)(B =)

1
-1
_ Euga (Ul + uyug + ufyuy B —y)

1
- Euéﬁ_](—u’lu; — uiul + usug)(a + )

’ 1 ’ 1 ’ — ’ ’ ’ ’ ’ ’
Uiy = — EuIOX(B +7) - 5”4‘9 1(’41“8 +uzlty + UgltyH)(B =)

1 _
+ Eu'lza 1(u'2u§ + uyuy + ujouy (B =)

1
-1
+ Euw (—uug + ubu|, + ugup)(@ +7)

1, _
+ Eu'la ](u’zu’lo + ujug — uguy)(a + fB)
-1
Uy = — Uy y — up0 (- + uul — uhug)(@ +y)
ra=1l,..7 7 77 ’
—ug0~ (Uytty + uyg + uouy (B — )
r ’ 1 oa=1l,.7 1 ’ ’
Wipy = — Uy Y — U0 (Uyug + uziyg + tglt),)(B = y)

+ U c?_l(—bt'1 ug + upuy, + ugjo)(a@ +y).
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Supplement 8. The recurrence relation of V3, = [Us, V3]

In the isospectral problem studied in Section 3, after constructing the spectral ma-
trices U3z, V3 via the Kronecker product, the stationary zero-curvature equation
Vi x = [Us, V3] yields equation (S2) and the following recurrence relation

= ul" — upk™ + usq” — ugp™ + uzs* —ugr* + ujl — uzk
UG — Ugp + uys — ugr
by = u30™ —ugm® + uzs" — ugr* + uou” — uyot* + uz0 — uym

* * * *
+M7S - u8r + u9u - I/tlol'

C; = l* — k™ + ugu* - ulot* +upw' —uppvt + uTl — u;k
* * * *
FugU — Uiyt + uj W — U,V
dy = wu" —ugr* + uss™ + u70" —ugp* — ujok™ + uju — uyr
* * * %
+UgS + uz0 — ugp — Uk
ey = —pt" +uzs” —uer* + uzq” — ugm”® + uol® — w3t + uys

—ugr + uyq — ugm + ugl
fy = wmw" —wap* +usl* + ugu” —uyor* — upnk”™ + ujw —uip
+ugl + wyu — ujr — uj,k
gy = u1q" —upV* —uek™ — ugt” + ugs™ + uy " + ujq — uyv
—ugk — ugt + ugs + uy,l (S5)
Iy = —upr* + uzu® + uzl* + ugw™ — uyom”* — uppt” — usr + uzu
+ugl + ugw — ujym — uj,t

urs® — ugt” — ugk™ + ug0™ — uov* + upu’ + uys — uyt

~,
=
Il

* * * *
—ugk + ugo — uj v +uju
ky =2Ak" —ua* —uic* —usg" —u7j* —uod” —uy1 f* —uja
* * % » * *
—ujc—ugg —uyj—ugd —uj, f
L= 22 + upa® + upc™ + uaf* + ugh® + ujpe” + uppg” + usa
* * ¥ * *
+urC +ug f+ugh + ujge + uj,g
my = 2Am* = 2uzb* = 2uze” — 2ugh” — 2uib — 2use — 2ugh
0y = —240" + 2u4b” + 2ugd” + 2u0j" + 2uyb + 2ugd + 2uj, j
Py =24p* = 2uy f* = 2usa” — 2uzd” = 2u] f — 2uza - 2uzd
gy = 249" + 2urg" + 2uea” + 2uge” + 2u3g + 2uga + 2uge

ry =24r" —uh* —uzd” — use* —u7a”* —u7b* —ug f* —ujh

* * * * *
—uyd — use —uza — uzb — ug f
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Sy = 248" +upj* + uge” + ued” + uga” + ugh” + ujog* + 5 j
* * * * *
tuye + ugd + uga + ugh + uj g
1y =2 —uwe* —u3j* —u78" — uob* — ugc* — up 1 h*
* * * * * * * *
—uje —uyj + uyh —uzg — ugh — uge — uy,h
u; = 2u* + uzd* + I/t4h* + Mgf* + ulob* + uloc* + ulzj*
k * * * * .
tusd + ug f + ujob + ujc + uj,j
vy =2v" = 2u1 8" — 2uy j* — 2uni ¢t — 2ui g — 2ugj — 2uj, ¢
Wy = =2Aw" + 2up f* + 2uyoh™ + 2uiac” + 2us f + 2uih + 2uj,c.
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